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Abstract. In this paper we provide a condition sufficient for two semidirect products of two
finite cyclic groups to have isomorphic semigroups of endomorphisms. It follows that many
such groups are not determined by their semigroups of endomorphisms.
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1. INTRODUCTION

Let G be a fixed group and End(G) the semigroup of all
endomorphisms of G. If for an arbitrary group H the isomorphism of
semigroups End(G) and End(H) implies the isomorphism of groups G
and H, then we say that the group G is determined by its semigroup of
endomorphisms (in the class of all groups). There exist many examples
of groups that are determined by their semigroups of endomorphisms.
Some of such groups are: finite Abelian groups (['], Theorem 4.2),
nontorsion divisible Abelian groups ([2], Theorem), Sylow subgroups of
finite symmetric groups ([3], Corollary 1). On the other hand, there exist
also groups that are not determined by their semigroups of endomorphisms:
some Schmidt’s groups ([*]), the alternating group A4 ([°]). A simple
example of a group of this kind is given in [®]. It is shown there that the
groups

Gt (i phie g8l 193, ARy {8 (1)

and
H e | e e =} (2)
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are nonisomorphic but their semigroups of all endomorphisms are
isomorphic. Both of the groups (1) and (2) are semidirect products of their
two subgroups: G = (a)A(b), H = (c)\(d).

In the present paper we extend the results of [®]. We find conditions
for the semidirect product of two finite cyclic groups G = (a)\(b)
under which G is not determined by its endomorphism semigroup. These
conditions are satisfied, in particular, by the groups (1) and (2).

In order to state our main theorem, we give some notations. Let v, u,
and r be some natural numbers,v > 1, u > 1, r > 1. Denote by G(v, u, )
a group, given by the generators a and b, and by the defining relations

Il gl B (3)

The number r is regarded here as an element of the group Z;; of all units of
the ring Z, of integers modulo u. The conditions (3) determine a group if
and only if

r’ =1 (mod u), (4)

fe.
o(r) | v, (5)

where o(r) is the order of 7 in the group Z;. The group G(v,u,r) is
decomposed as a semidirect product

G(v,u, 1) = (@) A(b). (6)
Let
w=p ..o, ()
where py, . . ., py, are different prime numbers. Then G (v, u, ) can be given
by the generators b, a4, . . ., ax and the defining relations
B = alp’lnl Lt akp;"k iy
0: ;. = a; ;. (Uyd = Asoiiwsds
blab e (i, k) (8)

where 7; € Z;Z_n,- and, similarly to (4) and (5),

r'=1 (mod p;"), (9)

e
o(rs) | v. (10)

The elements in the relations (3)—(10) are connected by the equations a =
ay...a, and r = r; (in the ring Z,m). In the sequel we use for the group

G(v,u,r) a new notation G (v, u;7y,...,rs). Now we can formulate our
main theorem.
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Theorem. Let H be an arbitrary group and A = G(v,u;T1,...,7Tk),
where v = p", p is a prime not dividing u. The two following statements
hold:

(1) semigroups End(H) and End(A) are isomorphic if and only if

H = G(U,U; pla"'apk))

where o(r;) = o(p;) for each i € {1,2,...,k};
(2) the group A is determined by its semigroup of endomorphisms if and
only if among the integers o(ry), . .., 0(rx) only one can be greater than 2.

We shall use the following notations: (u,v) — the greatest common
divisor of numbers u and v; K(z) = {y € End(G) | yz = zy = y},
where z € End(G); D(z) = {y € Aut(G) | yz = zy = z}, where
z € End(G).

2. PRELIMINARIES

Later we shall use the following five lemmas.

Lemma 1. Let G be a group, y,z € End(G), and yz = zy. Then
(Imy)z C Imy and (Kery)z C Kery.
The proof of Lemma 1 is evident.

Lemma 2 (["], Theorem 3). If H is a group and End(H) <=
End(G(v,u,r)), then H = G (v, u, p) for some p € Z:.

Lemma 3. Let p be a prime, v = p", and (v,u) = 1. Then groups
G(v,u,r) and G(v,u, p) are isomorphic if and only if (r) = (p) in the
group 7.

Lemma 3 follows from the results of [®].
The group G(v, u, r) is decomposed as (6). Denote by x the projection
of G(v,u, ) onto its subgroup (b):

b= b exi=nle

Then z is an idempotent of the semigroup End (G (v, u, r)). In the following
lemma we shall show that the order o(r) of r in the group Z;; is described
by properties of z in End(G (v, u,7)).

Lemma 4. Let q be a prime, v = q™, and
M = {z € End(G(v,u,1)) | 2z = 2z, (2) 0 K(z) = 0}.
Then
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Proof. Let G = G(v,u,r). An arbitrary endomorphism of G is determined
by images of the generators a and b. First we shall characterize elements of

M.
Let z € M. By Lemma 1

bz =001 az=0a" 5 € Z,, i€ Z,. (11)
The map, given by (11), generates an endomorphism of G if and only if
(b2)7!(az2)(bz) = (az)". (12)

It is easy to show by the relations (3) that Eq. (12) is true if and only if-
ir’*t = 4r (mod u), i.e.

ir! =4 (mod u), (13)

sicer € 2.
Note that (¢,u) = 1. In fact, if (4, u) # 1, then ¢™ = 0 in Z, and

bl tilaz™) = b(z"x),

4" = a =aitml —ale:™) = a(zmx)

Suice by = b dr = 1, Henee,':™y ="02" = 2™ € K(z), and
(z) N K(z) 7é (. This contradicts to z € M. Therefore ( u) = 1 and
1 € Z,. It follows that the congruence (13) is equivalent to

r’ =1 (mod u). (14)

Conversely, take z € End(G) given by (11) where (i,u) = 1. Then
Bl =10 ==z

a(zk) = d'3 = 1'= a(iz),

and zz = zz. Because (i,u) = 1, for an arbitrary natural number ¢,
azt =d" #1=az = a(z2")

and 2* # z2'. Therefore, 2 ¢ K(z), (z) N K(z) =0,and z € M.

Hence we have shown that the set M consists of all maps (11) where
i € Z and the congruence (14) is true, i.e. o(r) | j. Therefore, there
are |Z| options for 7 and v/o(r) options for j (see also the condition (5)).
Consequently,

|M| = () wral
and 2z
o(r) = |M|u. (15)
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Finally, we shall show that
|D(z)| = | Z,]. (16)

Let z € D(z). By Lemma 1 z can be expressed in the form of (11). Since
z € Aut(G) and z = zz = 2z, then i € Z; and

e Blagl e Bt a B4

i.,e. 7 = 0. Conversely, it is easy to see that the map z, given by (11),
where j = 0 and 7 € Z}, belongs to D(z). Consequently, Eq. (16) is true.
The statement of the lemma follows now from (15) and (16). The lemma
is proved.

Lemma 5 (['], Lemma 1.6). If H is a group and y is an idempotent of
End(H), then the semigroups K (y) and End(Im y) are isomorphic. This
isomorphism is given by the correspondence z — 2 |1m, Where z € K (y).

3. ENDOMORPHISMS OF THE GROUP G(v, u, r)

Throughout this section it is assumed that G = G (v, u, ), where
v Py (g ulrasily (17)

and p is a prime. Then u is expressed in the canonical form (7) and G is
given by the defining relations (8), i.e.

G= G(v,iyryesiG (v, @755 . ., Th)-

Since |Z;mi| = p; ™ Y(p; — 1) and o(r;) | |Z;m |, then by (10) and (17)

p | (pi—1),ie. p; > 2foreachi € {1,...,k}. Therefore, for each
integer ¢

Zm; is a cyclic group. (18)

Our aim is to describe endomorphisms of G. An arbitrary

endomorphism of G is determined by images of generators b, ay, ..., a.

Suppose z € End(G). As G is solvable and (b) is a Sylow p-subgroup of
G, there exist j € Z, and g € (a4, ..., a,) = (a) such that

bz = g bg. (19)
A unique Sylow p;-subgroup of G is (a;). Therefore,
a;iz = a; ® (20)

forsomet; € Zm: (1 =1,...,k).
Conversely, suppose that ¢ € (ay,...,ax), j € Z,, and the map 2z

is given by (19) and (20). The following lemma gives an answer to the
question: when z € End(G)?
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Lemma 6. The map z, given by (19) and (20), determines an
endomorphism of G if and only if

47 = b7y (mod ) (21)

Joreachi =1,2;....k.
Proof. Assume that z is given by (19) and (20). The map z presents an
endomorphism of G only if it preserves the defining relations (8) of G, i.e.

