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Uno HAMARIK *

ON THE PARAMETER CHOICE

IN THE REGULARIZED RITZ-GALERKIN METHOD

(Presented by G. Vainikko)

1. Introduction. Let H be a Hilbert space. Consider the equation

Au=f, fehR(A), (1)

where A= £(H,H), A=A*>=o and only an approximation В © Н with

Ifs—fll<<6 is available. We discretize the problem (1) by the Ritz-
Galerkin method Anur=Phrfs, An=PrAPn, ur= R(Pr), where h>o and

Р, is an orthogonal projection in H. If R(A) is non-closed, the last

equation needs regularization. Using standard methods for it with
initial approximation woeН and regularization parameter r, we get
approximation us,e R(Py). Let u. be the solution of (1), closest to u,.
In this paper we specify convergence conditions and convergence rate
for up,—>u. (60, h—o), given in [']. We show for the Lavrentiev

method and its modifications that 2du, with ргорег @, Г,©К,
i=l

'

i=l, ...,
n converges to smooth и, faster than us,. Applications to

integral equations of the first kind are given.
Note that the regularized Ritz-Galerkin method was investigated

also in [?>77], regularized projection methods for (1) with non-selfadjoint
operators in [37-14],

2. Standard regularization methods. Let g,:[o,a] >R (r=o, ||All<a)
be a Borel measurable function, satisfying the conditions

sup |g-(A) | <yr, r=o, (2)
Ol<a

sup Mll—g(W|<vyr?, r>o, o<p<po, po=o, (3)
< )«а

where po, y and y, are positive constants. Define

и,== (1 — Ав,(А)) ио--2, (А). (4)

A proper choice of g,(A) in (4) gives the following standard methods.

1) The method of iteration (explicit scheme). Let p (0, 1/a),
Ur= (I — pA)ttr—+npnfs, r=1,2,....

Here g, (A) =A"l[l— (1— и))'], ро==со.
2) The method of iteration (implicit scheme). Let p>>o and

ur= (A+pl)(pu,—+fs), r=1,2,....

Here g-(A) =A"l[l— (n/(n4+A))"], po=oo.
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3) The method of Lavrentiev

ur=(r-'l+A)"'fe. (5)

Here uy=o, g, (A) = (A+r~l)"}, po=l.
4) The iterated method of Lavrentiev. A natural number m=>l is

given and u,o=u,. We find iteratively .

ur,n= (r_ll+A)—l (f—lur,n—l+f6), n=l7 ..› т; иГ=и’‚т' (6)

Here g,(A) =A"![l— (147A)"™], po=m.

5) The generalized method of Lavrentiev. Let g=l and

U= (r-91+A9)-lA%lfs, (7)

Here uo=o, gr(A)=A%""/(M+r=9), ро==4. ;
The greatest value of po, for which inequality (3) holds, is named a guali-
fication of method (4). It is well known (see e.g. []) that if

up— us=Arz, |lzll<o, (8)

then a proper choice of r gives for p<<po

lur — u.ll <<c(@) VD, I (9)

3. Extrapolation of regularization methods. Consider the following possi-
bility for lifting the qualification of methods with po<<oo.

Let 8;, di=R, i=1,...,n, n=2 satisfy o<<o,<<6o;< ...<@,==l,

ð'd,—=l. Let the function g,(A) satisfy (2), (3) with pp<<oo and u, be

corresponding element (4). Then the function g;.(A)= }_,’digr‘ (A) with

i=l

ri=o;r satisfies (2), (3) also with certain p, instead of po, where p;=po

due ю 1 — М (A)= 3/di(l—Ag, (1)). The corresponding analogue о!
‚ i=l

t

(4) has the form

0= (I — Agis (A)) st g 1 (A)fo= 3di(l—Ag, (A))ust 3 d,g, (A)fs
i=l {==l

=> =3d,u,i (10)
i==l

A proper choice of di=d:(o,,
...,

On—1), i=l, ...,
n may guarantee

that the qualification p, of approximation (10) is higher than po of

the initial method. If (8) holds, then we have for u,=v, estimate (9)
with p<<p, choosing r=const-§~"®+t) and with p<<p,—l (provided
pi>>l) choosing r by the discrepancy principle [[Av, —fsll=oB, b=

=const>l.

Let us consider algorithms based on methods 3), 4), 5). Then we

have 1 —Ag,(A)=[l4(rA)9]™ with g=m=l, д==l апа т==l, respect-
ively. For e :=(rL)=9<Cl we get the Taylor series

1— g,(1) =()3 cuet,

cr=(—l)km(k—l)!/[(m—l)!(k—m)!],

1— №1,(%) =№а, » с,е;** = » [ Zdielfk"]cke”
i=l k=m в==т—=! -
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‘ n

Let d,, .. ~
d. be the solution of the system of linear equations _2l'‹іі=l,

а@;o, k=m, ..., m4+n—2. Then I—Aig, (A)=o(emt"")=
i=l

=0((rr)~9(m+n=l) hence gi,(A) satisfies (3) with py=q(m+4n—l).
Using the first row expansion of the determinant of the system and the
formula V(x,

...,
xa)=JI(xx—x;) for the Vandermonde determinant

k>i

V, we have

d,~=D,-/;§lDj,

Di=(—l)" II 67’"‘71/(6l*‘7, B, O, ~ 0)=
j=l, j#i

‚

=(-)Н II.&m II . (8;"—6.9, i=l, ...,
n. (11)

j=l, jai k>l, ki, 150

If m=l, then it holds also that

di=D;/V (679, ..., 0;9)=D;/J] (6,7—077)=
k>

=l— (86/B)]7, L Yyl

Another approach for m=l also gives coefficient y_ =JI ©;7 in (3).
: | o=l

Namely, interpolating the function (1-+4e)~! by the Lagrange polynomial

išnl di(e) (I|+£i)—l, di(s) =і—_—ll‚::—l-=‚ь‚- [(8—81)/(8‚'— 81')]› I== 1, ..., П,

for e;= (riA)~9 and e=o we have

а;(o)==а, (I+e)~'=n9/(M+r;9)=hrg, (1),

11— gir(1) | =1 — 3di(l4e) = Пе=() П о;'
i=l {==l i=ll

6) The(iterated and) extrapolated method of Lavrentiev. Find «,
by (5) or (6) and v, by (10) with d;, i=l, ...,

n from (11) with ¢=l.

