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sup AP|l—Aga(A)| <o (a@>o, o<p<po).
O<X<a

(3)
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Abstract. We consider parameterchoice in regularization methods for solving linear ill-posed
problems in Hilbert spaces. Recently, U. Tautenhahn proposed a new rule for parameterchoice

in the Tikhonov method. We consider a similar rule for the iterated Tikhonov method and show

that it leads to a smaller error than the parameterchoice rules of Raus (Acta Comment. Univ.

Tartuensis, 1985, 715, 12-20) and Gfrerer (Math. Comput., 1987,49, 507-522).
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1. PROBLEM AND METHODS

Consider the linear ill-posed problem

Au=f,

where A € L(H,F) is a linear bounded operator between infinite dimensional

Hilbert spaces H and F' with the nonclosed range R(A) of A. Assume that instead

of f € R(A) only the element f 5 € F with ||fs — f|| < 4 is available.

For solving ill-posed problems regularization methods are necessary (see [2-5)).
To generate a regularization method, we use a differentiable and Borel measurable

function g 4 (1)) : [o,a] = R (a > 0, ||A||? < a) satisfying the conditions

sup lga(M)| <L (a>o),
O<X<a A

(1)

(2)
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Here v, 7,, and pg are positive constants.

Let u € H be initial approximation. The nearest to @ solution u, of (1) is

approximated by
Ug = U+ ga(A*A)A* (fõ — Aü)

The constant pg in (3) is called the qualification of the method (4). The class of

regularization methods (4) was introduced in [6:7] and has oftenbeen used later (see,

e.g., [l-58-16]),

2. TWO WELL-KNOWN A POSTERIORI PARAMETER CHOICE RULES

The main problem in applying regularization methods is the right choice of the

regularization parameter @ > 0 in dependence on the noise level §. This choice

must be a compromise between accuracy and stability: if parameter a decreases,
the accuracy in case of exact data (§ = 0) increases, but the stability decreases.

The first prominent parameter choice rule is the discrepancy principle of

Morozov [l7], where the parameter a= a is found as the solution of

dm(a) = bd, dm(a) =||Aua — S5, b= const >l.

This parameter choice has the following properties:

2) 1f

ü -U= |APv, v€ H, || <p.

where |A| = (A*A)'/2, then

[ty — us|| < cp'/PHDP/(P+l)

forp < 2po — 1.

The drawback of the aposteriori parameter choice by the discrepancy principle
is that by the assumption (6) the order optimal error estimate (7) holds only for

p < 2po —1, but not for all p < 2po as by a priori choice of a. To overcome

this drawback, one may find a = akra as the solution of

dRG(a) — bõa |
dre(a) = - AA*gs(AA*))! 2PY(Aua — fö)||,

with b = const > 1. For methods with infinite qualification py = 00, this rule

coincides with the discrepancy principle (7). The rule (8) was proposed by Raus

[°], a similar rule by Gfrerer ['°] (see also ['B]). This parameter choice has property
1), the desired property

2’) if (6) holds, the estimate (7) is true for p < 2pg, and property

(4)

(5)

(6)

(7)

(8)



11— Aga;y(N)| €ll = Agay(A)] (o<A< @, o<a; £ay), (10)
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3) for compact A with eigenvalues A\, € §(A*A), Ay — 0 (k — o0), by the

condition Ax/Ak+l < const (k — 00), it holds that (see [*l°])

luarg — U/ < €
<

SUD inf —

FII FII<S 02 ta—ua
Note that the rule (8) is often recommended (see, e.g., [**l9]).

3. IDEA OF THE NEW PARAMETER CHOICE RULE

In [2°] U. Tautenhahn proposed a new parameter choice rule for the Tikhonov

method and proved that it leads to a smaller error of the approximative solution

than the parameter choice (8). We consider the idea of the new rule for the class

of methods (4). The idea is to find the least v, for which it is known that the error

of the approximation (4), ||ua — u«||, is increasing for & > a.,. We have

d
9

d

d
> % —

= 2la = n gnge(A'A)A'(fs - 47))
dg,(AA*

—

= 2(Aua —fõ+fõ—f,%—)(fõ —AU))-
From|| f 5 — f|| < 6 we get

d
2a‘a”ua — % ]

> 2 (4ua - f3, 228085, - ))-5|22g, ]|
hence d—i—“ua — uy|| > 0 for d(a) > 0, where

d(a) =
M—W—éü—)ž„

|t AAD ($5 — AD

Let us introduce the following

Condition C. The function d(a):[0,00) —IR is continuous and strong,

monotonically increasing, lim d(a) < 4, lim d(a) = ||fs — Aul|.
a—o a—oo

Note that the functions dj;() and dgg (), instead of d(«), fulfill condition C

under the assumptions (see [l+2lB])

9)



daN) = ga(A) for ap = o (11)
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If condition C holds for d(«) too, then in case bd < ||fs — Aul|, one may find a,

as the unique solution of

d(a)=b6, b2>l.