(02)" = (012)" = -+ = (ag2)P¥ " =1, (22)
(e apaf=-(aZ)(a;2) (724, . 1.k, (23)
(b2) (ai2) (b2) = (a2) (i=1,...,k). (24)

In view of (19) and (20) it is obvious that (22) and (23) hold without any
restrictions. Equation (24) is equivalent to

(g7'b7g) ™" - aif - (g7 'V g) = a"".

(3

After simplifications it follows that

£k
bl Lt

a’L (2

The last equation is equivalent to the statement of the lemma. The lemma
is proved.
Denote further the endomorphism z of G as

z:[j;tl,..-,tk;g], (25)

where z is given by (19) and (20). Here j € Z,, t; € Z,m, g € lg) =
(a, ..., ax), and (21) is true. If still 2’ € End(G) and

2 =[5t s g (26)
then z = 2’ if and only if
j:jl> tlztll)"-atk:t;ca glg_lecc((ﬂ)

Therefore, it is necessary to know when an element h from (ay, ..., ax)
belongs to C(¥).

Lemma 7. An element h = ai'...a;" of the subgroup (a) = (a, ..., ax) of
G commutes with b if and only if for eachi =1, ...,k

sirl =s;  (mod p™). {21)
Lemma 7 follows directly from the equation hb/ = b’h and relations

(8).

Finally, we shall find a multiplication rule in the semigroup End(G).
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Lemma 8. Let z and %' be the endomorphisms of G given by (25) and (26).
Then
27 = [J3%00\ At < (g2)]: (28)

Proof. Indeed,
b(22') = (b2)2' = (97'¥ g)2' = (92/) 7' (b2') (g92')
= (92) gV ¢ (g7) = (¢' - (g2)) 7" (¢ - (97)),

t; it

=

ai( 22V = 0Py S0 :

The lemma is proved.

4. PROOF OF THE THEOREM

Let the group G be the same as in Section 3, i.e. G = G(v,u,r) =

G(v,u;r1,...,r) and the conditions (17) be true. It is clear that
% e =( 11 <aj>)A<<ai>A<b>> (29)
J=1,5#
and
(a)\(b) = G(v,p]",m3). (30)

Lemma 9. If H is a group such that End(H) = End(G), then H =
G(v,u; p1, ..., px), where p; € Z;(n,. and o(r;) = o(p;) in the group Z;m
foreaeh i =l ...k : 1
Proof. Suppose End(H) = End(G) and * : End(G) — End(H)
is an isomorphism. Let z and z; be projections of G' onto subgroups (b)
and (a;)A(b), respectively. Then z*, z} € End(H), and by Lemma 2
H = G(v,u,p) for some p € Z:. Identify H = G(v,u, p). Then there
exists p; € Z;m such that

H=G(v,u;p1,---,Pr)-

The group H is given by the generators d and c and the relations

diert el o el =’ (31)
or, otherwise, by the generators d, ¢y, . . ., ¢x and the relations
F = = .2 =1,
GiCs Cals N800 == L CRY SIS (32)
dil GO A lum, &)
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Similarly to (10), (29), and (30), we have

o(pi) | v (33)
and

i=( I (o)A@,

J=1,j#1
<Ci>)‘<d> 3 G(U7p;ni’ Pi)-

*

The restriction of the isomorphism * is an isomorphism between the
semigroups K (z;) and K (z}). Hence, by Lemma 5

End(Im z;) = End(Im z7). (34)

Since
Im Z; = <az>)‘<b> = G(Uﬂp:jniari),

it follows from the isomorphism (34) and Lemma 2 that
Im z} = GloypHh o) @B

for some o; € Z;mi. Therefore, there exist ¢;, delIm z; such that

Im 7} = () \(d)
and

Jv—ép’ _1 _'C'zd__—di’
o(c;)= o(c,) p™, o(d) = o(d) = v. (35)

Whereas (c;) is the unique Sylow p;-subgroup of H, (¢;) = (¢;) and
by (35) RSt
dcil =G (36)

Since H is solvable and (v,u) = 1, the subgroups (d) and (d) of H are
conjugate gt -
d=c7dd (37)

for some j € Z, and ! € Z,. Here (v,1) = 1, because o(d) = o(d) =
o(d") = wv. After simple calculations it follows from (36) and (37) that
’;

G

; = plin Z*m, Therefore, o(o;) = o(p;) because (v,l) = 1
and o(p,) | v by (33). Let us apply now Lemma 4 to the groups Im z; and
Im z}. It gives us o(r;) and o(c;). By the isomorphism (34) o(r;) = o(03).
Consequently, o(r;) = o(p;). The lemma is proved.

