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Abstract. We show that the smooth equivalentrenorming of £ by Troyanski (Studia Math., 1970,
35, 305-309) is strictly convex ifand only if its defining function is differentiable.
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A real Banach space X is said to be strictly convex if its unit sphere Sx
contains no nontrivial line segments, i.e. Az+(l—A)y € Sx impliesx = y

forz,y € Sx and A € (0, 1). Equivalently, X is strictly convex if and only
if the implication

f(s)=f(y)=l7 .’L',yESX, fESX* Y

holds. A real Banach space X is said tobe smooth if, for each z € Sy,
there is aunique f € Sx- such that f(x) = 1. It is well known (cf. e.g. [!],
p- 23) that

(a) if X* is strictly convex, then X is smooth;
(b) if X* is smooth, then X is strictly convex. .

The statements converse to the above ones are not true: there are examples
of strictly convex spaces with nonsmooth duals (cf. e.g. [?]), as well as

examples of smooth spaces whose dual is not strictly convex (cf. e.g. [* *]).
Recall the renorming of £; given by Troyanski in [*]. Let M be a real

function on (—l, 1) satisfying the conditions

(a) M(t) = M(-t);
(b) MAt+(l-2)s) < AM) +(l—- MM(6s), A€ (0,1), E Zs3;
(c) lim:;,1 M(t) = 00.

Denote by m the space£, of all bounded real sequences equipped with the

norm

NOO|| — 3 .
.

>tQ= -mf{A >0 2M (A) < I},
=
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and by £ the real space /, eguipped with the norm

Oö

oo = wfea (€0 € 5 ).
i=l

In [*], it was proved that

(a) 7is an equivalent renorming of £;;

(b) =;
(c) £ is smooth;
(d) m is not strictly convex;

(e) if z = (&)%) € Sa anda € S; are such that z(a) = 1, then

1

> mME)=I.
=1

The objective of this note is to give a necessary and sufficient condition

for the space £ to be strictly convex. We shall prove

Theorem. The space ¢is strictly convex ifand only if its defining function
M is differentiable on (—l, 1).

For this aim, we need the following lemmas.

Lemma 1. Let x = (&) € Sm and a = ()2, € Sy be such that

z(a) = 1. Then

2k_jM'(€j—) c

M,(£k+)
< a—k

S 2k—j M’(gj'l')
MS

CD

foreveryk,j € Nwith& > oand &;,a; > 0.

Remark. From the smoothness of £
,
itis clear that z(a) = 1 implies ax F3O

whenever & #O.

ProofofLemma 1. Letk,j € N, k # 7,besuch that{x > Oand §;,a; > 0.

Consider the functions

c)=—l|l—a;t— jAiO=
7 ( j Zf )

ik,j
and

) = EM(ol) +LM+ Ly
2k 2

m
2 a

it

defined on some neighbourhood U of €;. Notice that the function w attains

its minimum at ¢ = &;. (Indeed, if ¥(§) < YWP(E;) = 1 for some £ € U, we

would have ||y|| < Ifory = ()2, € m with g, = 0(§), n; = € and
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n; =&, I%k, j,because

21
> M)=W <l. (2)

i=]

Hence, y is a norming functional for a that contradicts to (2) (cf. claim (e)

above). Thus, we have

1 a; 1
!

_

/ J e.O<Y(Ej+)= —Z—kM (fk—)a—k + ’2'J“M &+

and

0> /(&) =

-AM)2 + M—-
— 7 6177 k aa 8f 81

yielding (1). E

In the sequel, we shall denote, for 7 € N, e; = (dis)i, € 7 and

fi = (6:)2, € m, where d;; is the Kronecker delta.

Lemma2. Letk,j € Nk # j,andletx = &fr + &5f; € Sa, § > 0,

E; 2> o,and a = ager + aje; € £, o > 0, a 5 > 0 satisfy (1). Then

A S

Proof. Suppose that z(a) < ||a||. Then

Mok + 05 > Epag + &0
for some 7, n; € [O, 1) with

M(nk)
+

M(nj)
> 1

2k 25 "

It is clear that 7x % €x and 7; F E;. Suppose 7k < Ex. Then 7; > €; and

U
ni—& (Ek —M)

Hence,

M 5 — &5 |

| _ j M(Ex) — M(m)

Ni — €i

< 2j M(Ex) = M) o)
§k — Mk Qg

< M'(L,
ag

that yields

% kMC
;

Qg M'(Ek-)
a contradiction. A similar argument leads to a contradiction if we suppose
that 7x > Ek. O
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Corollary. Letk,j € N, k# j,andlet z:= & fr + & f; € S and

1 u ~

a,=————ep+——e; €/
" o Ekt+põj — Gtg

with E, > 0, E; > Oandu> 0 be such that

2k-5 —————M/(šj—)
Zu TI ____M’({‚—+)

.

M"CErk+)
7

M'(Ek—)

Then

laull = z(au) = 1.

Now we are in a position to prove Theorem.

Proof ofTheorem. Necessity is immediate from Corollary.
Sufficiency. Assume that Mis differentiable on (—1,1). Let

T = (&) E Sm and a = (a;) L, b = (8i)22 € 577 be such that z(a) =

xz(b) = 1. We can assume that £; > O 0 for all ? € N. Let k € N be such that

Er > O. By Lemma 1, we have

jßi »kjME.
—

=
=2

—, JEN,
ar Pr M'(sx)

that yields b = ya for y = B/. Since

v =vz(a) = z(ya) = 2(b) = 1,

we have a = b. D

It is known (cf. e.g. [!], p. 229) that the space 44 fails to have an

equivalent smooth norm. Thus, in the case of a differentiable defining
function, the space £ serves as an example of a smooth and strictly convex

Banach space whose dual space is neither smooth nor strictly convex.
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RUUMI l1 ÜHE SILEDA

ÜMBERNORMEERINGU RANGE KUMERUS

MärtPÖLDVERE

On töestatud, et ruumi £; sile ümbernormeering (Trojanski, S. L. Studia

Math., 1970, 35, 305—309) on rangelt kumer parajasti siis, kui teda

defineeriv funktsioon on diferentseeruv.
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