Then -||uq — u.|| > 0 for & > a, hence:

1)

ua — uxll < /ua -w| for o> a;

2) if d(ay) = bl6, d(ag) = bad with 1 < b; < by, then from monotonicity
of the function d(a) follows o < a9, and due to 1), ||ug, — Ux|| < ||Uay, — Us]|-
Hence the best choice for the constant b in (12) is b = 1.

4. APPLICATION OF THE NEW RULE TO THE ITERATED TIKHONOV

METHOD

The iterated Tikhonov method is a method of the class (4), with the generating
function go(\) = A"HI -(1 +X/a)™], r=l/a, po =m, where m is the

fixed natural number, m > 1. Starting from arbitrary initial approximation ugo =

u € H, we compute iteratively u; 4, ..., Um,o from the equations

(A*A 4+ al)ugq = OUk-1,0 + A*fs (k=1,...,m)

and take u, = Umo for the approximative solution of (1). In case m = 1, this

method is the Tikhonov method.

Theorem 1. Let A*(fs — Aw) # 0 and

IQfs|| < b 6 < ||AT— fs]],

where Q) denotes the orthoprojection of F onto N(A*) = 'R,(A)I. Then the

function d(a) : [0,00) = IR in the iterated Tikhonov method fulfills condition C,
d(0) = ||Qs, there holds |

d
» 2m|| R™+l/24]|2

=
(d°(a)) > WHA p+2)

with R = (I + a~'AA*)™l, 2z = Au — f5, and Eq. (12) has the unique solution

o= O

(12)

(13)

(14)

(15)
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Proof. It may be shown by induction that Auyo— fss = Rfzforallk =0,1,... .
From therelation d’i%%fi = -5+a 1 AA*)~™~l we get that the discrepancy
function d(«) for the iterated Tikhonov method has the form

2(A'U'a — fõ,AUm+l,a — fõ)
& ”Rm+l/122” ,

) = — Taumrafi SU

where Uy,41, 18 the approximation of the iterated Tikhonov method with m + 1

instead of m. It is clear that d(«) is continuous; we prove the monotonicity. Using
the relations

d d 2k
..

=
.@”Rk'z”2 = E(Rzkz,z) = —(44 Rt2 2) = oa A R/312,

with k = m + š— and k = m + 1, for differentiating the sguare of (16), we get

d 1 d

ä-a—(d2(a)) =

W[ZEC;(||Rm+l/22||2)||Rm+1/23||2||Rm+12||2
d

IR (IR
2||RM+l/2s||2

, m
= ——"a”z“R„.„z,',l (2m+D]LA*RYHR

——(m + I)||Rm+l/2z||2||A*Rm+3/2zn2].
So, as using

|A*R*z||2 = a((aPAA* + 1 -I)(I + a~IAA*)"IR*"I2, Rk?)

= o||RF-1/22|? — a||R*z||?,

withk =m + 1, k = m + 3/2, gives

|A*R|RTH2 —NR 2A?AR322?

= af[R™/2:2|R — |R

— a[“Rm+l/2z“2“Rm+3/2z||2 — (Rm+l/2z, Rm+3/2z)2] > 0,

from (17) we obtain (15).

Taking into account that

dra(a) =II — AA*ga(AA*)?™(Aua — f5)ll = IRV(Aua — fo)

= ||R™l/2|| < ||lR™l/22|12/||R™2| = d(a),

(16)

(17)



|KLY/ 2PO) A(7 — u,)|| < (b+ 1)8, (23)
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from (5), (16) we have

drc(a) < d(a) <dp(a) (Va > 0)

From (12), (14) and the relation drg(o) = dpr(o) = ||Qfs]| (see [*2]) it follows

that d(0) = ||Qfs]|, condition C is fulfilled, and Eq. (12) has the unique solution

a = 0,. Theorem 1 is proved.

Remark 1. From the increase of three functions in (18) we get

OM S x S ARG;

from (13) we obtain

|ta, — U[] < ”Uanc — % .

Hence, the new parameter choice rule is “better” than the Raus—Gfrerer rule [?18]
and yields order optimal error estimates. The last result follows directly from the

inequality (19) and from the following theorem.