Here g,,(A)=A"l{l — 3 di(l4+oOiAr)~"}, py=m+n— 1.
=1

7) The extrapolated (generalized) method of Lavrentiev. Find u,

by (5) or (7) and v, by (10) with d;= Д [1 — (@,/B,;)‹]-', i=

j=i jei

'=l,
...,

n. Here 31‚'‚(}„)=)„—'{1—_Ц[1‚+(6,-7„г)4]-'}‚ р: — П.

8) The extrapolated and iterated (generalized) method of Lavrentiev.

Find v, in method 7), put «,¢=v,, find by iterations (6) u,=u,m. Here

gir(A) =lll —!і [1 (@ )]-”}, р:=дпт.

In the case n=2 methods 6), 7) have the form v,= (u,— O%uer)/
/(1 —o°%) with s=m and s=g, respectively; for g=m=l, 6=l/2 we

_get[st]),=2u,——u,/2 with u, from (5). The last method was proposed
in

.



136

Note that for the non-selfadjoint problem (1) we get the analogues
of methods 1)—8), replacing A and fs by A*A and A*fs, respectively. The

analogue of method 7) with ¢=l is the extrapolated method of Tikho-

nov, proposed for systems of linear equations in [!6] (зее аl5O [!’]) апа
for operator equations in ['& 19].

The considered ideas are particularly useful for the a-posteriori
choice of the parameter, where u_, i=l, 2, ... are found, until for r; a

certain condition is fulfilled. The choice of r=r; by the usual discrepancy
principle llAur'—fõ||=bõ, b>l in the Lavrentiev method (5) leads to

divergence, but the selection rule >

lAv —fsll=oB, v :=(u —Ou )/(1—8), O=ri/r;, 6>l
i i i i-1 <

(12)

guarantees the convergence and in case (8) estimate (9) for p<<l. In
method 4) rule (12) with ©™ instead of 8 and the discrepancy principle
give in case (8) estimate (9) for p<<m and p<<m—l, respectively. It
follows from Corollary of Theorem 5 in Section 7 (take h=o). Note that

if problem (1) is non-selfadjoint and u.e R(A*A), then the Tikho-

nov method u,= (r-'l/4A*A)~'A*fs has order O(8%®) provided that r; is

chosen by the rule (Au —fs, Av —fs)'?=o6, b>l with ° from

(12) (and order O(6'?), if the discrepancy principle is used).
A more detailed treatment of the extrapolation of regularization

methods (especially with respect to a-posteriori parameter choice) can

be found in a forthcoming paper of the author. About other rules for

a-posteriori choice of r see [!% 20-22],

4. Regularization of the Ritz-Galerkin method. Let equation (1) be
at first discretized by the Ritz-Galerkin method and after that regular-
ized by the methods in Section 2. Then we get an analogue to (4)

unr=(l'— Angr(An) )Pnuto+gr(An) Pafo-
Using the same function g,(A) as in methods 1) —5), we get their
discrete analogues

1) unr= (I — nAn) ttn,—i+nPufs, r=l, 2, ...,

2) unr=(An+pl)= (nttn,r—l+Pufs), r=l, 2, ...,

3’) Upr= (f__ll-{—Ah)_ltho,
4') unro=Pntio, Unra= (r""U+An)" (r"‘unrnsa+Psfs), n=1,...,m,

Un,r=Unr,m,

s’) ив„== (г 91--АЯ ) IA% Pyfs.
In the same way as methods 6) —8) form approximation (10) with и
from methods 3) —5), their analogues 6’) —8") use the approximation

Unr=2/d,u, with u, from 3’) —s’). Note that computational
—

t »

schemes for methods 1) —s’) and their realization for integral
equations of the first kind are given т [*].

5. Some auxiliary results. Denote

Enp=l(I— Pp)Ar») А° (p>o), Хие :== 10 (Ено (1--е?))!Jnf(Ena(l4-e%))" (e>o), — (13)

sп‚г2=l—АпBг(Ап)‚ Th,r:=l_Ahg2,f(Ah)’

\убеге @,: [O, а] — В (r=o) is a Borel measurable function.
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From the inequality of moments (see [%%])

IDyzll<llDizl“lzll!* (0, е ((Н,Н), D\=D>=o, zeH, o<a<l)

with v=Dyw, D; & ¢ (H, H), we H it follows that |
12922<< 10,0,|е||,1 (14)

Taking here Dy=A?, Djž=l— Py, a=g/p, we get

9/р

Ёп‚а<'Ё„_р (Vg<p).
-

(15)

Lemma 1. Let k=R апа function G,p:[o,a] -R, r=o satisfy for
every A [o,a] the conditions

XxM Grr (X) | Zxar*, (16)

21 Grx (X) | Zwir*+!/2, (17)

where xi x are positive constants. Then for every aec (0,1/2], е

< (0,1/2]

!,. (Р„АР,) Р„А (1 — Р,) | <max (wl, %) r¥[e=! min (1) r%€n.)+r'2x)2].
(18)

Ргоо!. Репо!е Д,»:==Р„С,„(Р„АР,), х:==||(/—Р„)АД,„I. Then

x<<|| (I — