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Abstract. Second-kind Fredholm integral equations with weakly singular kernels typically
have solutions which are nonsmooth near the boundary of integration. In this paper, on the

basis of certain regularity properties of the exact solution, the piecewise polynomial collocation

method on graded grids is discussed to solve nonlinear multidimensional weakly singular
integral equations. Using special collocation points, error estimates at the collocation points are

derived showing a more rapid convergence than the global uniform convergence in the domain

of integration available by piecewise polynomials.
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1. INTRODUCTION

We consider the nonlinear weakly singular integral equation

u(z) = /K(z,y,u@)dy +£@), z€G,

G

where G = {z = (21,...,2Zp) : 0 < zx < bg, k = 1,...,n} isan n-dimensional

parallelepiped. For the solution of Eq. (1) we shall use the piecewise polynomial
collocation method (cf. [']): the set G will be partitioned into small parallelepipeds
(cells) and the approximate solution will be searched in the form of a function which

is on every cell a polynomial of the same degree. It is shown in ['] how to choose

the nonuniform grid so that the method might have the best convergence rate in

(1)
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L°°(G)-norm. The purpose of the present paper is to study the convergence rate

of the piecewise polynomial collocation method at the collocation points.
Note that the one-dimensional case n = 1 is studied, for example, in [2‘9]. We

refer also to [lo~l4] where the case n > 2 is discussed.

2. INTEGRAL EQUATION

We shall make the following assumptions (Al)—(A3).
(A1 The kernel K(z,y,u) is m times (m > 1) continuously differentiable

with respect to z,y, and u for z,y € G,z # y, u € IR, whereby there exists

a real number v € (—oo,n) such that, for any nonnegative integer | € Z, and

multi-indices o = (ai1,...,0p) € Z% and B = (b1,...,0n) € ZY with

[ + |a| + |B| < m, the following inequalities hold:

218 PR 1, v+lal <0

’D:cDa:-i-y (a—u) K(a:,y,u)| < 1(|ul) I+“Og|s—y”, V+|a|=o
)

-yl v+al >0

a
9\ 9\'DxD£+y (5&) K(z,y,ul) — D;‘Df+y (—õZ) K(a:,y,uz)'

1, V + |a| <0

< Wa(maxfjui|; |uz]))]wi —ua 4 I+[log|]z-yl, v+|a|=o ».
jz—y|™l, v+|[a]>o

Here,

la| = 1+...+0nfora€ZY,

lz| = (72+...+32)V? forz€ R",

™ A™
a 4 d .By < el TR

o o Pi 8 d Bn
D

= [A) [+Di (6ml+6yl> (Õz„+öy„) |

and the functions 1;: [O, 00) — [O, 00) and 5: [O, 00) — [O, 00) are assumed to be

monotonically increasing.

(A2 f € C™"(@G). The space C™"(@) is defined as the collection of all m

times continuously differentiable functions u: G — IR such that the estimates

1, lo| <n—v

|D%u(z)| < const¢ 1+ |logp(z)|, |a|=n—-v 3},
p(z)rv-lel Jl|a|>n-v

(2)

(3)
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õIU(m) 1, l < .=

I——a—l———’§const 1+|logpk(z)|], l=n—-v

Tk N I>n—-v

hold for z.¢€. .G, lof & m,l = 1,...,m,k = 1,...,n, where pk(z) =

min{zg,by — zx} and p(z) = Ir<nkižl Pk(T) is the distance from z to OG, the
SKSN

boundary of G.

(A3 Integral equation (1) has asolution ug € L°(G) and the linearized integral
equation

(@) = [Kooy, Kotwy) = |G|
A

u=ug(y

has only the trivial solution v = 0 in L*°(G).
Note that the assumption (A1 holds, for example, for the kernels K (z,y,u) =

Ki(z,y,u)lz — y|™" (0 < v < n) and K(z,y,u) = Ki(z,y,u)log|z — y|
(v = 0), where K;(z,y,u) is an m + 1 times continuously differentiable function

with respect to z,y, u for z,y € G, u € R. |
From (Al)—(A3) it follows that, for the solution ug € L*®°(G) of Eq. (1), we

actually have ug € C™"(G) [112).

