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Abstract. Cubature formulas with the weight function x" (u >-1) which are optimal on given
sets of functions are obtained for the approximate calculation of a double integral. One type of
these formulas consists of the line integrals which may be estimated by optimal quadrature
formulas. The optimal cubature formulas include both knots and coefficients of the corresponding
values of optimal quadrature formulas. The application of a cubature formula with weight function
to the calculation of double integrals over the domain of integration limited by a parabolic curve is

shown.
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1.INTRODUCTION: NOTATIONS AND DEFINITIONS

For the calculation of multivariate singular integrals it is important to have

efficient approximate formulas with weight function. Below, we consider the

problem of obtaining optimal cubature formulas with the weight function

x“ (u >-1). The approach is based on the idea set forth in 3%

Let p +g”'=l and D=[o,l]x[o,l]. Let us introduce the notation of

derivatives

(i j) it
fYe »)= ——— .Y Lj=OL...,

dx'dy"

of norms
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and the sets of functions

Wi = {f(x): f®(x) piecewise continuous on [o,l], Hf(k)(')“ < I},P

vV, =

{f(x, y): FUD(x, y)i<r, j<s) piecewisecontinuous on D, ”f(r’s)(-',-) ”p < p},
1 1

Wyt =1 fy: feves, |[FroCndy| <M,|[+ @Oy dx| <N}

0
p

0
P

Let Q be a set of linear functionals defined on a set H of functions f, and

let Z be a given linear functional defined on the set H. Consider approximate
formulas of the form

Zf=Y L4f+r(), 14€0, k=L.,n (1)
=i

where r(f) is the error of the formula

Formula (1) is called an optimal formula on the setH if the functionals

L, € Q are chosen so that the quantity

rlH]= ;gg Ir(f)) (2)

has the minimal value.
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Designate by A, xi (k=ll..n; j=o,..p; oSp<r-l) the

coefficients and the knots of the optimal (best) guadrature formula with the

weight function x*(u>-1) ([**])

j’“‘flx)d”i žAD FI )+ R (), 3)

0 k=l j=o

where fe Wp’ and; Q% <2, <. =x. <1 “and by B,(i), y (=1..,m;

i=0,..p,; o<sp,ss —1) respectively the coefficients and knots of the

optimal formula (D -
p

m P,

[lo)4y=2, Zz)B}’)f‘<yl)+Rm<f>, (4)
0 l=]l i=o

where fe W, and o<y, <...< yy Sl.

Denote by 6, and J, the exact bounds forremainders of the formulas (3) and

(4), which are assumed to be finite, i.e.,

6= inf sup /R,))
An n) fe W)

(5)
&= inf sup [R,(f)]

By} rews

2. CUBATURE FORMULAS BASED ON OPTIMAL QUADRATURE
FORMULAS

It is shown in [*7] that the optimal formula

ln

[[10») drdy=X>, DCyf») +R(P,
D k=] j=l

s <...<x; Sl, U<y o<y =i

on the set W has the coefficients C;; =AD Bš.") and the knots

Gy,)=y™)

Now we shall show that some optimal cubature formulas with the weight
function x* (u >—l) may be constructed as a product of the optimal formulas (3)

and (4).
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First, we shall find an optimal formula of the form

n
]

m
1

[[xf ey dvdy=" oy [£O, y)dy+YBy [ £ (x3 dx

D k=l 0 =1 0

+> > Y Gy+ES), (6)
k=] [=l

OSx;<...<x, SIl; o<Sy <...<Y $3l,

on the set V,”. In other words, we shall find the formula (6) with the minimal

value of

E[V,* 1= sup |[E(f)|- (7)

¥

For u =0 this formula was considered in []

Theorem 1. The coefficients and knots

0 0 0 n 0
o =Ac, B=B, Yu=—4A B, (8)
Xk =xz

> Y =y;
,
k=]l,...n; 1=1,...m,

and the exact bound of the remainder

E[V,']l=P6,o, (9)

are respectively the coefficients, knots, and the exact bound of the remainder of
the optimal formula (6) on the set V.

Proof. It is known (see [°]) that the optimal formula (6) must statisfy the

condition

Elp(x)y*l=E[p(»)x*]l=o, Vox)y’, e()x*eV,”’,
10

v=0,...,55-1l; A1=0,...,r-1. -

Taking in (6) f(x,)=ox)y", f(x,»)=p(y)x*, where @(x) is an

arbitrary function, we obtain by (10)

mDI n

Ä ]
Bi Y —: &NT

-
v+l

o uU+A+l

Oy
-

v B -

4—_— = VY, oS Uy Xk> (11)V 1 š' u+2+l š
k=l],...n; 1=1,...m; v=0,....5-l; 12=0..,r-11.
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k
u u>o

