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Abstract. General expressions of [ -matrices of the first-order wave equations in the

16-dimensional representation in the direct-product (DP), Gelfand (G), and Kemmer—Duffin—

Petiau (KDP) bases are computed. In the general case, 16 arbitrary parameters arise. Depending on

these parameters, the [ -matrices satisfy the KDP, the Dirac, and some new algebras and the

corresponding equations may describe both the bosons and fermions. It appears that the reduction
of the 16-dimensional representation to the direct sum of the 1-, 5-, and 10-dimensional irreducible

representations is possible only in a special case, and in general, detf #O. Unitary
transformations connecting the quantities of the DP basis with those of G and KDP bases, are

expressed. Finally, the general expressions of Hermitianizing matrices in these bases are given.

Key words: first-order wave equations, 16-dimensional representation, Kemmer—Duffin—Petiau

algebra, Dirac algebra, Hermitianizing matrices.

1. INTRODUCTION

The relativistic theory of free particles of finite mass and noninfinite spin has

been well investigated ['™*] but there arise problems concerning the interactions

between the particles. Usually, the system of the first-order equations is

considered, because every higher-order equation is reducible to the system of the

first-order equations. The well-known examples are the Dirac and Kemmer—

Duffin—Petiau (KDP) equations [']. All these equations contain some NxN

matrices which determine the spin-state structure of the model. Here we are
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interested in the KDP-like equations, especially the case N=l6. We restrict

ourselves to the theory of free particles, but some general expressions are

computed also for the further investigations of models with interactions.

Although several works give a general theory of the above-mentioned matrices

[*], most of the authors confine themselves only to special cases [°°l], and

possibly, some important features may have been lost. Below we present only the

basic elements of the Lorentz-invariant wave equations. In the next three

sections we find the general expressions of the above-mentioned matrices with

respect to the three different bases: direct-product (DP), Gelfand (G), and KDP

ones. The last section is dedicated to Hermitianizing matrices in these bases.

Here we are not interested in the physical meaning of these results; this is the

subject of the next papers.
It is well known ['™] that the system of equations for a free field of arbitrary

spin

(i/š”a„ —m)l//(x) =0

(where P, is a set of four N x N-dimensional matrices, independent of x) is

invariant under the homogeneousLorentz group if

T(A):w(x) >y (x)=TAy(x),

T(N)B,T(A) =A,B ik |8801 ng, B 1,68,)

Here the transformation 7" stands for the finite-dimensional representation of the

homogeneous Lorentz group:

T:BO,35A(®)>T(A)= exp[—šwpaSpõ )
Denoting R, = —še,—ijjk, S; = soi (i, j;k=1,2,3), one gets

[[Bo, 831,851+By =O,

[Bo, R,]=o

and

(3a)

(1)

(2)
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Therefore, it is sufficient to find only S, other B; are derivable using boost-

transformations S;. So, for the well-known Dirac equation (the representation

(—;—, 0)® (0, %) ) the Y, matrices satisfy

1
Spo =Z(7pya -VoYp) » YuYw+YvYu =2Buv »

and the fieldy describes a spin-1/2 particle. The 16-dimensional KDP

representation with the properties

SpO' ZBp.Bo'—Bo':Bp , Bpppßa+Bo'Bpo Zg,uppo'"*'gpo-pp

consists of three irreducible fields, the first of which is trivial (one-dimensional),
while the other two are spin O (five-dimensional) and spin 1 (ten-dimensional)
fields. Attempts have been made to describe both, bosons and fermions, using
the KDP equations [*’], but unfortunately, using only the special cases of the

B -matrices. Although the KDP algebra (5) is possible in the case of an arbitrary

dimension of space-time [’], here we restrict ourselves to the common

dimension 4.

2. DIRECT-PRODUCT BASIS

In the direct-product (DP) basis ((3,0)@(0,5)®((3,0)@(0,3)) all

matrices may be expressed via the direct products of the Dirac ¥ -matrices, so the

Lorentz generators are

]
HW — vST

= 2(7/“}/ Rl+lQy"y")

and the common choise of [3-matrices is

1
i =s(y“®l+l®y“).

