
Proc. Estonian Acad. Sci. Phys. Math., 1994, 43, 2, 64 — 78

64

DISCRETE-TIME MODELS OF A NONLINEAR

CONTINUOUS-TIME SYSTEM

Ulle KOTTA

Eesti Teaduste Akadeemia Kiiberneetika Instituut (Institute of Cybernetics, Estonian Academy of

Sciences), Akadeemia tee 21, EE-0026 Tallinn, Eesti (Estonia)

Presented by U. Jaaksoo

Received January 20, 1994; accepted April 6, 1994 ‘

Abstract. The paper studies the problem ofsampling the multi-input analytic nonlinear continuous-

time (CT) system. It derives the exact as well as the Tth-order approximate (with respect to

sampling period T) discrete-time step-invariant model of CT system.
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1. INTRODUCTION

There are two basic approaches for designing a discrete-time (DT)
control law for continuous-time (CT) plant. The first approach which is

equivalent to the classical Euler method and is known to be lacking
accuracy, is to design a control law in the CT domain and then to discretize

it. One of the advantages of this approach is the wide variety of existing
design techniques which are available in the CT domain. Of course, the

approach is efficient only when the sampling period 7 is sufficiently small

with respect to the plant (process) dynamics. Even in the case of small 7,
this approach is not a good choice in case of an arbitrary design technique
in the CT domain. When precise requirements are imposed on the input-
output behaviour, as in case of input-output decoupling, input-output
linearization and model matching, the control objectives cannot be

achieved even at given time instants. The obtained accuracy may be

unsatisfactory and the error will rise as the sampling period increases. This

means that the outputs of the plant under continuous and discretized

control schemes may become quite different in time. The method which is

usually employed is that of neglecting the error due to sampling by
increasing the sampling frequency. However, increasing the sampling
frequency is not always possible or desirable.

The second approach is to obtain first a (exact or approximate) DT

model of the CT plant, and then to design a controller in the DT domain.
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This is, in principle at least, preferable since it deals directly with the issue

of time sampling. Provided we use an exact DT model, the latter approach
guarantees exact achieving the control objectives at given time instants.

This approach is especially suitable for the cases when rapid sampling is

impossible and/or precise requirements are imposed on the input-output
behaviour. Of course, in the case of latter approach one should not forget
about the possible loss of design flexibility caused by the fact that only
particular type of input is allowed. Usually one uses the step input, i.e. the
control input is required to be constant between the sampling times. It may
happen that certain properties of a continuous-time system will be not

preserved under sampling. This yields that if the applicability of a given
design method depends upon these properties of the system, then a DT

model of a CT plant is not suitable for controller design via the given
method.

The exact step invariant DT models have been earlier obtained for

single-input (SI) bilinear system ['], for SI linear-analytic system [2]', for

multi-input (MI) linear-analytic system [3]‚ and for general analytic SI

nonlinear system [4’ s]. In [6] the programme written with the aid of

computer algebra system REDUCE for computing DT model ofMI linear-

analytic system has been presented. Our objective in this paper is to derive

the exact as well as the tth-order approximate step invariant DT model of

multi-input analytic nonlinear CT system, i.e. to generalize the results of

["s] 10 а larger class of systems. While our solution is similar to the one

given by Monaco and Normand-Cyrot [4’ 5 ] in the sense that the derivation

о DT model is based on the representation of the solution of the

continuous-time system in terms of a formal Lie exponential series [7], and

that our formulas and theirs give the same DT models when applied to any
concrete SI system, it has several important differences. In particular, we

compute recursively the tth-order approximate DT model on the bases of

(t-Ith-order model. Moreover, the DT models in [4’ 5 ] have been obtained

as a direct consequence of certain combinatorial formula which allow to

study several properties of sampled-data systems such as controllability
and observability. In our solution we have tried to avoid combinatorics,
shuffle products and ad operators, since these are not important if we want

just to compute the sampled-data model.

2. EXACT STEP-INVARIANT DISCRETE-TIME MODEL OF A

NONLINEAR CONTINUOUS-TIME PLANT

Consider a CT nonlinear plant, described by the differential equations

x = f(x,u), (1)

.+ n .

where the state х € R", the control input u€ R™, апа /:К' "— К" 15 ап

analytic function.