3. COLLOCATION METHOD

We use the same nonuniform grid as in [*!3]. To define the partition of G into

cells, we choose a vector N = (Ny,...,N,) of natural numbers and introduce in

the intervals [O, bx], & = 1,...,n, the following 2Ny + 1 grid points:

j S ..x.lz:’:N:.?(N; » Je=0,1,...,Ng,

.’l:Z';\?-jk = bk — .'Bž'žv—jk, jk = 1, ks ,Nk.

Here r € R, r > 1, characterizes the nonuniformity of the grid. If r = 1,
then the grid points (4) are uniformly located. Using the points (4), we introduce

the partition of G into closed cells G

vaz{m=(ml,...,mn):xi’f;,lgxkgxi'fN, k=1,...,n)cG,

jEJNE{j=(jl,---,jn): jk=1,...,2Nk, k:]-a’n}

We determine the collocation points in the following way. We choose m

points 71, ..., M, inthe interval [—l,l]: =1 <m; <lm2 < ... < Ny < 1. By affine

(4)

(5)

(6)
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transformations we transfer them into the interval [z{c’:;,l, x{c’:NJ (jx=1,...,2Nk,
k=1,...,n):

Jk 9k
=

ju—l n +1 ;RN =IL + — (z{c" B

2 N kN )Gk =1,...,m.

We assign the collocation points

g 7 = (5, &) s a 2 @
QeE{g={Qi.s,): % =1,....m, k =1,...,n)

to the cells Gšv, j € Jn. We define the interpolation operator Px by the formula

(Pru)(z) = > li)pi(2), = € GYy, j € Jn,
g€eO

where )4(z) = gof]'gl (z1 - - gafl':;g"(m„)and gof;’j}g’“ (zx), k = 1,...,n, are the

polynomials of one variable of degree m — 1 such that

j j 1 iy
jksdk [ jk PkX —

Pk = dk
G,

<pk,N (šk,N )— { 0 ifpk 7_4_ dk } y Pk =l,+, M.

Let us denote by Ey the range of the operator Py. This is the finite-dimensional
space of piecewise polynomial functions ux on G which on any cell G, j € Jy,
are polynomials of the degree not exceeding m — 1 with respect to any of arguments
Lly:es9Zn.

We determine the approximate solution uy € FE)y of the integral equation (1)

by the collocation method from the following conditions:

[u;v(w) - /K(fv, y,un(y))dy — f(a:)] =o,peQ,i€Jy. —
G mzfj\’]p

We can present uy € E)y in the form

un(z) =Y M 3 (z) if z€ Gy, je Iy

qeQ

where, as it follows from (9), ¢4 = uN(éf;,q). Now the collocation conditions (10)
will take a form of a nonlinear system which determines the coefficients c*l.

The convergence of the collocation method described above under assumptions
(Al)—(A3) is discussed in [l]. It is shown in [l] how to choose 7 so that this method

would have the optimal convergence rate:

m
— ifn-v<

max |uy (z) — up(z)| < consth’y for r>n—u dhials s
,

zEG r>l if n—v>m

7

(8)

(9)

(10)

(11)
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r>—2-?m—)—,r2l if n-v<1
n-vVv

en < consth’y for r>__m__ if I<n-v<m-11l /»
n-v+ll

r2]l f n-v>m-l1

where

hy =

max
fi— b—"

N= NN,
and

—
iap

—

i,p
EN pegl,?žJNluN(éN) Uo(žN)'

is the maximal error of u at collocation points (7).
In the following section we shall show how to choose the grading exponent r

and the collocation points (7) so that the method (10) would converge with the rate

EN = O(hTNn).

4. SUPERCONVERGENCE AT THE COLLOCATION POINTS

Assume that 7y, ..., n,, are the knots of the quadrature formula

1
m

<1/g(é)dš Y weglng), -I<Sm <... <m
<

g=l—1

which is exact for all polynomials of degree m + pu, 0 < u < m — 1. Using (15),
we introduce the cubature formula

m m

[ stejas x 27%meas Gh) 3D ——3 tai taa 88)
GšV

q1 .q
g (@, -1Gm); T € In,

which is exact for all polynomials of degree m +p with respect to any of arguments
T1,...,Ty (see [], p. 126). Actually, the weights wy,...,w,, will not be used

in our algorithms; the existence of the cubature formula (16) which is exact for

polynomials of degree m+p (0 < p < m—l) is used in the proof of the following
theorems.