The DP basis is most favoured in the physical literature, but the spin states

are mixed up here. In another basis (KDP), the choise (7) describes two particles
with same mass m, but with a differentspin, 0 or 1.

Direct calculations give that the most general expression of [° which

satisfies the relativistic invariance conditions (3a) in this basis is

4)

(5)

(6)

(7)
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where z,..., Zg, Wj,..., wg are arbitrary 16 parameters. The determinant of this

matrix is

0 3 3
detBDP — (Z3ZS — W3WS) (WIW7 > ZIZ7) (Z325 A WalWs — 2Z4Z5 + 2W4W5

+42,26 =AW,We 22326 +2W3We )(Wwy=212, =2wWy

In the common case (7) det 8 =0 and there are no inverse matrices for f’s.
But in the general case it is possible that det § #0.

Since every 4 X 4-matrix may be decomposed with respect to the Dirac-basis

I's={l, Yy, Vs> YsYu> Opy }, 1t 1s possible to present general B„ as in (7):

Bu — Bpl +Bu2,
where

B, =a(y, ® D +b (757, ®Ys) +ci€up¥’@) +di (v’ ®0,,)

+(¥sY, ®D+ fi(7, ®Fs) +kiEap(¥sy” ® %) +e(vsy” ®0,,),
B’ =a,(l®7,)+by(Y 5 ®YSY,)+o s(0% ®Y")+dy(0, ®FY)

+619y5y,)+75 O Y1) + koE yap(6% @sy) +e,(o,, ®Fsy”).

Here ay, a,,..., ¢, e, are arbitrary 16 constants,

. i
Yys=iyY'YY', o" =s[7” ;

YV],

and€,,,,,5 1s a completely antisymmetric unit tensor.

BODP =

0 0 2 0 0 0 0 0 m 0 0 0 0 0 0 0

0 0 0 Z3 0 0 z1-z> 0 0 W2 0 0 wi-w, 0 0 0

23 0 0 0 0 0 0 0 0 0 Ws 0 0 0 0 0

0 24 0 0 Z3=z4 O 0 0 0 0 0 A 0 0 ws-Ws 0

0 0 0 2z1-2, 0 0 23 0 0 w-w, 0 0 Wy 0 0 0

0 0 0 0 0 0 0 z 0 0 0 0 0 W 0 0

0 z43—-z4 0 0 Z4 0 0 0 0 0 0 ws—wg 0 0 A 0

0 0 0 0 0 23 0 0 0 0 0 0 0 0 0 Ws

W3 0 0 0 0 0 0 0 0 0 Z5 0 0 0 0 O

0 Wy 0 0 W3 — Wy 0 0 0 0 0 0 Z6 0 0 25726 0

0 0 Wy 0 0 0 0 0 2z3 0 0 0 0 0 0 0

0 0 0 wg 0 0 wp—wg 0 O Zg 0 0 z7—-23 O 0 0

0 wy—-wy; O 0 W4 0 0 0 0 0 0 z5—z6 0 0 Z6 0

0 0 0 0 0 W3 0 0 0 0 0 0 0 0 0 Z5
0 0 0 w;-wWy 0 0 Wz 0 0 z7-zg 0 0 Zy 0 0 0

0 0 0 0 0 0 0 w; 0 0 0 0 0 27 0 0

9)

(10)

(8)
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We use the spinor representation

ORO 1 e T oy
Y=o ®l—[l o], y =-io° Y 0 —[ak 0 ]

where I is 2 X 2 unit matrix and ¢ are the Pauli matrices.