The exact step-invariant DT model of CT system is defined as the one

whose response to a step input (i.e. the type of control usually available
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under digital control)
u(kT+t) = w(kT), o<t<T, (2)

is identical to that of the CT system at discrete instants of time. The step
invariant model is one of the most popular for implementing DT control

systems. This is because the step invariant model corresponds to using the

zero-order-hold and the sampler, both of which are readily available, and

because it is one of the most simple models in state-space formulation. The

other DT models include impulse-invariant model, mapping models and

the matched z-transform model [B].
Denote the ith component of vector-valued function f(x,u) by fi(x,u),

and define the Lie differential operator Lg.,) associated with the function

f(* ,u) as follows

="
.° и) -9_

буеа) ^2:': a ’и)дх_'
L

In case of r-multiple composition of differential operators, the following
notation isused

‚ 4

Lew = Loy Lowy) › 722

and L;)(_ )is defined as identity operator Id. Note that the differential

operator Ljr„(. " r=>o, acts on the (scalar — or vector-valued) function

defined on R".

Like [2's ], our derivation of DT model is based on the representation of

the solution of the differential Eq. (1) in terms of a formal Lie exponential
series [7] |

k
б

0 <; <Т, (3)x(kT+l) = ZfiLf(-,u(m)x'x(m’
r2O

where |7, denotes the evaluation at x(k7).
As we are intrested in the states x only at sampling instant k747, we

obtain from (3) fort=T

Ly о = kT),u(kT)). — (4)x(kT+T) = Zfi’“f(-,u(kmxlx(m'_ F(x(kT), u(

r2O

Neglecting in (4) the terms of order O(T?), the Euler discretization

scheme is obtained

X(kT+T) = x(kT) +Tf(x(kT),u(kT)).

Discretizing the CT plant more accurately than Euler method does, we

need to take into account higher order terms in Т.

Note that the analytic function f{*,u) can be expanded in a Taylor series

around a point u = u° = (u,?,...,u,°)"

m m

ХС, @) = f(x) + Zi, - lfin (x) Ve + Zil, 2 lfi,.iz (x) Y;Yi +...
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m

.-.+Zilvo.-,i3=lf}l"'isvil...vis+... ,
(5)

where |
V; = и‚-—и‚—о, i=l, + M,

_

0
_

1 3f(xuw)
fo(x) —f(x,u )9 _flll’(x) —ЕП ,

Sžl.

1 s

и= uo

Taking into account (5), Lq., can be represented in the following form

m m

Lf(-,u) = Lfo+2il 21 vl.lLfil +2і„ - lvilviZLfili2+
m

"'+2i,,...,il=lvilmvistil...iS-’-m | ©)

Moreover, straightforward but tedious computation shows that
m m

Г =Lr+2v z LCIL Lc2+ z V.V. х
f(+,u) fo i| fo fil fo il i 2

iyjed € +c;me—l 1, =1
< 20, 0220

, © © € 3
х z L]„“Lfiliszo + 2 LfanilLfoLLZLfn +

с|+с, = - 1 с|+...+с, = г-2

с| 20, с, 2 0 с,20,…,с320

т

¢ ©
г У, М, ++ > M [ > ALD

oy = 1 c,+tc,=r-1

| с| 20, с, > 0

i © е 5 ° сз)+. МУ (LfoLfl_liszoLfiaLfo +LfoLfilLfoLfi2i3Lfo +

cl+...+c3=r-2 |

‚ ©|20,...,с,20

Cl C 2 С3 6‘4
+ » L/ Ly Liky Ly Ly, ]+...
с|+...+с =г-3

с 20, ..., с, >0
:
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m

c c
1 2

.
+ V.