Theorem 2. LetA€ L(H,F), ||fs—fll <6, T—us = |APv, |Jv|| < p, p >O,
and let « = apgq be the solution ofEq. (8). Then, for the Tikhonov and iterated

Tikhonov methods the following inequality holds:

Ua —

5

I uy|| < {(b+ 1)P/@+D) 4-,(M 1/(p+1)

b-1 ) }pl/(P+l)sp/(p+1)
0 < D < 2poa

,

where

Tlp+l)/2 = polp+1)/(2po+1)) 1122

and v, = 1/2for the Tikhonov method and v, = \/m for the iterated Tikhonov

method.

Proof. We introduce the operators

Ko=l-A%Aga(A*A), + Ko=l- AA*g.(AA*)

Ug — Us = Ko (T — uy) + ga (A*A)A*(fs — Aus),

— F5).)(Au,.,1/(2po)+ KLt— UÜx)A(T(2po141/
— Ka- f5) =/(20)( Ay,K}

If the parameter @ = apgg is chosen according to the rule (8), then from (22) and

the inequalities ||f 5 — f|| < 4, || Kq|| < 1 it follows that

Then

(18)

(19)

(20)

(21)

(22)



|KL/ (2PO A(7 — u)|| > (b - 1)6. (24)
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It is easy to show that for the Tikhonov and iterated Tikhonovmethods the inequality

A Välge(A)| <y/Va (a>o)

holds. Now, from (21) and (25) it follows that

|lua — us|| < |Ka(T — us)|| + 'Y*Õ/x/õ-

Using (23) and the inequality of the moments

B'z|| < ||Btz|*/t||z||'~%t, o<s<t,

with B = Kš/(2p°)|A|, z = Kä—p/(zm)v, s = p,t = p+ 1, we can estimate

|Ka(us — V =||KalAPv|

< Ichlz+l/(2po)|A|l+pU”p/(p+l)||Kclz_p/(2po)v||l/(p+1)

< |REFY@P) g(g — )||P/O+D)gt/ +1)

< (b+ 1)?/(p+1)pl/(p+1) sp/(p+1),

Using the condition (3), we obtain

llkä+l/(2p°)A(Ü— u = HRä+l/(2po)|A|p+lv“

< p sup AU+P)/2(1 — Aga(A))!+!/(2p0)
O<AX<a

=p( sup APo(l+p)/(2po+1)(1 — )\ga()\)))l+1/(2po)
O<X<a

< PFa+p) j2Y,
from which, together with (24), it follows that

a>((b- 1)/7(1_“))/2)2/(P+1)p—2/(P+1)52/(P+1)_
Now the assertion of the theorem follows from (26)—(28).

Remark 2. For the Tikhonov method,

Fprl)/2 = (Vprl)/3)¥2 = 37%2(p + I)PHD2(2 —p? < 1,

0 < p < 2, and the estimation (20) has the form

e — us|| < [(b+ 1)P/PFD) 4 - 1)~1/(p+l)]pl/(p+1) gp/(p+1),

(25)

(26)

=

(28)
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5. APPLICATION OF THE NEW RULE TO THE METHODS WITH

INFINITE QUALIFICATION

In this section we compare the new parameter choice (12) and the discrepancy

principle (5) for some well-known methods with the infinite qualification. We

consider the following methods.

1. TheRichardson iteration method. It has the form

Up = Up_l — pA*(Aur—_l — f5), r=1,2..., o<u<ll/||A*A].

This method is of the form (4), with

r=l/a, g(A)=(1-=(1-=pr)")/A

2. The implicit iteration method. Let p > 0 be a constant. We determine

consequtively u, as the solutions of the equations

PUT+A*AU7—=p'U/r..l+A*fs, r=1,2,....

For this method the generating function has the form

grA) =0 =(p/(p+A))")/A, r=l/a.

3. The method of the Cauchy problem (a continuous analogue of iterative

methods). We take as approximation u, the solution of the Cauchy problem

u'(r) + A*Au(r) = A* fs, u(0) = U.

This method is of the form (4), with

r=l/a, g(\)=(1-eT)/A

Using the inequalities

A/(A+p) <ln(l+A/p) < A/p,

pA < —1In(1 — pA) < pA/(1 = pA),

it is easy to show that, for methods 1-3, it holds that

101 — Xgraki (3)) < LD < 11 — Aaraka )

wherey = pu, k; = o,k = —1 formethod 1; v = 1/p, k; = 1, ks = 0for

method 2; and v = 1, k; = kg = 0 for method 3. Using the last inequalities, we

get | |

H@r—%ifig(fa — AH)” < yllAur+ko — Föll;
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r (AA*
5

wd SRR(ur 10,22215— 40)) 2 e—i,A =0
= YllAur+ki/2 — Fõllš;

from which it follows that

IlAur+k,j 2 — Fõll*
Ltt/2 7 N < d(r) < Aur — f
uop

SS |
From this result we see that for the method of the Cauchy problem the function d(r)
coincides with the discrepancy function djs(r) and that for iterative methods the

function d(r) is close (at least for a small error level §) to the function dps(r).