The relations between the two systems of parameters, (8) and (10), are

zy=(ay +by —cy —idy) + ([ + [ — ky =ley),
z = (a, +b,+c,+id,)+(ll, + f +k, +le,),

23 =(ay —by +c, +id,) -(l, — f 2 + ka + e5),
z 4 =(as3—by — cy —idy) -(l; — fa — ky — le»),

zs=(a4s—-b,-c, +id,))+(bL - fi —k, +ie,),

že =(a4,—-b,+c, — id,)+(l — f 5 + k, — ie,),

Z; = (a, +b,+c,—id,)-(l, + f 5 + k, — ie,),

Zzg =(as +b,—-c, +id,)-(l, + f5; —k, +ie,);

wy =(ay +by — ¢ —id) +( + f; =k —iey),

w, =(a;+b +0 +id)+4 +A +k +ie),

w =(a4-b +0 +id)-(1 - A +k +ia)
wy=(4;-b-60-id)-4h -A -k-io

ws =(a; =by —cy +idy)+()— fy —k; +iey),

wg =(a; —b + ¢ —idy) +(l; — f 1 + k —ie),

w; =(a;+hb +0 —id)-4 + f +k —ia)

wz =(a;+b -0+id)- +A —k +iB).

The members with coefficients a;,b;,c;,d; correspond to a vector, the

members with I, f;, k;, e; to a pseudovector. On the other hand, if B# depends

on a;,d;, f;, k;,
then B° is Hermitian (B* is anti-Hermitian); if B* depends on

1.,e,b;,c;, then P
% is anti-Hermitian (B*is Hermitian). In the special,

symmetrical case a; =a, =a,...,e; =e, =e and therefore w, =z,..., wg =zs. By

choosing the subcase a =%, b=c=d=l=f=k=e=o,one gets the B* asin

(7). Generally, the KDP algebra (5) is satisfied by fH(a,b,l, f), for which

a2+f2—b2—lz=ž,
af —bl=o.

The nonsymmetrical parts of [ -matrices B(ay,by, L, fi), (k=l or 2),

satisfy the Dirac algebra (4) if

(11a)

(11b)

(12)
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ai + fi —bi ~lg =l,
ay fr =bl =O.

For the same expressions of B(ay, by, l, fi), (k=l or 2), B -matrices satisfy

the new algebra ['°]

:Bp (fipflv + :Bvfiy)fio zzguvfipfia ,

but in this case the specific condition

ai + f& —bp —1; =O,
afr —bl, =0

is valid. It is clear that the constraints of the new algebra (14) are weaker than

those of the Dirac algebra.

3. GELFAND BASIS

This basis is used by Gelfand et al. [*] for building the general theory of the

first-order relativistically invariant equations. The spin states are separated
clearly in this basis. Here we use the Gelfand basis (G basis) in the following
ordering:

0,000 00ed, I;oed,. Loecouneo sned, 11

@75 D,

where (k,/; j) denotes the reduction of the irreducible representation (k,/) of

SO,5 to the irreducible representation of SO;. In this basis

00000 — 0 0 0

0000 0 0 0 0

0 0 0 0 0 0 -iKMW) B

00 0 0 0 D 0 —iKVp)
554 070 0 0 -im? 0 0 0

00 0 0 0 —im* — 0 0

0 0 —i(KVp)* 0 0 —0 0 0

00 0 -KV)* 0 0 0 0

(13)

(14)

(15)

(16)
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00000000
000000.00
00000000

p000000.00
j 10000m?000
00000 m?00
00000 0 m/ 0
000000.0 m

Here

010 ;[0 -1 0 1.0 0
1 2 3
m'=-—/10I|m'-=-—ll 0 -I|;mY=-00 0

V2lo 10 V2Žlo 1 0 0.0 —1

are the generators of the representation D' of the rotation group SO, and

1 0 =
]

K;=(1,0,0), K,=(0,1,0), K5=(0,0,1) and Vy=—4=|i Oi |
V2o {2 0

are the Hurley matrices []
Now the parameters y; of Bjy, corresponding to spin 0, and the parameters

x,»corresponding to spin 1, are separated and embedded into a 4 x 4-block and a

12 x 12-block, respectively:

The determinant is

0 0 % 3 0-0 0 B9 B g0 D 6 W

0.0 3 o3 0 0 88 8B 0P 0 8 8 @ 80

py, g Spit lgetigh dgi toit to oi velin p g Sl

y3 y4 0 WO 0L B B O 0 B

00 .0.0.000000x 00x000
0 .0 .0.0.0000000 x 0 0x0
0O.0 000000000 0x 0 0 x%

o [0 000000000 x 00x 00

PBo=l0 0 . 00000000 0x 00x 0!