Lemma 10. If H = G(v,u;pi,...,pk), where o(p;) = o(r;) for each
b= A2, ... ok athen

End(H) & End(G). (38)
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Proof. Suppose that the assumptions of the lemma are true. The group
H is given by the relations (31) just as by the relations (32). In view of
results of Section 3, each z € End(G) is expressed in the form (25) where
4, t1,. .., satisfy the conditions (21) and g € (a) = (ay,...,ax). The
multiplication in End(G) is given by (28). Similarly, each w € End(H) is
expressed in the form

W= [JvtlaatkahL

where
J € Zy; tiGZp:ni; h€<c>=<C1,...,Ck>.

Analogues of Lemmas 6, 7, and 8 hold for elements of End(H).
Consequently, if we show that the conditions (21) and (27) are equivalent

to I
and .
sipl =s; (mod pi™), (40)

respectively, then the correspondence

[j;tl,...,tk;ail,...azk] ol baptouslil LN 2t

gives the isomorphism between semigroups End(G) and End(H).
Let us show an equivalence of (21) and (39). It follows from (18) and
o(r;) = o(p;) that (r;) = (p;) in Zm;. Therefore, p; = r! for some [. If

(21) is true, then

-1

(mod pi™)

and (39) is also true. Symmetrically, from (39) follows (21).
Consequently, the conditions (21) and (39) are equivalent. Similarly we
can prove the equivalence of (27) and (40). The lemma is proved.

The first statement of Theorem follows from Lemmas 9 and 10.
It is well known that the map r — (r,7,...,7) is the isomorphism
between the rings Z, and Z .2 P SEEK Z, m where u is given by (7).

Therefore, in view of Lemma 3 and the ﬁrst statement of Theorem, the
group G' is determined by its semigroup of endomorphisms if and only if

o(r;) = o(p;) foreachi=1,2,...,k (41)

implies
(s me)) = (o1, - - pr)) (42)

inithe group Z*m, X :++ X Z¥n)
Py pk
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By (18) and (10) the groups Z;)‘,‘ni are cyclic and o(r;) is a power of p.

If all but one of numbers o(r;),...,o(r) are 1, for example, o(r;) = 1
foreach: = 2,3,...,k, then Eq. (42) follows always from (41). Hence,
assume that o(r;) > p and o(ry) > p. First, let p > 2. Choose
pr ="r2and p; ="r; foreach i = 2,...,k. Then Eqs. (41) are
true, but (42) does not hold and, therefore, GG is not determined by its
semigroup of endomorphisms. Let now p = 2. If all but one of the numbers
o(r1),...,o(r) are less than or equal to 2, then it is evident that Eq. (42)
follows from (41). Hence, assume that o(r;) > 4 and o(r3) > 4. Choose
pr = 73 and p; = r; foreachi = 2,...,k. Then Egs. (41) are true, but
(42) does not hold and, therefore, G is not determined by its semigroup of
endomorphisms. Combining the cases p > 2 and p = 2, it is clear that Eq.
(42) follows from (41) if and only if among the integers o(r1), ..., o(rk)
only one can be greater than 2. The second statement of Theorem is proved
and so is Theorem.

5. EXAMPLES
Let us examine the group G = G(3,7 - 13;2, 3). Here
V5= B el ndemliBioi Farssdien by o Pav=id s 5

gkte ) a3 ne0(r2) = 3.

The group G is well defined because o(r1) | v and o(r3) | v. By Theorem
the group G is not determined by its semigroup of endomorphisms. It is
easy to see that G is the group given by (1). Similarly, the groups G(3, 37 -
61;26,13) and G(5,11-31; 5, 2) are not determined by their semigroups of
endomorphisms.
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_ TSUKLILISTE RUHMADE POOLOTSEKORRUTISE
MAARATAVUS TEMA ENDOMORFISMIDE POOLRUHMAGA

Peeter PUUSEMP

Olgu A 16plik rithm, mis avaldub kahe tsiiklilise alamriihma poolotse-
korrutisena A = (a) A(b), kus elemendi b jirk on algarvu aste, ja iihisosata
elemendi a jdarguga. On antud tarvilikud ja piisavad tingimused selleks,
et riihm A oleks méédratud oma endomorfismipoolriihmaga ko6igi rithmade
klassis.
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