Theorem 1. Assume that (A3 and the following conditions (Al’), (A2’), (A4 are

fulfilled.
(Al’) The kernel K (z,y,u) and K (z,y,u) = 0K(z,y,u)/0u are m + p + 1

times continuously differentiable with respect to x,y, and u for v,y € G, x # v,

u € IR, whereby there exists a real number v € (—oo,n) such that K (z,y,u) and

K(z,y,u) satisfy (2) and (3) for ||+ B|+l < m+u+l,m > 1,0 < u < m-1.

(12)

(13)

14(14)

(15)

(16)
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(A2’) f € C™HHHLY(@),
(A4 The collocation points (7) are generated by the knots

1, Nm Of the quadrature formula (15) which is exact for polynomials of degree
m+ p, 0 < pu < m —1; the scaling parameter r = r(m,v, i) > 1 satisfies the

following conditions:

T>l, ržm——m:.—l.j. /Lf n_V<u+l;
n-vVyv n—v+l

m m+pu+l .
r>;j;,r>;:;:T if p+l<n-v<m;

1
r2l T>Tjfii— if m<n-v

n—-—v+l

Then there exist N) (k = 1,...,n) and 8y > 0 such that, for Ny > N
(k = 1,...,n), the collocation method (10) determines a unique approximation
uy € En to ug satisfying ||ux — uo||z(q) < do. Thefollowing estimates hold:

en < const hX[On,wu(hx) + Tn,v (hn)],

where hx and ex are defined in (13) and (14) and

Wt if n—v>p+l
On,wv,u (AN) = { h’fvfl(l +|loghy|) if n—v=p+l },

hy if n—v<pu+l

ha f v<o

ta (hn) ={ B(1+ |loghy|) if v=o }h" if v>o

Remark 1. If © + 1 < norif v > 0, then under conditions of Theorem 1 we have

en < consthionu (AN).

Theorem 2. Let the conditions of Theorem 1 be fulfilled We assume

additionally that v <O, p+l>n and for |af < minfu+l-n,-v),

o<k<min{p+l-n,—v}, the derivatives D3O*'K (z,y,u)/our*! are

bounded and continuous on G X G x (—p, p) with any p > 0, including the

diagonal x = y. Then

en < const hTIGGn,„,„(hN).

Remark 2. Under conditions of Theorem 1, for the iterated approximation
iy(z) = [K(z,y,un(y))dy + f(z), =z €G, wehave

G

meaiG}'{ un (z) — uo(z)| < const hiy[onuu(hn) + Tnw(hn)].
L

(17)

(18)

(19)
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Underconditions of Theorem 2,

max|ty(z) — uo(z)| < const Ao u(hn).
zelG

5. PROOF OF THEOREMS 1 AND 2

Under conditions of Theorem 1 we have (see ['], p. 144)

0K (z,y,u
en < csup , / ——(——ÕL-O(—yD[(PNuo)(y)—Uo(y)]dylz€G u

G

+c'||uo — PNUOHžoo(G),

where ¢ and ¢’ are positive constants not depending on N.

Fix £ € G. We shall use the notation

B(z,hy) = {y€ R"™|y—z| < hn}

Tny = {y€G:iply) <hn},

S(:E,h}v) = Gfl{B(:E,hN)UFhN},

and denote by

s o
0K (z,y,uo(y))

LKš];(may)UO(y)) = lalz<s Ca [Dy '——'—õu :IyzyJ]'v (y y]N)

the Taylor expansion of [OK (z,y,u)/ou]y,—y,(y) With respect to y at the centre

w= W' try) of the cell Gy, j € Jn, ylty = (a 3 + zi*y)/2;
Ca = 1/al = 1/(ar!)-(an!), (y — yp)* = (Y 1 — yi.n)* yn — Y'N)"
the value s € Z,O < s < pu, will be chosen later (cf. ['], p. 128). Using the

sharpness of the cubature formula (16) for the polynomials of degree m + j, we

have, for z € G%,,

/
0K (z,äuo(y)) [uo(y) — (Pruo) (y)ldy =7] v(@) + 7 (@),

Gy

where

) = [|L) 50,yu0(4) o)P)l
&,

(20)

(21)
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Rl P
la|<s Y=YN

x / (y — vi"[uo(y) - P uo) (y)]dy.
&,

Here P](Va) is an interpolation operator similar to Py but corresponding to the space
of piecewisepolynomials of degree m+p— || and the interpolation knots generated

by m + p + 1 — |a| knots in [—l,l] — the knots 7y, ...,ny, of the quadrature
formula(15) and additional knots 7m+l, --- »"m+l+pu-]|a] (cf. Section 2); the choice

of the last ones in [—l, 1] is arbitrary but we assume that they are somehow fixed.

