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Main results. In this note a new variant of the subordination principle
based on a generalization of the Rogosinski means is found. This

approach, on the one hand, allows to cover some results obtained earlier

by other methods and, on the other hand, it gives a promising method to

attack some questions for many approximation processes which could not

be handled until now.

Let C,, (AC,,) denote the set of all 2rt- periodic functions which are

continuous (absolutely continuous, respectively) everywhere. , 15 е
. 1 .

norm in Lgn (1 £p<e). W_ denotes the class of all functions fe AC,,
for which [f|_<l.

To be more precise, consider a continuous function @ € C[O l]with
@ (0) = land @(1) = 0. Then @ is said to generate a singular integral

Ull’

Un =f *
ип

via the kernel

u, (x):=l42 Z: -Ф (š )coskx.
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The operator U,, defines an approximation process on C,_ if (cf. [)

U, |=|u,||, <M.

We shall consider the quantity

е (0 ) :=sup||T
f€E Wm

The first new observation in this connection is that for all j € N the

function (pj(t) := сos ()- 1/2)п! generates a bounded approximation

process, say R,; The operator R,; 15 known as the Rogosinski
approximation method (cf. [l]).
Theorem 1.Forallje N,

2 2U-I)J‘n 510 7 2..
s9р К .|| = — —— 1 = --logj+ O 0 (1).

P r o o f. Our result is an immediate corollary from the formula (cf. [2],
§24, Theorem 2) В .

2 (| 1]

juep!LUnll = š-[o Uo(p(t) соs/х dtldx
For the details compare [2], Example 3.

The second new observation in this connection is that the system

{(pj} (je N) 1s orthogonal on [o,l] with the boundary conditions

(pj(()) = 1,(pj(1) = (0 for all je N. Our idea now consists in

representing arbitrary @ € C[O,l] with @(0) = 1,90(1) =O by the

orthogonal system {(pj} :

e ] :
P = zj= 1349 а].:=2_[o‹р-‹р]. (je N). (*)

The representation (*) allows to generalize results — until now only known

as the Rogosinski method — to various singular integrals. Here the main
result reads

Theorem 2. Let U, be generated by ¢, where @ satisfies (*) with

uniformly convergent series. If

Y (1) :=J-:° U;(p (u) cosux du)dx =Ol
!
5 (E>o,t = o),

then

e (WL U) = =[1nldi+o(n'.
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P r o o f. At first we must point out that our theorem is valid for the

generalized Rogosinski means R,; for all je N. For the full technical

details we may consult [3]. Now it is surprising that the same argument is

true for arbitrary means U,, generated by @, if only the representation (*)

is valid. g

It is clear that in general the evaluation of the integral jo ¥ (I)|dr =is

the crux of this statement; this nicely shows how numerical problems arise

in these types of problems.

Examples. If one chooses ¢ (¢) :=cos (j— 1/2)nt, (j€ N) in Theorem
2 then one obtains the following generalization of a result (j = 1) of

Dzyadyk, Stepanets and Gavril'uk (cf. [3]) to arbitrary j € N:

1 e
-e(W',R ) =—_[ |si(t+m.)+si(t—m.)|dt+o(n 2),

oo л, / nmY o J J

m:=(j-1/2)=x,
where the integral sine is defined by

si(t):= — ГОЁФС
to X

Analogously this holds for the Jackson — de La Vallée Poussin method Л,
generated by (cf. ['])

SRR — o<l<l/2,
p(1) =

,2(1-1) 1/2<l<l,

that

C

e(W ,J) = 12082 n lo|Sl/81°).со? “ п 3 n

For the typical means Z,, generated by (cf.
') @, (0: = (1=1),, (re N) there follows (r even)

o0[OO
’.

2r!
'

+ ул/2
-e(wl,z )=ijz__l_ded,+o(n 2)__

е r nn (r-v)! el
oltv=l

Final comments and acknowledgments. This paper is a short version of

the new subordination principle based on a generalization of the

Rogosinski means. The enlarged and more detailed version will appear in

another journal in the future.
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