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Abstract. An inverse problem for determining a time- and space-dependent memory kernel in a
model of compression of poro-viscoelastic medium is considered. The kernel is represented in
a form of a finite sum of products of known functions of the local coordinates and of unknown
time-dependent functions. An existence and uniqueness theorem is proved.
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1. INTRODUCTION

In recent years a number of papers have appeared on inverse problems for
identification of time-dependent memory kernels (see, for instance, ['~3] and the
references therein). Particularly, the work [?] deals with the determination of four
independent relaxation kernels of poro-viscoelastic materials described by coupled
systems of wave and diffusion equations.

In the present paper an attempt is made to identify the memory kernels of
poro-viscoelastic media which depend both on time and local coordinates. To
simplify this rather complicated problem we consider the case of consolidation
[*] in which only a single kernel appears. Our main idea is to represent (or
approximate) this kernel by a finite sum of products of known functions of the
local coordinates and of unknown time-dependent functions. In this way we arrive
at a certain parabolic inverse problem containing finitely many time-dependent
unknown kernels. Furthermore, as in [°], for this problem an existence and
uniqueness theorem in infinite time interval is stated using the Laplace transform
method.
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Identification problems for other classes of memory kernels in diffusion and
viscoelasticity depending on time and some local coordinates are treated in recent

papers [678].

2. FORMULATION OF THE PROBLEM

In the theory of consolidation [*°] the compression of the water saturated
porous medium is governed by the parabolic equation

t
[)\(a:)uz(z,t)]z = ﬂ(z)ut(x,t) % I:/O m(wat o 'r)u(m, T)dT s + ’)’(.’B,t), (1)

z € D =4(B; 1);+t:& [0, 00),
where w is the effective stress, # > 0 is the instantaneous elastic compressibility,
m is the corresponding memory kernel, and -y is the source density. Besides Eq.
(1), the function u satisfies the initial and boundary conditions
u(z,0) = p(z)  on D, )
u(0,t) = u(1,t) =0, te€ (0,00) 3)

with the given continuous function .
In the sequel we take the kernel m/(z, t) in the form

N
m(z,t) = Y pr(@)mi(), @
k=1

where pg, k = 1,..., N, are given functions of z € D and my, k = 1,...,N, are
unknown memory kernels depending on ¢ € (0, 00).

In the inverse problem the unknowns my, k = 1,..., N, are to be determined
by N additional conditions of the form

’U/(.’L‘k,t)th(t), tE(0,00), R Ry Q)
where z1,...,zy are some points in the interior of the interval [0,1] and
hi,... ,hy are given observations.

3. APPLICATION OF THE LAPLACE TRANSFORM

Let us apply the Laplace transform [1°] to Eq. (1) with (2) and (3). Then, for
the image of wu,

o0
U(z,p) = Lispu = / e Plu(z,t)dt, Rep> o
0
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with some real number o, there holds the equation
A\ z)Us (2, p)]e — B(z)pU (2, p)

N
=p Y ur(@)Mk(p)U(z,p) + T(x,p) — Bx)p(z) (6
k=1

in D, where
My = Liypmy, T'= Liypy .
The boundary conditions (3) are transformed to
U(0,p) =U(1L,p) = 0. ©)

Denoting Green’s function of the left-hand differential operator in (6) with
boundary condition (7) by G(z, y, p), we get the solution of Eq. (6) with (7) as

N 1
Ulers) = L Mi0) || PGl plis)Uldy + Fap) (g
D<@ zr<alls
where
i
F(z,p) = / G(z,4,p)[T(%,0) — BE)p)ldy, 0 <z < 1. ©

Further, the additional conditions (5) take the form
U("Ekap) =Hk(p)7 k=17 7N7 (10)

where Hy,(p) = Li—,phi. Inserting (8) into (10), we have the system

ZMk(p / PG (20 v, D)k (W)U (W:p)dy = Hi(p) — F(wirp) , gy
e p b

Defining the coefficients

1
Vi ki _mﬂk(wz)W(wz) (12)

a7



we get Egs. (11) equivalent to the following system of N equations for the functions
Mk(p), k= 1, eedy N:

N
Z'Yi,kMk(p)
=N
il
ZMk@ [ Sin(a)ol@) + [ 9 Glanvpmn o)y s
A / p G5, D)) DU (3, p) — 0(0)ldy = Di(p),
i i & Moo
where

In Egs. (13) the first sum is the main part of the left-hand side for Re p — +o0
since

1
—/0 PG (zi,y,p)ur(y)e(y)dy — E('iT)#k(xi)‘P(xi) (15)

and
pU(y,p) = o(y), 0 <y <1, (16)

for Re p — +o0.

The asymptotic relation (15) follows from the assertion (19) of Lemma 1 below
and the limit (16) is a consequence of the known relation p G(p) — ¢(0) for the
Laplace transform G of a function g (cf. [*°]).

The inverse problem (1)-(3), (5) is now reduced to the system of equations
(13), where U (z, p) is the solution of the integral equation (8), and in the main case
the regularity assumption

det(yik) #0  (i,k=1,..,N) (17)

holds.

4. PREPARATIONS

Before stating and proving the existence theorem, we shall make some
preparations. At first we prove a lemma concerning Green’s function G(z, y, p).
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Lemma 1. If \, 8 € C?[0,1] and \,8 > 0 in [0, 1], then the following estimates
hold

1
IGI = sup / @l 5,0)|dy & . (18)
0<z<1 J
Rep>0

and for any v € C'[0, 1]

L v\x
\/ﬁ[/o pG(w,y,p)V(y)dwa%a%” < Gillvllerpo,y (19)

sup
0<z<1
Rep>0

where
Iv(@)llcipo,y = lv(@)lcpy + 1V (@)lep.y
and the constants Cy and ||G|| depend on X, 3, only.

Proof. It was shown in [°] that under the assumptions \, 3 € C?[0,1] and A, 3 > 0
in [0, 1] Green’s function G(z, y, p) admits the representation

(AB)"M4(z)A8) "4 (y)
C082
{ shsz-shs(w—1)+0;, z<y
%

G(.’I), yvp) =
(20)

shsw-shs(z—1)+ 0y, y <z,

where z, w are given by

1 ofitr0chiB(n) L (¥ |B(n)
Z2=L = = — g 21
i, VX ¥ IR o 0
it . /5(77) oh el
l—/o Tﬂ)dﬂ, S —l—2,Res>O, (22)

the quantities O, O, possess the following asymptotics

es(l—w+z) es(w+1—z)
O0=0|—|,0,=0 R as Rep — oo (23)

respectively,

S

uniformly in z, 5, and

eS

!
C’o=;shs+0(s—2) as Rep—o00, Cp#0. (2
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Here and in the sequel sh and ch stand for the hyperbolic sine and cosine,
respectively.

Using the representation (20), the asymptotic relations (23), and the obvious
inequalities

le%t] = eRest) |shst| < ch(Res-t), |shst| > sh(Res-t), (25)
for t > 0 we deduce that
Res
1 gpighReehc- T
/0 IpG(z,y,p)ldy < CzR o 5Col (26)

fordlis o < b SRe p=0

with some positive constant C5. Observe that for Re p > 0 there holds

1 2 2
Res = TRe\/z_)> 2—\/;\/|p| = \2/—;

Thus, the first factor on the right-hand side of (26) is bounded for Re p > 0. Due
to (24) the second factor on the right-hand side of (26) is bounded, too. Therefore,
the assertion (18) holds.

In order to prove (19), we first define the following integrated Green’s function:

/G:vT,p LSy
H(z,y,p) (27)

/GmTp 7,1y <

Let us substitute G(z,y,p) by (20) in (27) and integrate by parts the products
(AB)~"Y4(y)shs(w — 1) and (AB)~'/*(y)sh sw. Observing (22) and (23) after
some computations, we obtain the following asymptotic relation for H (z,y, p):

(AB8) 4 (2)A 4 (y)

H ;1 )

i) Cos3B3/4(y)

{ shsz[chs(w—1)—1]4+03, z<y (48)

X
(chsw —1)shs(z— 1)+ 04, y<gz,
where
es(l—w—}—z) es(w+1—z)