..
V. L,L L +z

, b
[ z Л fil...is Л

PRIiy ¢ +c,=r-1

с| 20,с,>0

s—l
с с Га

1 2 3
+ L.L LL L, +2 B T ,aa

jt +66=7-2 j=]
й л

с| 20,..., с, 2 0

5 -2 5-1
i °

-

+ L,L L,L х» 2o X 2 uMa
+...+c,=r7-3 j=l j=j+l / УО

Ci 4 л = Л = л, +

с| 20,...,с,>0

с с Га с c

3 4 ] 2 s+
x L/L L.+...+ L.L,LL,...L.L ‚ (7

А ше
2 bl oSI T e

]. @

2°
¥t = г—

- :

c, ZO, ..., C,3 20

Now it is clear that F(x(kT),u(kT)) takes the form

F(x(KD),u(kT)) = Fo(x (kD)) + 37"\F, (x(KT))v, (KT) +

+ Zf'f -б(x(KT)) v, (KT)v, (KT)+ ...

---+ZZ',',...„-,=lFi,...ifx(m)vi. (kT) ...v, (kT)+.... ®

Of course, (8) may only be defined for T sufficiently small unless the

vector fieldf{*,u) in (1) is complete [9].
Taking into account (4)-(7), Ше vector-valued functions F(x) and

Fil...ik (х) ,&> 1, P , © {1,..., т} are defined as follows

е Т,
Fo(x) = zr:OHLf„x ,

0 »

д
k-l p-(k-v)

Fil...ipx -z Z
(r+k)!

z z z
k=lr=o CtРоМи 1 j=j_+l

с|20,...,С,.120

“©° % б

+

ба Ыа А ]LfoLf.—. k ®)
Jo*! 4 + Jk-1*! %

where jo:=0, ji:=p.
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Special case of single-input systems

Ccl)nfljger theEspecišl case of nonlinear plant (1) where u € R, i.e. where
m=1. Then in Egs.(5),(6)f

j i;= .

s

notations gs. (5), (6) for every j, i; =l. Let us introduce the shorter

Fi,...ip = © Ла =1

In these notations
‚ -л-
-ііх_]+‘...l‚.‘ '

Moreover, denote for s = 1,...,p,
ЛЛ s (10)

By Egs. (10) and (9), for s = 1,...,p, i 21, and iy + iy +..+ i =ji = p. So,
from Egs. (8) and (9) we finally obtain

x(KT+T) = Fy(x(KT)) +F' (x (KT))v(KT) +F° (x (KT))v* (KT) +...

„. РР(х (КТ))У(kT) +...
,

where Гог р > 1

l
fI f . o--L L ]x

and the last summation is taken over all sets оЁ integers

с| 20,
..

с
1 20, Л 21, оЛ, 21 such that the equalities ¢, +...+ ср =

rand j|+...+j; = p hold.

Special case of linear-analytic systems

Consider the case when the nonlinear plant is described by equations of
the following form

x = fy(x) +z;"=S u; (12)

In the case of model (12) Lf. = o,if only 522 and, conseguently, in

formulas (9) only the term, c&r"esponding to k = p is different from zero.

So, Eq. (9) yield (see also [3])

F

-

ТР “i €2 P+l
.-,...ip(x)—Z———(Hp)! > Loty by01, L (13)

r=o с|+.. €y =T
P

c,Z0,...,c,„1e
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3. APPROXIMATE STEP-INVARIANT DISCRETE-TIME MODEL OF A

NONLINEAR CONTINUOUS-TIME PLANT

The exact step-invariant DT model (4), (8), (9) of a nonlinear CT plant
(1) ils defined in terms of the infinite series both with respect to the

sampling period 7 and the control input v. So, in the general case, the exact

step-invariant DT model is usually not computable. In reality, to compute
the model, one must confine oneself with finite number of terms in this

series. In that way we reach the notion of approximate DT models.

Computing approximate DT models corresponds to the truncation of the

infinite series with respect to the sampling period T as well as to the

control input v, at the fixed orders t and A
, respectively, which define the

orders of approximation of the sampled system.
The (I,A)th-order approximate step-invariant DT model of a CT

system (1) is defined as the one whose response to a step input (2) will

agree with that of the CT system at given instants of time ¢ = k7, k2O, up

to an errorof the order O (T*™ 1‚ el)
.

An approximate DT model may be computed considering in Egs. (4),
(9), (11) the terms until the power t in 7 and until the power A inv:

m

x(kT+T) = Fy(x(kT)) + z г;" (x (K1v,(KT) +..