0 .0 8 0,0 0 @8 B 8 5 8B 8 » 8B 0 x

00 .0 e N e e

0 .0 .0 00x 0.0x» 00000040

D 0,090 0 @ % g B o 000000

00 .0 .0 % 00x 00000000

00 .00 0x 00x 00000040

00 .0000 x 00x 000000

(17)

(18)

(19

(20)
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The unitary transformation U, which connects the quantities of the DP basis

with those of the G basisR; =URppU", has the form

Direct calculations give detU =—m’n’>(s 2 +q2)4( p 2 +r?) and from the

unitarity UU =1 we conclude that m> =n*=l, s®+4¢*=l, p*+r®=l. Itis

possible to take m=l, n=-1, and s=cosf@, g=sin@, p=cos@, r=sing,

so that there are only two independent parameters 6 and ¢. The connections

between the parameters of the G basis and the DP basis can be easily written as

follows:

0 p 0 0 -—-p 0 0 . 0. .0 . 0 0 -0 0 r 0

0 r 0 0 -r 0 0 0 0 0 0 p 0 0 -p 90
0 0 0 5 0 .0 -s 0 0 g 0,0 ¢ .0 0 0

0 0 0 g 0 . 0 -4 0 .0 . 300 = 0 0 0

m 0 0.0.0 0 .0 .0 . 0 .0 .0 .00 0 . 0 0

0 m 0 0 m 0 0 .0 . 0. . 0 .000 0 . 0 0

0 0 0 .00 m 0 0.. 0 04 .0 00 0 0 0

1) 0 0 000 0 . 0 . 0. . 0. . 0 70 0 . 0 . 0 0

sz 0 .0 . 0 .00 0 0 0 0 0 0 n 0 0 n 0

0 0 0 .00 0 . 0 .0 0 00 .0 .00 0 0 a
0 0 250 .0 . 0. .0 .0 y 0 0 . 00 0. .0 0

0 0 0 5 0 .0 5 0 0 g 0 0 g 0 0 0

0 0 0 .00 0 . 0 s 0 0 .0 . 0 .0 Pg 0 0

0 0 y0 .0 . 0.0. .0 -25 0 000 0 . 0 0

0 0 0 g 0 0 q 0 0 =8 0 0 —-5 0 0 0

0 0 . 0.0.0 0 . 0 y 0 0 .0 .0 0 -As 0 0

x =m(gqws + 523),
X =n(qzs + sws),

X3 = m(qzz — sws),
x4 = n(gqws — 525),

x5 = m(gqw, + 57¢),

Xg = m(qzy — swy),

X7 =n(qz; + swy),

xg =n(qwy — 527),

yi = ps(224 — 23) — Pa(2wy — ws) - rs(2w6 — w5) + ra(226 — 25),
Y2 = ps(2wg —ws) — pa(2z6 — 25) + rS(2z4 — 23) — rg(2wW4 - w3),

Y3 = pS(2W4 — w3) + pa(2Z4 — 23) — rs(2z6 — 25) — rg(2Ws — w5),
V4 = pS(2Z6 — Zz5) + pg(2Ws — Ws) + rs(2wy — w3) + rg(224 — z3),
Ys = ps(22, — z1) — pa(2w, - m) — rs(2Wz — w7) + rq(2zg — z7),

Y6 = pS(2W, -W) + pg(22) — z1) — rs(22g — 27) — rg(2wg — wy),
Y7 = ps(2Wsz — W) — pa(22g — 27) + rs(2z, — 21) — rg(2w, - m),

Yg = ps(2zg — z7) + pq(2wg — wy) + rs(2wy, —wy) + rq(2z, — z)).

(22)

(23)
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The SO, -invariant R? =R/ +RŽ +R} is not diagonal in the DP basis, but is

diagonal in the G basis, having on the main diagonal 4 values O and 12 values

j(j+l)=2 corresponding to the spin 0 and spin 1 parts, respectively.