O3 =0 O s O =0 P T Al Rep — o0 (29)

uniformly in z, .
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Further, let us split the integral fol G(z,y,p)v(y)dy into the integral from 0 to
z and the one from z to 1. Integrating by parts in view of (24), (28), (29) and the
relation s2 = %, we have

L < i
x/f)[/o pG(z,y,p)v(y )dy+ﬁg ]Z—pf/ H(z,y,p)v'(y)dy
- [% + pH (@9, P @) + pH (2,4, D) (1) z;w}

11
= b [ Hewp) @dy+ 50 (1) 110) + (1)

shs+shs(z—1)—shz+ O (%)
igrennd L s ,
Alz) shs+0(%—>

where the O-terms are uniform with respest to z, y. Observing the formula (28), we
can estimate the term p,/p fol H(z,y,p)v'(y)dy in (30) as in the equality (18) for

fol |pG(z,y,p)|dy. The other terms in (30) are obviously bounded for 0 < z,y < 1
and Re p > 0. This proves the assertion (19). Lemma 1 is proved. O

(30)

In the following we need an estimation of the function
B(ﬂf,p) :B[Mla---aMN](l‘)p) =pU(m,p) —(,D(IE) ) (31)

which is the Laplace transform of the derivative u; of the solution u to the direct
problem (1)-(3). By Eq. (8), for U the function B is the solution of the integral
equation

B(z,p) = +ZMk /pG(x,y,p)uk(y)B(y,p)dy

ZMk / pG(z,y,p)ur(y)e(y)dy

+F1($,p), (32)
where
with F' given by (9).
Our intention is to estimate the function B in terms of the kernels M7, ... , My.

To this end, we first introduce the following functional spaces for complex-valued
scalar and vector functions:

A, ={V :V(p) isholomorphicon Rep > o
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and
|Vlly,e <00}, ¥>0, 0>0,
where

IVlly,e :== sup |p"|f(p)|

Rep>o
and
(Ayot =d¥ 5 Wiiu., V) 2 ¥lb) € Aysrtetlin, N}

with the norm

N
IVlly,e == Z 1Villy,e for Ve (A’y,a)N -
=

‘We note that

A'y,o' @ A'y,a’ > (A'y,d)N o (A’v,a')N

with || - ||l4,0r < || - ||l4,0 if &' > 0.
Let v and « be two real numbers such that

1/2 < y< 1 and l<a<l1/2+4+4. (34)

Moreover, let w = (wy,...,wy)(t) be a real-valued vector function with Laplace
transform W = (W1, ..., W) (p) = L¢—pw satisfying the condition

W e (A%UO)N with some op > 0. (35)
We introduce the space for the kernels M = (Mj, ..., Mn)(p)
Mw,g = {M : M(p) = W(p) + Z(p), Z € (Aa0)"}, 0> 00
and the space for the scalar functions B(z, p)

B, ={B: B(z,p) € A, forae. z€(0,1),
B(-,p) € L*(0,1) for Rep >oc}, 0 > 00,

with the norm

|Bllc = essup || B(z,-)||ly,0 = essup sup |p|"|B(z,p)|.
z€(0,1) z€(0,1) Rep>co

Let us prove the following lemma.
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Lemma 2. Let beside (34) and (35) the following assumptions be fulfilled:

A, B € C?0,1] and X\,8>0 in [0,1],
pr € C[0,1], k=1,....N, ¢ € C[0,1] (36)
Fy € By, with og from (35).