в =1

т

e+ УО бр @()» @Т).н, КТ)
он 6 =1

| ,

b
_

£

oy"Fg(x) = z
ж Lfi,x’

г = 0

p t-k

ek
k=l p-(k=v)

‚ |
=

— 1FZ...i„ (x) z z (r+k)! z z z Lfi)Lfij +b

х

&=l7 = 0 с +.жерЕУ)=оН!
o !

с 20,.. С, 120

с с с с С

2 3 k k k+l
< „<хБ А ]Lf„R LT, d к) 15РЕЙ,

I!+] _;2 ;k_2+l jk_l jk-l+l ,/'k-lflmljk

wherejo:=o, jk:=p.
The first-order approximate DT model with respect to the sampling

period 7 is equivalent to the classical Euler discretization scheme.
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4. RECURSIVE COMPUTATION OF VECTCR-VALUED FUNCTIONS
IN THE EXPRESSION OF DISCRETE-TIME MODEL

In this section we shall show how to compute recursively the tth-order

approximate DT model on the bases of the (t-I)th-order model, starting
with the first-order model which is equivalent to the classical Euler

discretization scheme. The recursive formulas which we obtain are much

more appropriate for computing DT model than the nonrecursive Egs. (9),

(11), (13).
Consider Eq. (4) and denote

r
.

—Ьі(_‚„(‚‹„)хь(…. = F(x(kT),u(kT)). (14)

By (5) — (7), F(x(kT),u(kT)) takes the form

F (x(kT),u(kT)) = Fy (x(kT))+ z Fil„(x(kn)vil (kT) +

i=l

+ Z Fill.z,r(x(kT))vi!(kT)viz(kT)+...
1, 6=l

‚
+ Z Fi i kD) v, (kT)..v; (KT) + ... (15)

pe = V
о”

ы

Since

by (14) by (6),(15)

Fo(x(kT), u(KT)) = Ly, xqyy Fy—y (6 (KD, u(KT)) =

={L;+ Y Lv, (D)+ 3 L, v, (kT)v, (KT) +..
I=l | 1, =1

¥

g
& z L, .vil(kT)...vi (kT) +...) X {Fy _,(x(kT)) +

вЗ
т т

+ z Fil,s_l(x(kT))v'.l(kT) + У :‹"‘_“_2,s_‘(л(/‹т›)\›‚.l (kT)viz(kT)-i-.
iy =1 вр =! |

+Di IPi 1 OOD)Y;(T)v,(RT) +... 1,
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we easily find that Fo, and F, ; ,
,

for 522, can be computed
recursively FUP

Fo.s 5K o+oy
(16)

Кв T ToaFis-1tiIPos-a »

ап{а Гог р> 2

S eW) £
PRI A

ey

RTy eLU )

with Initial conditions

For = p A e Lf,.lml. x (18)
p

and with -

DL aat ha

Special case of single-input systems

In case of single-input plant we obtain from (16), (17)

_

-1 -2 ! 0Р: — ГО"РЁ_I+ГI"РЁ_I +Г2‚lРЁ_l+"'+Гр—l‚lг.:—l+гр,lр.‹—| » (19)

where '
Ly =L Г, =l‚і2‚…‚Гр’] =Lf„ .

Special case of linear-analytic systems

In case of linear-analytic plant (12), we obtain from (16), (17)

ot ™Ntke Y e (20)

sinceT. ~ =Oolfs22.
е 1

5. EXAMPLES

Exam ;()) 1 e 1. The first example describes the dynamics of fish

population ['°] р. 99
х = Кх (М -х) -и.

Here x is a measure of the size of the fisheries resource (for example the
total weight of fish which can be harvested), and и denotes the harvesting
rate.
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In this model fy(x) = Kx(M -x), fi(x) = -1, f¥x) = 0, k=o. So,

FO(x) = Kx(M-x), F|(x) =-I,F{(x) =O, k22 and by Egs. (16)

and (19) we obtain

Fy(x) =Ty Fl(x) = Kx(M-x) (M-2x),
Fp(x) =Ty \Fi(x) +T, |Fl(x) = -K(M~2x),

Fo(x) =T 3B 4T, P 1 ) =O, — k22.