4. KEMMER-DUFFIN-PETIAU BASIS

In many physical applications ["°] the KDP basis is used, ordered as

(0,0)@((5,%) ©(0,0))® ((1,0) ® (0, 1) ® (3,7))-

Thus, the 16-dimensional S -matrices reduce to the direct sum of 1-, 5-, and 10-

dimensional f -matrices in the common case (7). Note that in this basis the

group-theoretical properties of Egs. (1) turn to be explicit and the separation of

different physical states takes place. In the KDP basis the Lorentz generators
have the form

where [fi,fjJ: —elijfk, f =iVomkVo+, and V,, Kj,mk are given in (18) and

(19).

00 . 000 0 . 0 0

0 0 iK; 00 0 0 0

O K7 0 00 0 . 0 0

g
O 0 000 0 00

]0 0 0 .00 -f° 0 0171

0.0. 0 0 0 0 0

0 .0 . 000 0 ¢ 0p &
00 . 000 . 0 iK; 0

00 0 0 0 0 0 0

00 0 0 0 0 0 0

0O.0 -if 0 0 0 0 0

00 0 . 0 0 0 0 0

Rj=lo0 0 0-—fi 0 00

00 0 .0 . 0 -i 0 0

00 0 0 0 0 =l g
00 0 0 0 0 0 —if!

(24)

(25)
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The unitary transformation, which connects the quantities of the DP basis

with those of the KDP basis Rypp =VRppV™, is

OVOO-yOOOO 0 0 -v 0 0 V 0

000i00-iOO it 0 0 -i 0 0 0

0 0 -—-it 0 0 0 O it it o 0 0 0 0 =it 0 0

00t000O0$- 0 0 0 O 0 -t 0 0

000i00it00 -i 0 0 -i 0 0 0

0 t 0. 0 -t 0 0 0 0 0 .0 £ 0 0 =t 0

u 0 0. 0 0 - 0 0 0 O 0 u 0 0 0 0 -u

V=l iu 0 O 0 0 0 gu 0 0 0 O ju 0 0 0 0 iu

50w 00 —u 0 0 0 0 0 0 -u 0 0 —u 0

-iu 0 0 0 0 ju o 0 0 0 O 0 ju 0 0 0 0 -—iu

u 0 0 0 0 u o 0 0 0 .0 0 -u 0 0 —u

O jiü 0 0 ju 0 0 0 0 0 0 -iu 0 0 -iu O

0 0 -—-iu 0 0 0 O ju -iu 0 0 0 O ju 0 0

0 0 u 0 0 0 O u u 0 0 0 0 u 0 0

0 0 O 0 ju 0 0 ju 0 0 iu 0 0 iu 0 0 0

0 0 O 0 ijiu 0 ° 0 -iu 0 0 -iu 0 0 u— 0 0 0

where detV =iu'%v and from V'V =1 it follows that u®=l>=v>=l (It is

possible to take u=t=v=l).

The most general [3O which satisfies the relativistic invariance conditions

(3a) is in the KDP basis

0 58 . 0.0 .000000 00 0004848

> 0 0 8 .0 8 0000000000

0 0 .0 0 010 £ . 0.08 000 0 .00

0 0 .0 .0 .0 .0 . 0 £ 0 08 00 0 00

0 .0 .0 .0 .0 .0 . 0 088 . 0 08 0 .0 00

0 £ 0 . 0.0. 0000000 00048
0 0 ö8 000000000 000

0 0 0 85 0000000000 0

0 .0 0 .0 8 000000000 0

0 0 8, 00 .0 .00 0 .0 .0 . 08, 0 00

0 0. 0 8, 000000000 0 0

0 .0 .0 . 0 š 00000 .0 .0 0 .0 AL, 0

0 .0 .0 .0 .0 0 5 0 0 84 00 0 .000

0 .0 .0 .0 .0 .0 . 0 85 0 0 4 00 .0 00

0.0.0 .0 .0 .0 .0 0 65 0 0 84 00 00

Es 0 0 0 .0 E;s 0 0 0 0 9 ‘0 .06 0 .0 0

(26)
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The determinant 1s

detBRpp = —(Estiln —Eiofil) Egbis —Estra)’ Exbrs —Eabis)s—o),

where, using parameters of the DP basis, parametersé; can be expressed as

follows:

& :—;—itv(zl — Wy + W — 27 — 22, + 2wg - 2w, +2zBg),

& =—š—ivu(zl — Wy — W, + 27 — 225 4+ 2w + 2w, — 223),

&, =šitv(w3 + 25 — 23 —wy +2z4 +2W4 - 2Ws — 2z6);

¢ =š(2z4 +2w4y +2Wg +22z26 — 23 — W 3 — W 5 — Z5),

&s =šiut(w3 — 23 — W 5 + Z5),

e =%ut(z3 — W 3 —Ws + Z5),

&, =š(zl + Wy + Wy + 27 — 22, — 2wg —2w, - 2zB),

Eg =—;—iut(zl + Wy —w — 27 — 22, — 2wy + 2w, + 22g),

& =šiut(zl +wWy -W — z7),

o =-;—(zl +w; +m +z7),

Õ1 =šut(zl -Wy -W +27),

Šl2 Z%(zl -W +W — 21)

Šl3 Z—š(ZS +W3 +Ws+zs)

Šl4 =š“(23 +W3 — W5 — z5)

El5 =šiuv(w3 — Z3 +Ws5 — Zs +2Z4 — 2W4 — 2Ws6 +2z6);

0 =—;—iut(w3 — 23— Ws + 25 + 224 - 2W4 +2Ws6 — 22¢).

In the concrete fashion (9), where q,=a, =a,..., ¢ =e,=e:

(28)

(29)
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& ==2itv(l+ f +3c +3ie),
&y ==2itv(l-f +3c—3ie), j
&4 =2i(a—b+3k-3id),

&y =-2i(a+b+3k+3id),

&0 =2i(a+b-k-id),

Ep =2o+f-c-—ie),

&3 =-2i(a-b-k+id),

&4 ==2(l-f—c+ie),

Ey=6s=6s=63=6 =& =§ls =£6=o

It appears that the reduction 16=1®5@&10(or, 16=5®1®10) of the

B -matrices takes place only if B*’s depend solely on a,b,k,d (or, on

l, f,c,e). In the case (30) only the reduction 16 =6 @ 10 is possible.

A general form of B*,which satisfies the weak conditions of discrete

symmetries in the representation N = 10, is given in ['*]. The same calculations in

the case N =35 give nothing new. Since the case N=l is trivial, the independent
parameters of B in the KDP basis are

51:57.:53:55:56:58:59=511:515=516=0
§4=‘§7=i’

510=l(q%)x, 512:(1—_241)){’ šl3="š7+xl, 51421(12—;;]—),
where ¢, x are arbitrary complex members. If we demand the validity of (30)
and (31) together, then

a—
l -3k,
2

b=-3id,

[=-3c,

f ==3ie,

--
4-Hgx*-i)

32gx
”

=

s (gx* +1)

32gx
”

p 1 (a+)(gx*-ü
8 32gx

°

o=
(a=(gx’ +i)

32igx j

(30)

(31)

(32)
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The corresponding parameters in the DP basis are

X
Zyi =W =—,1 1

>

1 ,

z2=w2=z(l+lx),
i

Z3=W3=“‘2—x’
1 [

Z4=W4=Z ]—';
1

Zs:ws :—Z—é;,
1 ]

ZÕ =W6 :Z
1+ —

gx

gx

]

Zg =Wg =Z(l+qx).

In the special case, if g =i, x=—i, we get the well-known expressions (7). There

are only two free parameters x, g (or, z; #O, z 5 # 0), all others are expressed via

these as follows:

cl,A
*

4 2°

1

Z3-4Zla
11

Rl
Z7—ZZ;,

1 1

g ==k==,
4 825

One can easily verify that here §# ’s satisfy the KDP algebra condition.

(33)

(34)
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5. HERMITIANIZING MATRIX

The invariant bilinear form in this theory is defined as Wy, where ¥=y" H.