Then, for each 0 > oo and M =W + Z € My, such that

= o NZllas
,0) = el (102 + Ples ) <1, @)
where ||G|| as in Lemma 1 and ||p|| = maxi<k<n |kl Eq- (32) has a

unique solution B = B[M] € B,. This solution satisfies the estimate

1 1Z]lao
< b
1Bl < sy [1Fille + 1610l el (1790 + L2022 ) ] )
where ||<p|| = ”‘P”C[Ol Moreover, for each 0 > oo and M = W + Z €
My, M =W + Z € My, such that n(M,0) < 1 and n(M,0) < 1, the
difference B[M|] — B[M] can be estimated by
1510 - BTl < ——=— il | L2
e n(Maa)
1 ! “Z”a,o'
e t=rtirsy {1l + G el (171 + 1l
x[1Z = Zllas - (39)

Proof. The integral equation (32) for B = B[M] can be written in the operator
form

b= b+ AgB m b, (40)

where

ZMk(P / pG(z,y,p)ur(y)p(y)dy + Fi(z,p)  (41)

and the linear operator A : B, — B, is defined by

(AoB)(z,p) ZMk(p)/ pG(z,y,p)ik(y)B(y, p)dy .
k=1
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Provided M € My, the assertion (18) of Lemma 1 with (36) implies b € B,,.
Analogously, by (18) we have AgB € B, if B € B,,. Moreover, the norm of A in
L(B,) can be estimated by

Wihe | 1Z]lae
ol < 6l (F002 + 12Le) — o). @)

Consequently, in the case (M, o) < 1, by the contraction principle, Eq. (40) [or,
equivalently, (32)] has a unique solution B € B,,.
To prove (38) we first estimate b from (41). We have

121l
I1blle < [1E2lle + Gl el (”W”%a e

Using this inequality and (42) in (40), we obtain (38). i
It remains to derive the estimate (39) for the difference B[M| — B[M]. From
(32) we have

(B[M] — B[M])(z,p)

N 1 03
=} M /0 pG(z,y,p)uk(y)(B[M] — B[M])(y, p)dy
k_

N 1
+3 [Zk p)— Zk(p)] /0 pG(z,y,p)uk(y)[B[M](y, p) + ¢(y)]dy.
E=1I

Using here (18) and the definition (37), we obtain
IB[M] — B[M]|,

1 gl
< Torgr IS | Zisvat + 224 iz - 21,

Substituting | B[M]||, by (38), we derive (39). Lemma 2 is proved. [

5. EXISTENCE THEOREM
We can now state our main result.

Theorem. Let (34), (35), and (36) be fulfilled, where we assume ju;, and o to satisfy
stronger smoothness conditions

ur € CH0,1], k=1,...,N, ¢ € C0,1]. (43)
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Moreover, let the regularity condition (17) be satisfied for the matrix T' = (i)
and ® = (®q,... ,Py), defined in (14), have the representation

O=TW+ 7T € Maw,g, (44)

with some ¥ = (Uy,... ,UyN) € (Aao,)N. Then there exists o1 > oq such that
the system of equations (13) has a unique solution M = (M, ..., My)(p) of the
form M =W + Z € Mw,,.

Proof. The system of equations (13) is equivalent to the operator equation
Z = AZ i (As)Y (45)

with the operator A = T714; : (Aae)Y — (Aa,o)Y, where I~ is the inverse

.

of the matrix I" and the operator A; : ( a,0)Y = (Aag)Y is defined by

)

N
(A12)i(p) = Ti— > [Wi(p) + Zk(p)lgix (p)
k=1

1:
> My(p) /0 pG(zi,y, p)pk(y) BIW + Z](y, p)dy, (46)
k=

where

1
gik(p) = @l‘k(-ﬂ)@(mi)*‘/o PG (zi,y,p)pk(y)0(y)dy

and B is given by (31).
For the proof of the existence of a unique solution to Eq. (45) we introduce the
balls

Doo(p) = {Z € (Aao)" : |1 Zllag < p}

and show that A is a contraction in such a ball.
First note that by the assertion (19) of Lemma | we have

”gik“1/2,a S 037 ]-SZakSNa (47)

with some constant C3 depending on \, 8, u = (i1, ... ,un) and .
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Let us fix some g > o0g. Using the estimates (18) of Lemma 1, (38) of Lemma
2, and (47) in (46), we obtain

IAZllao < IP7HI[A1Z]la,0

g Wllyo | 1Zllag
< B I{H\Iflla,aﬁcs (01/2+7—a+ ol/2

wiaii) (e + 2o ) i 1 2y, )