Summing up over the cells G%;, j € Jy, we obtain from (21), for z € G,

/ a—lS:gfic’;‘%;lfl(}!_)2[“o(3/) — (Pxuo)(y)]dy = nx(z) +m,x(z) +12,x(2),
G

where

0K (z,y,u
my = > =[kW) -ey,

FEIN G NS(2,h)#o G, |

mN(z) = z %,N(z), k =1,2.

FEIN:GNNS(z,h)=O

We get from (2)

Inn(z)| < const 7, (hn)||uo — Pruo||=(q) (= € G).

Puttings = pifn —v > p+ land s = [n — v], the integer part of n —v, if

n —v < u+ 1, due to ug € C™HAHLY(@) and (17), we have (cf. [*ll])

Ik, (2)| < const opp,u(hn)|luo — Pnuollre(e) (z € Gik=l,2).

Since ||uop — Pnuo||pe(g) < const AT (see ['], p. 115), the estimate (18) follows

from (20), (22)—(24). The proof of Theorem 1 is completed.
Now assume the conditions of Theorem 2. To establish (19), we only have to

prove that |

nn(z)| < constoyu(hn)||uo — Pruo||L=(q) (= € G).

Let us divide ny (z) into two parts: ny(z) = õšé)(x) + õšš) (7), where z € G,

OK(z,y, uõgf) (m) — Z / —(—'šüM[U()(y) — (PNUO)(y)]dy) k= 1723

JEIN? G,

(22)

(23)

(24)

(25)
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JV = {j € In:G4 N B(z,hy) # o}, JP = {j € In:GYy NThy #O,

1€ J ](VI )}. Forj € Jl(š) we apply the estimates derived on the basis of the expansion
(21): o

16D(z)| < const onu(hn)|luo — Pruollzoirg) (z € G).

For j € Jz(v!) we apply (cf. [l], p. 121; [°]) a representation of type (21) using now

the point z as the centre of the Taylor expansion:

[2wl) - (Pao) @iy |
%

= [ [POI _ oo,yo) uale) — Pruo) )y

Gy ‘

+. Dy2] [ —) *luoly) -P)))
al<s —zGJI.V

where va N B(z,hy) # 0 and

KO, unls)) =3copt gy
la|<s pras

We put
)s=pu—n if v|>u+l-n;
(i)s=|v| -1 if v|<u+l-n,v€Z;
(iii) s = [|v|], the integer part of |v|, if || <uw+l-n,v BZ.

Then, respectively,
Hrv+s+l<o,

irv+s+l=o,
i) o<v+s+l<l.

Using the integral form of remainder 0K (z, y, uo(y))/0u —K (z,y,uo(y)),
in all three cases (i)—(iii) we obtain

(1)lõN (.'L')l < const Un,u,u(hN)”UO — PNUOHLN(G) (z € G).

We refer to ([l], p. 131) for details concerning the estimation of õg) . Using (26)

and (27), we obtain the estimate (25). This completes the proof of Theorem 2.
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SPLAIN-KOLLOKATSIOONIMEETOD NÕRGALT SINGULAARSETE

INTEGRAALVÕRRANDITE LAHENDAMISEKS

Arvet PEDAS Gennadi VAINIKKO

On vaadeldud mitmemddtmelise norgalt singulaarse tuumaga mittelineaarse

teist litki integraalvorrandi lahendamist kollokatsioonimeetodiga tiikiti polii-
nomiaalsete baasfunktsioonide korral. Vottes aluseks integraalvorrandi lahendi ja
selle tuletiste kéditumise integreerimispiirkonna raja ldhedal on uuritud vaadeldava

meetodi iilikoonduvust (superkoonduvust) sobivalt valitud kollokatsioonipunktide
korral.
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