The second-order discrete-time model is described by the equations

х (КТ+Т) = x(kT) + T{Kx (kT) [M=x(kT)] —u(kT)} +

72
+ —2—{K2x(kT) [M-x(kT)] [M-2x(kT)] -KIM-2x(kT)]u(kT) ).

Exam pl e 2. The second example describes the dynamics of

asynchroneus induction motor [1 l]
X

. . 1

X, =
-

? + UK,,

e К
Xy = —?+;ul—xlu2,
ха = —Kaxš+Kgxlul.

In this model

—xl/'t 0 х,
fo(®) = =X/, Л(0 = |K/t , h (x) =xi >

—Kocxš ez, 0

fi ;(x) =O, for s>2, ip eei€ {l,2}.
ё

Since Fy, (x) = fo@®),F,(9)=10,Fau(®) =OO, F, (x) =O, for

s 22, we obtain by Egs. (16), (20):

2 2 „22 3Т
F 0.5 = Голбол = Lefg®: = [3/7, 577 2K asy

Fia=To1Fi, 1t Fo1=Lefit Lefo=
= [0 ,—K/*cz, — 2K2agxlx3 — Kgxl/t ]Т,

— — —

Т
Fz,z = Го‚ 1F2,1+r2,1F0,1 = Lfof2+Lf2fo = [-2x,/7,2x,/7, о),

Fii2 = Голбпл*Гаа = ВЛ, =0
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T

Fiao = Do aF 11401Fol = Ly = [K/7,0,0]

= — Ш

Т
For,2 = TolFa, 105 IFy,l = LSy = 10,0, Kexol

= — —
_

Т

К, = Голбэ * оаТа =Ва = Iхр ОГ

Of course for arbitrary iy, iy,i; € {l,2} апа &> 1, Fi,i2i3,k = 0.

The second-order discrete-time model is described by the equations

x, (KT)
X, (kT+T) =X, (kT) + Т ———+x2(kT)u2(kT) +

T

72 (%, (kT) 2x, (kT) K+A u(kT) +Žuw (kT)u, (kT) = £ (kT)к(К ,

2 Т2 -
2

т
! 2 1 2

x, (kT) к

x2(kT+T) = x2(kT) +T7 ——— + —и, (kT) -X (kT) uz(kT) +

T т

72[*, (kT) K
2x, (KT) .A-

u ) +—A—u (kT) -x (kT)2(kT)
2 2 2 1

T 2 252
т T

xy (KT +T) = x, (kT) +T {~Ko} (KT) + Kgx, (kT)u, (kT) } +

т K
+ —2-{2l<2a2x§(k7) - [Äxl (KT) +2Koigx, (KT)x, (m]ul (kT)+

T

+ Kgxz(kT) и (kT) U, (kT) }.

Exam
8

le 3. The third example describes the motion of a rocket near

the earth['"], p. 152

xl = x2,

2
.

К° 6
Xy = xlxž—g—2-+—cosu,

х
т

1

)ЁЗ =х4‚

o 2% ö.
хд =-— — + —SINu.

xl т

Expanding cos u and sin u« in a Taylor series around a point u = 0,

5 A 2P-2
соби = 1 — — + — —... (—l)р—l—+

i

2! 4 - (2p-2)!
P w

gk
sinu = u——+——...(-1)°7 —+.

3! 5! (2р-1)!
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we obtain

*

2 0
кааg -

174 xz m
: 5

0

09 = !
o),

P) =2 0
1

X 4 m k-1
(-1)

|

2x2%4 - k=1)!

x] .

0

k

k 5| (-1)
f 2 (X) = =721 kzl

1 2yt 21.

0

0

Since Р9 = f,, Fy = f k2l, we obtain by Egs. (16)and (19)

[ хх gR* 6 ]
1“ат

! Äš ” i
o 04. ` 2 .

—3x,x, + 28R и
о_о

_ _

*
Fz"ro,lFl"Lf„fo”' охх ,

R

*

6x22,)c4
3

2gß2x4 2бх4

х х тх,

2k-1 0 (-I)°7'ö T

F 2 = sz-l,lFl = Lj2k—l‘fo =

m
[О, 2хlх4, I‚'_2х2/х]] э

2k о, (-1) %% . T

F 2 = sz,.lF]_ = Lf2kfo = m~u[l,o,o,—x4/xl] , k2l.