”W“'YyUO ”Z”a,a
S 04 [”\I’”a,ao 4 01/2+7—a + 0,1/2
1 IWllyoo | 1Z]lae 1Z]| a0
) k) 1 b
+1 —n(W + Z,0) ( o21—a i o7 +1Wlhyoo + ol

48)
provided the quantity n(W + Z, o) given by (37) is less than one. Here the norm
of I'"! is defined by

— — 1l
T Isrggélvl( )ik

and C} is a positive constant depending on A, 3, i1, ¢, and F7.
Letnow Z € D, ,(p). Then, from (48) we get

Wy, p
”AZ”a,U < Gy ”‘I’”a,ao +01/2+77T; ol/2

w
(Do 4 2) (14 Wl + 525)

o2r—a o a—y
W ly,00 =
1 6 (e 4 2

From this estimate, in view of the assumptions (34) about -y and «, we see that for
every p > po = C4||¥||a,0, there exists oo = o2(p) such that

|AZ||ae < p for o> o2(p). (49)

-

Further, by Lemma 2 we have B = B[W + Z] € B,,(,, which implies that the
function B = B(y, p) is holomorphic with respect to p on Re p > o3(p). This,
together with the holomorphy of Z in D, (p) and the other terms in (46), shows
the holomorphy of AZ = I'"'A;Z on the half-plane Re p > o2(p). Hence, by
(49) it follows that

A : Dagy(p) = Dag(p) for o> az(p),p > po- (50)
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Next, let Z',Z% € Da,(p) with some o > o¢. Then, by virtue of the
inequalities (18), (19) of Lemma 1 and (38), (39) of Lemma 2, again we obtain
the estimate

142" = 4270 < 01 55021 = 2

L
Hianul (Lbe + 1lee ) ypw + 24— 5w + 22,

HONl VBV + 2201e]12" - 22l |

[Wllyoo , P
<C 1 4 og2r—«a e o
=762 1—-mo(p,0)

X

p
0 i i g e
g0 N g 1—1o(p,0)

|2 = 22||a,o, e

where

mipro) = Gl (P22 1 £)

0-(1

and the constant C'5 depends on A\, 3, , ¢, and Fy.

From the estimate (51), in view of the assumptions (34) on y and «, again
we see that there exists o3 = o3(p) such that the operator A is a contraction
for o > o3(p). This, together with (50), implies that Eq. (45) has a unique
solution in every ball D, ,(p) when o > o4(p) = max{oz(p), o3(p)} and
p > po = C4||¥|a,0,. Therefore, the existence assertion of Theorem is proved
for o1 = 04(p1) with some p; > pg.

Since any two solutions Z*, Z? of Eq. (45) from (Aa )" are lying in some
common ball Dy (p) with 0 > 04(p), p > max{[|Z ae, ; 12%laes » 1},
the uniqueness of the solution Z in the space (Aq o, )" follows from the proven
uniqueness in these balls. Theorem is proved. (]

Corollary. Under the assumptions of Theorem the inverse problem (1)—(3), (5) has
a unique solution m of the form

1 &+ico

mt) = wt) + 5— [ €PZp)dp (> 1)
T Je—ico
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Since a@ > 1 by (34), this follows from a known inversion formula for the
Laplace transform (see ['°], Th. 21.3). A vector function w, often occurring in
applications, contains components with power-type singularities at ¢ = 0, i.e.

ni
wifd)' =} S egt-e i, @ o,
j=1
where ¢;j, s;; > 0and 0 < §;; < 1 —y. Then

A g e

Cij =
=t siy)' 0

with I" standing for Euler’s gamma function.
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POORSE VISKOELASTSE KESKKONNA KOKKUSURUMISEL
TEKKIVAST POORDULESANDEST

Jaan JANNO

On vaadeldud poordiilesannet aja- ja ruumimuutujast sdltuva tuumafunktsiooni
maédramiseks mudelist, mis kirjeldab poorse viskoelastse keskkonna kokkusuru-
mist. Tuum on esitatud etteantud ruumimuutujast soltuvate ja tundmatute ajast
soltuvate funktsioonide korrutiste 10pliku summana. On tdestatud kisitletava
poordiilesande lahendi olemasolu ja iihesus.
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