Now let f(x, yyeE V, g

owlet f(x,y)eV, u, {0 g,

By Taylor’s formula

r—ll _ s—l |
f »)=> w)x +Y 9;(x)y’

i=o j=o

(r,5) (x —t) :—1 (y 7u) ::-—l
+IDJf GW

nepi

where

W,’(}’)zli!f(i,O) (O

=
v

»Y)»

=[[0 —

]!0
(I,O)

(x_t)
-

(r—l)+! %

Hence, by (10)

l

ns -0 y-w
E(f)_ijf (t,u)E[ GD ]dtdu

= J’j£ (2,u) K (t,u) didu, (12)
D

where K (t,u) is a spline function,

4.-1WL 4
WN

opK(t,u)=
A [z(u) w(t)— z(u)šak (00

— w(t) 2,51()’1u) i—l —z zykl (Xk —t) :L_l (v —U)i—l}
=1 k=] /=]

s 1

where z(u) :(I_—_u_)_ and w(t):jx" (x-t) " dx.
S

0

The function K(¢,u) satisfies the condition

K ©o,y)= K% (x,o)=o, A1=0,.,r-1 v=o,.,s—l, (13)

by the equalities (11).
By Holder’s inequality we obtain from (12) that

E(f)|< PIKC)],- (14)
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For the function

P -

rol s—l

fOO= — —- [[]Ka,w|T sgn Kt CD+ODr
Kol 2 | nepi

belonging to V,**, it follows from (12) that

E(fy)=P|K(,)

Then we have from (14) the equality

E[V,"l=P|K(,)]- (15)

Now we have to minimize this value. Let us consider only the function

K(t,u) satisfying the condition (13) and the splines

1
1 n

K ——— H
—

r-l
— S

r—ll1() (r—l)!l:-([x (x-t), dx šak(xk b) ,], 16

KÕ(0)=0, i=0,..,r-1,

(1-u)* 1 C

s 1
K =iii n —— —2)

=—, (s—l)!šül(” A
A

KÖ(0)=0, j=o...s-1.

Let

{ak,flki,l;kfl,xk,yl} ”K(.,') "‘1 -HK (~.)"q

inf „Kl (')Hq = „Kl* (')„q,
(ak.xk] ‘

r jo]-lso],
It is shown in [] that

1
noKf(:):Ü[gx"(x—t)'—l dx-šA,?(x; ) ::IJ,

K;(t)=zš%“[%—š3?(y; —U) i“l], (18)

"Kl*(')”„ =oy, ”Kz (')“__ =Õ,.
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By the proof method used in ["’] we have the equality

K Gu=k©K;0). (19)

This, together with (18), gives us the values (8) and (9). As the formula (6)
with coefficients and knots (8) satisfies the condition (10), the theorem is proved.

Much in the same manner as Theorem4.2.3 in [°] the following theorem can

be proved.

Theorem 2. Among the set ofcubatureformulas

2 AL A P
.. s

[[x"f(x,)drdy=> X 21. žcžžz PN YR, (20)
D k=l I=l — i=o j=o

where

u>-l, D<@ =r-1 o<p,<s-11, o<x;<..<x,2l
OZy<...<Y,Sl.

The optimal formulafor the set VVP” has the knots

X YY (21)

and the coefficients

=
22

k=l,,n, l=1„m, l:O„pl; ]:0,,p2

The exact boundfor the remainder is

Ry[W, 1= inf " sup |R,,(f)|=Md, +Né,+Pé,5,. (23)
{xk,yl,C;(jl} feW

Finally let us find an efficient cubature formula for the calculation of double

integrals over the domain of integration

D=((x,y): O<x<zl; o<y<x", siy

Let us assume that f(x,x"y)=F(x,y)e VVP"“'. Then, by changing the variables

y=x“z, x=x, we obtain
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|] £y) dxdy
D

5 11 11

=J If(x,y) dxdyz-“.x”f(x,xflz) dxdz=jjx”F(x,y) dxdy
00 00 00

na OLD
.

=¥ 2 2D GrECPNR,, E) (24)
k=l I=l i=o j=o

By Theorem 2 the optimal cubature formula of the form (24) has the knots (21),
the coefficients (22), and the exact bound of the remainder (23).
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KAALUFUNKTSIOONIGA KAHEKORDSE INTEGRAALI

LIGIKAUDNE ARVUTAMINE

Voldemar ARRO

On leitud antud funktsioonide hulgal optimaalsed kubatuurvalemid kaalu-

funktsiooniga x*(u >—l) kahekordse integraali ligikaudseks arvutamiseks. Uks

kubatuurvalemite tiitip sisaldab joonintegraale, mis on kergesti hinnatavad

optimaalsete kvadratuurvalemite abil. Optimaalsete kubatuurvalemite sdlmed ja
kordajad sisaldavad optimaalsete kvadratuurvalemite vastavaid véddrtusi. On

ndidatud, kuidas saab kaalufunktsiooniga kubatuurvalemit kasutada astmefunkt-

siooniga piiratud integreerimispiirkonnaga kahekordse integraali ligikaudseks
arvutamiseks.
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