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Abstract.Rarita-Schwinger spin-3/2 equation in the presence of a special external field invariantly
introduced into the Poincaré algebra is given. It is shown that in this case the Rarita-Schwinger
equation is free from algebraic inconsistencies.
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1. INTRODUCTION

The theory of relativistic wave equations is based on the representations
of the Poincaré group. However, in the presence of an external

electromagnetic field introduced minimally, the Poincaré invariance is
violated and the theory of higher-spin (s2>l) fields suffers serious
difficulties (acausal propagation, indefinite commutators, algebraic
inconsistencies). In papers 2] an attempt has been made to preserve the
Poincaré invariance in the presence of interaction. For this purpose the

external field has been introduced invariantly into the Poincaré algebra. It

has been shown that it can be done for the special form of an external field.

The algebra which has been built up from the generators of the Poincaré

algebra and from a specially chosen external field and which obeys the

commutation relations оЁ е Poincaré algebra, has been саПей

"dynamical". Now, analogously to the free field theory, the new wave

equations with respect to the "dynamical" representation of the Poincaré

algebra can be constructed. In such a theory the particle behaves in spite of

the presence of interaction, like a free particle. As a consequence, one can

hope that some of the troubles existing in the ordinary theory can be
avoided here.
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In papers [ 2] the Kemmer-Duffin spin-1 case in the "dynamical"
representation has been investigated to some extent. In this paper, we

investigate the Rarita-Schwinger spin-3/2 equation with respect to the

"dynamical" Poincaré representation. We show that such a theory is free

from algebraic inconsistencies.

2. ORDINARY RARITA-SCHWINGER THEORY

By using the Poincaré algebra

[ ] ;
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H po Euc™ vp gvapo Eup™Mve & )

M =i —& Р

" |

H УС u иС
V) >, (l)
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where

Pp = zõp,
М, = LivtSyw (2)

Luv = quv-—vau,

one can construct the free spin-3/2 particle Rarita-Schwinger equation:

(Р„у"—т) v,(x) =O, (3a)

v() =O, (3b)

Py (x) = 0. (3c)

Usually, (3a) is called equation and the two others, subsidiary
conditions. Not all equations in (3) are independent. Indeed, by
multiplying Eq. (3a) from the left by v° and by using subsidiary condition

(3b) one gets condition (3c).
The minimal electromagnetic interaction in the ordinary theory 1$

introduced by the change

Р, —› Р, = Р
-е4,. (4)

Then the system of equations (3) becomes

(р —т) v, =O, (sa)

- H

W = 0, (sb)
- H

D,y =O. (sc)

To show that Egs. (5) are inconsistent let us multiply Eq. (sa) by D jand
use the commutator
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R s -ieFy (6)

to get the algebraic relation

Yy (7)eYuF“ vy, =O,

which is satisfied only if

va = õpAv—õvAll = 0,

or
_

\у, = 0.

To avoid the algebraic inconsistence, one tries 10 use the equations
without subsidiary conditions (the Bhabha type equation) ]

(P B=m)y(p) =O, (8)

where

( ‚’ ! Z .J š ,]V °

-

which is equivalent to Egs. (3) if the real parameters satisfy conditions:

Yit¥;=2y; =O,

| (10)

;+у|+),+У, (y, + 2)'2) =O. . -
However, after introducing the minimal electromagneting interaction.into

(8), the acausality problems arise. j
In what follows we use another way to avoid the algebraic

contradiction.

3. RARITA-SCHWINGER EQUATION WITH RESPECT TO

"DYNAMICAL'" REPRESENTATION OF THE POINCARE GROUP

In [ 2] it has been shown that the easiest way to get the "dynamical”
representation of the Poincaré algebra p; 5,

is to use the nonsingular
operator V that depends on the external field. If such an operator exists, it
transforms the ordinary representation of the Poincaré algebra p, ;

into

the "dynamical"” one in the following way:
j

т ~1

Py 520355 VPiVÕ=pia+[Wp oIV, (11)

There is no general method to prove the existence of V. However, V exists

for the external field Ад‚ being an arbitrary function of kx = kux“.
Au {x) = Au(kx) ° (12)

with the Lorentz gauge
Ho

kpA = 0, (13)
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where k_ is a lightlike 4-vector (k* = 0). As it is shown in ["* 2], one gets
the simpfcl:st Poincar€ invariant interaction by choosing