This means ['"'?] that there exists a nonsingular Hermitian matrix H such that

the transformation 7' (A) is H-unitary:

T(A)H =

= H 1
1
(A) = HS,V

—S+uvH =0

HR R H—op HS,&S{H=o (k=1,2,3).or

Because of the nonunitarity of any finite-dimensional representation of SO,;

this form is always indefinite. In the common KDP theory [l H=2floz -.
The most general Hermitianizing matrix satisfying Egs. (35) has the form

h h 0 90 00 0 $O9 0% 0040 @ 0k @,00:0 @

B kY B A 8 40 40 £OB 0% 00,0804 00 0 020 ©

0 0 -hs 15o0 9SOO 08 ofio D 000 0 0 b

i 0 5 B 0 0.0 .0 @0 8.0 0 060

0 0 0 .0 .000b 00000000

0 .0 @ .0 .0000b 00000040
0 .0 .0 .0 .000000b 0000040

g
O 0 0 0 h 00000000000

CÕIO0.0 . 0 0 0000000000
0 .0 . 0..0 . 004b000000000
0 .0 . 0 .0 .000000h00h»G,0
0 .0 0740, 0 Oavdl 045070,0B 00b0
0 .0 0+ By=O,10-2°GH, 070550 +0,10 The {4O 0.W
0 .0 0 w0 .0 0.0 000 .80 0 kR 0.0
0 .0 . 0 .0 . 0000000b000
0 .0 .0 . 000000000b0 04

From the Hermiticity condition it follows that

h4=hf;’hlo=h;’hB=h;’hl*=hl,h;=h2,h;=hs’h6:h6-

The nondegenerancy is satisfied if

detH = —l3h; (hshg —hohg)*(hyhy — hohyy) #O.

The space inversion operator /., [7], may be presented in the same fashion by

choosing

h;=hg =hg =hjg=o,h=hy, =hs= hg=q,
hy =qoq,.h3=qy/q

(35)

(35%)

(36)

(37)

(38)
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and det/, = —q(l)o.
The Hermitianizing matrix H in the DP basis has the form

0 Qs 0 0 0 0 0 .00 02% 0 00 0 0

0 h 0 0 =k 0 000 0 0 kh+h 0 0 h-bh 0

0 0 k 00 0 0 .0 k 0 0 0 0 0 0 0

0 0 0 0 0 0 h 0 0 k 0 0 0 0 0 0

0 iR 00 k 0 0 .0 .0 .0 0% 0 0 h+hb 0

0 0 0 0 0 0 00000 0 0 0 0 2%
0 0 0 b 0 0 0000 0 0 k 00 0

ga
0 & 0 @ & 0 0h 00 0 0 0 k 0 0|
0 0 hOO 0 00 k 0 0 0. 00 0 0

0 0 0 h 0 0 00000 0 kk 00 0

2410 0 0 0 0 0 0000 0 .0.. 00 0 0

0 ho+hk 0 0 ho-hh 0 0000 0 . h 00 -b 0

000.000h0 0 h 0 0 0 0 0 0

0 0 0 0 0 0 0 5 00 0 0 0 k 0 0

0 o 0 0 0 hot+b 0 0000 0 ok 00 bb 0

0 0 O 0 9 2h 00000 0 0 0 0 0

where

- ]
hi =-2-(p2hy + pr(hyy + h) +r’hy),
= 2

hz—E(P hy + pr(hy —hy)—r~hy),

> 1, 92 2

h3—‘2‘(P hyo+ pr(hy —h)—r~hy),

ol
hy = 5(p*h, — pr(hy +ho)+lr*h),

hs = qhg + qs(hy + hg)+s2hs,

/16=q2hg+qs(h5—h6)—s2h7,
hy = q°hy+gs(hs =hg)=s,
hy = q°hs—qs(hy +hg)+s*hg,
= ]

=-mnh,hy 2'"”3
- 1

hlo=—2—mnh4,
and

det H
p =256/hip(hghy —hshg)* (hyhy - hoha).

In the usual case (7) Hpp=Y,®7,, which is provided by the choise

h=h=h=hk=o, k=bh=l b=hk=k =hy=3.