6. SOME REMARKS

Remark 3. It is not clear how to apply the idea of the new parameter choice

rule to self-adjoint problems. Note that other parameter choices for self-adjoint
problems were studied, e.g., in [»7®1316.211 for non-self-adjoint problems
in [1~79-1517-19,22-241 (whereas [%5710:1417:18] deal also with problems of

quasisolution (f ¢ R(A), Qf € R(A)) as well; [+s?2-24] treat the case of the

unknown error level ).

Remark 4. Consider the case when the problem (1) is at first discretized by the

projection method Apup, = Qnfs, An = QrAP,, up € R(Py), where h > 0

is the discretization step and P}, O, are orthoprojectors in H, F, respectively, with

|A(l=Py|| = 0, ||[(l-Qn)A|| = 0(h —0). Regularizing the discretized problem
by the method (4), we get the approximation

Upo = P,Ü + da (A;;Ah)A;; (fõ — AhÜ).

If « = arG is chosen from the discrete version of (8),

I(I — ApALga(ARAL))YPO (AT — Qufs)l =O5, bl,

then, under the assumptions fl%i\fi‘ < const(l — Aga (A))!*YV/P%, w; =

S=Q

|AIPw, w € H, wl < p, 2) (3), (6), (10), (11), it holds forp < 2po (see
[l3]) that

[unane — usll < c{pPHVEP/PH) 4 plI(1 — Py)|AP + pe(Qn)},

I — Qn)|A*|#||minte/i2} Yy, 0 < p < 1, p # p/2
forp < 2,

e(Qn) = (I+n||(T — Qn)IA*P2IIT — Qn)|A*P 2
forp < 2,

(I = Qr)AIl (I — Qn)|A*lP~ forp > 2,

where

(29)

(30)
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and |A*| = (AA*)/2. Areasonable choice of A in (29) is determined by the rule

|(I = Py)|Ao/ @po+l)|l+l/(2p0) L ||(] — Q)|A*|Po/(Ppo+l)||24l/Po o 6,

guaranteeing the error estimate [|upo — u || < c6?/P+l) for p < 2po (see [73]).
Iffor regularization the iteratedTikhonov method is used, then we find upgo =

Py, compute up 1.4, - - -

; Up,m,o from the equations

(ARAn + al)upko = OUp kl,O + Apfs (k=1,...,m),

and take upo = Upm o If the least error method (Aj, = QpA) isregularized by the

iterated Tikhonov method and the parameter o = o, is chosen from the equation
(compare (8), (16))

(Apuna — Qnfs, Anthm+l,a — Qnfs) = bllAntnmil,e — Qnfslld, b2>l,

then we may get the analogue of (19): ||upa. — us|| < ||Uh,ape — usx||. Hence,
for ||up,qa, — u«||, the estimate (30) holds under the assumption (6) (with p <
2po) as well. Other error estimates for regularized projection methods are given in

[12,13,16,25]

7. NUMERICAL EXAMPLES

1

Consider the Fredholm integral equation [K (t,s)u(s)ds = f(t), with the
0

kernel

=

] tHII-s) f t<sK(t’s)—{s(l—t) if t>s,

as the equation Au = f with the operator A: L9(0,1) — L2(0,1).
The equation was discretized by the Galerkin method using 1200 piecewise

constant basis functions and after that solved by the Tikhonov method 20 times

adding to f(¢) a random noise with a relative error §, = d/||f||. Three equations
with the following forms of u(s) and f(t) were solved (examples 2—4 from [!8]):

Du(s) =s—s2 f(t)=(t*—2t2+l)/12, ||f|| = 0.0185;

2) u(s) = s — 283 +3s%, f(t) = (—tB + 3¢5 — 53 + 3t)/30, ||f|| = 0.2248;

3) u(s) = sin(ws), f(t) = sin(7t)/7*, ||f|| = 0.0716.

The averages and maximums of errors for three parameter choices (discrepancy
principle, Raus—Gfrerer rule, new rule; in all cases b = 1 was used) are presented
in Table 1.
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APOSTERIOORSEST PARAMEETRIVALIKUST

REGULARISATSIOONIMEETODITES

Uno HÄMARIK Toomas RAUS

U. Tautenhahn pakkus hiljuti vélja uue aposterioorse reegli regularisatsiooni-

parameetri valikuks mittekorrektse iilesande lahendamisel Tihhonovi meetodiga.
Siinses artiklis on iildistatud see parameetrivaliku reegel itereeritud Tihhonovi

meetodile ning nédidatud, et see valikureegel garanteerib viiksema vea kui Rausi-

Gfrereri parameetrivaliku reegel.
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