The (2,3)th-order approximate discrete-time model is described by the

equations
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T 2 2 gR2 Õ
x (kT+7) = x, (KT) +Tx, (KT) + =l, (kT) x 4 (KT) - ——+— -

2
x] (kT) m

6 2

" (kT)},
2

x, (kT+T) = x, (kT) +T{xl (kT) x 3 (kT) ——Zžß—+š——õ—u2(m%+
x] (kT) m 2m

x, (kT)
+

Г {— 3x, (KT)X 2 (KT) + 2gß*—— + Ё2хl (KT)x, (KT)u (KT)-
2 3 m

X} (KT)

Õ 3

-;1-5!—2x1 (kT)x4(kT)u (kT) [,

72{ 2x, (kT)x,(kT) 5
x3(kT+T) = x3(kT) +Tx4(kT) +? —Tfi)——‘l';u(kn—

Ö 3

a" (kT)},

| { 2,05Ds§ g /‹т}х4(/сТ+Т) —x4(kT)+T —W——+;u(fl—mu (kT)¢ +

72 [6x3 (kT)xy(kT) . 2gß’x, (KT) 28x, (KT)

2 x7 (KT) L MCD

25% (KT) §X4 (kT), 25 %, (KT) 4 }T

mx, стр *2тх, ))° () "3imx, (kD) KD .

6. CONCLUSIONS

In this paper we have studied the problem of sampling the multi-input
analytic nonlinear CT system. We have derived the exact as well as the

tth-order approximate (with respect to sampling period 7) DT step-
invariant model of CT system. The exact step-invariant DT model of CT

system is defined as the one whose response to a step input (i.e. the type of

control usually available under digital control) is identical to that of the CT

system at sampling times. The tth-order approximate DT model is

defined as the one whose response to a step input at sampling times will

agree with that of the CT system up to ап error of the order O(T*" 1). The
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agree with that of the CT system up to an error of the order O(T" " l). The
tth-order approximate model is computed recursively on the bases of (t-
-I)th-order model starting with the first-order model which is equivalent to

the classical Euler discretization scheme. These recursive formulas are

especially appropriate for computing DT model via a computer algebra
system such as REDUCE.

The results of [ L 3] can be obtained as a special case of the formulas

(9).
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PIDEVATE MITTELINEAARSETE SüSTEEMIDE DISKREETSED

MUDELID

Ulle KOTTA

Оп vaadeldud pidevate mittelineaarsete juhtimissiisteemide
diskreetsete mudelite konstrueerimise iilesannet. Nimetatud Шезаппе

seisneb niisuguste diferentsiaalvorrandite leidmises, mille lahendid

langevad diskretiseerimismomentidel kokku vastavate

diferentsiaalvorrandite (need kirjeldavad pideva juhtimissiisteemi
diinaamikat) lahenditega eeldusel, et pideva siisteemi sisend on tiikati

konstantne funktsioon. Varasemad tulemused оп iildistatud mitme

sisendiga analiiiitiliste mittelineaarsete siisteemide klassile. On leitud nii

tipne kui ka 7t-ndat jarku (diskretiseerimissammu suhtes) ligikaudne
diskreetne mudel. |
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ДИСКРЕТНЫЕ МОДЕЛИ НЕЛИНЕЙНЫХ НЕПРЕРЫВНЫХ

СИСТЕМ

Юлле КОТТА

Статья посвящена продолжению исследований по построению

дискретных —моделей — непрерывных — систем — управления, т.е.

нахождению таких разностных уравнений, решения которых

совпадают в заданные дискретные моменты времени с решениями

соответствующих дифференциальных уравнений (описывающих
поведение непрерывной системы управления) в предположении, что

вход дифференциальных уравнений ступенчатая функция. Ранние

результаты обобщаются для класса аналитических нелинейных

систем со многими входами. Построены точная, а также т-го

порядка приближенная —(относительно шага — дискретизации)
дискретная модель.
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