V —

=
expiр! (h+bG H

qu v) (14)

where

h = ij(fAz-AP)d(kx),
e

b =

—Zk—P, Gl»lV = kuAV—kVAp |
with kP =kP, AP =AP, 4% =AA"
For spin-3/2

Suv =e SI+ID 54 (16)

i

where (euv)g = —gfigvo+guogB and Sy
= Z[Y“' y

The operator V introducing the Poincaré invariant interaction can be

given as

17V=V,(V,®V,), (17)

with
ie (e >

V, =ex —j(—A —AP)d k
0 p{

КР) \5
(kx) }

as scalar (Klein-Gordon) part,

= е26 —
_°

—

Y
Vp=e = ехр{

21P ‘(kuAV kVAp)e } _
as spin-1 (Proca) part
and . KV `

ibG s e у

Ир=е о =ехр {ор КА КАУ

as bispinor (Dirac) part.
Now, by using the operator V one can transform the free Poincaré

algebra (2) into the "free" Poincaré algebra with respect to the "dynamical”
representation: _

_

е e 2 1 poPu—')n“—Pp—k“žl—J(AP—'žA +žFPO'S )‚

5 = $
—° {<©

k k)k+g G. -
ру

— Õuv = uv_fia{fi(gup v~ Bvpky) Ko+ 8,506 —

| -вурбуотррОубуАа }5° (18)

oo . Р* —›п° = Dz—eFqu”v. В |
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In order to get Egs. (3) in the "dynamical” representation, we must cast

these into the matrix form [6]:

(Р,(1 ® ) -т) у(р) = 0,

(E,,®Y)¥(p) =O, (19)

H
—Р(Е ® О\у(р) = 0

—
oPwhere (Euv)z = Ё&ус'

By taking V as given in Eq. (17) and writing in terms of free fields, Eq.
(3) becomes explicitly as follows:

ie v
{ (В-т)вцут /F, Y =O, (20a)

y„w“ = 0, (20b)

1,- аур (Гр )) Ч= 0. (200)

The second-order eguation has the form

{(flz—mz)gup—%eFup}‘Pp = 0. (21)

One can see from these equations that the simplest Poincaré invariant

interaction differs from the minimal one: besides the external field

contained in D“. there are terms with

Fuv = auAv —д\‚Ад.
Like in the free field case, not all Egs. (20) are independent. By
contracting Eq. (20a) with Y, one gets Eq. (20c) and the system of Egs.
(20) containing е "dynamical" interaction, is not inconsistent

algebraically.

By applying the "dynamical" interaction transformation V to free

Bhabha-type Egs. (8), (9), one finds the spin-3/2 Bhabha-type equation in
the presence of dynamical interaction:

ie

ÜBuv (B-m) - ](T:](Fuv +yYLy + (0, +2y) LY, -

—

V
—

Y;YPY =O, (22)

-р-k it S
=where L, = D, kMkP (1 ®chypy ), B = в„у".

However, it is extremely difficult to prove that this eguation is eguivalent
to Egs. (20) if Y; satisfy Eg. (10), or to investigate its causality properties
due to the fact that [Dp, Dv] *O.
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POINCARÉ ALGEBRA "DÜNAAMILINE" ESITUS JA
RARITA-SCHWINGERI VORRAND

Leiger MATTASRein SAAR, IlmarOTS,

Rarita-Schwingeri vorrand spinnile 3/2 on antud spetsiaalse vilise vilja
korral, mis on viidud invariantselt Poincaré algebrasse. On ndidatud, et sel

juhul on Rarita-Schwingeri vorrand vaba algebralistest vastuoludest.

"ДИНАМИЧЕСКОЕ” ПРЕДСТАВЛЕНИЕ АЛГЕБРЫ ПУАНКАРЕ И

УРАВНЕНИЕ РАРИТЫ-ШВИНГЕРА

Рейн СААР, Ильмар ОТС, Лейгер МЯТТАС

Дано уравнение Рариты-Швингера для спина 3/2 B Tlpu-

сутствии специального внешнего поля, инвариантно введенного в

алгебру Пуанкаре. Показано, что в этом случае — уравнение
Рариты-Швингера свободно от алгебраических противоречий.
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