39

(40)

(41)
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In the KDP basis

h 0 000b 000 0 .0 . 0 .00 0 0

0 - 00000000 0 .0 . 0 .0 0 -4
0 0 h 0000000 0. 0 4 0 0 0

0 .0 04 000000 0. 0 0 4 0 0

0 .0 00b 00000 0 .0 00 4 0

h 0 0004 000 0. 0 . 0 .00 .0 0

0 .0 . 0000b 00 h 0 0 0 0 0 0

Hypp=)* O 00000 h 00 hg B o 8 0 . 0

0 .0 . 000000b 0 .0 K 0 0 0 0

0 0 0000 4 0.0-—-; 0 .0 000 0

0 .0 . 0000044 0. 0 - 0 00 .0 0

0 .0 .000000b 0 0 - 000 0

0 0 h 000000 0 0. 0 p 0 0 0

0 0 0 h 00000 0 0 .0 . 0 hp 0 0

0 0 00b 00000 0.0 . 0 0 p 0

0 - 00000000 0 .0. 0 . 0 0 -

where

hi =š[P2(hl +hy —hg —hyo)+ 1% (hy +hy +hy + hyo)+2pr(k, —hz)]’

hy =%W[P2(hl —hy +hy = hyg)=% (hy = hy =hg + hig )+ 2 pr{hy +hlo)]’

ha =%[q2(hs +hg —hy —hg)+57(hs + hg + hy + hg ) - 2gs(hs _h6)]’

ha =%"t[—qz(hs —h +hy —hg)+5%(hs — hg — hy + hg )+2gs(hy +hB)]’

hs =%W[P2(hl —hy -hy +ho)-r*(ly =hy +hg — i)+ 2pr(hg +hlo)]’

he =';‘[P2(hl +hy +hg +hyo )+ r?(hy +hy —hg — yo ) -2pr(hy —hz)]’

hy =—š—mn(h4 +hy),

fis =šmn(h4 -hy ),

g =%“t["qz(hs —hg —hy +hg)+5%(hs — hg + hy — hg)+2gs(h, +hB)]’

i =—š—[q2(hs +h +hy + hg)+ 5% (hs + hg — hy — hg )+2gs(hs _hG)]’

(42)

(43)
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and

detHypp =—(h2 + h2)3 (hyhy — hyhyy)* (Bihg — hyhs) .

Finally, let us note that these H-matrices play an important role in the

investigation of the discrete symmetries of Eqgs. (1). The weak conditions of
discrete symmetries are presented in [°].

7. CONCLUSIONS

We presented some general expressions for S -matrices of the first-order

wave equations in the 16-dimensional representation using three different bases.

Hopefully these representations allow of the construction of a more realistic

theory of elementary particles and their interactions. Of course, this model must

contain some nonlinearity. Except the cases (12)—(14), we have not concretized

the algebra of B -matrices. The general 16-component theory of the massive

single spin-1 particle, based on the new algebra (14), will be published in the

nearest future. We hope that the 16-dimensional representation will enable us to

include successfully both the bosons and fermions within the framework of some

realistic model.
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ESIMEST JÄRKU LAINEVÕRRANDITE ß-MAATRIKSITE ÜLDINE
AVALDIS 16-DIMENSIOONILISES ESITUSES

Kalle KIIRANENja Rein SAAR

On arvutatud esimest jarku lainevorrandite [-maatriksite iildised avaldised

16-dimensioonilises esituses otsekorrutise (DP), Gelfandi (G) ja Kemmeri—

Duffini—Petiau’ (KDP) baasis. Uldjuhul tekib 16 suvalist parameetrit. SSltuvalt

nendest parameetritest rahuldavad [-maatriksid kas KDP-, Diraci voi teatud uut

algebrat ning vastavad vorrandid voivad kirjeldada nii bosoneid kui ka fermione.

Ilmneb, et 16-dimensioonilise esituse reduktsioon 1-, 5- ja 10-dimensiooniliste

esituste otsesummaks on voimalik ainult erijuhul ning harilikult det 8 #O. On

toodud ka unitaarsed teisendused, mis seovad suurusi DP-baasis vastavate

suurustega G- ja KDP-baasis. Samuti on avaldatud hermitiseerivate maatriksite

tildkujud nendes baasides.
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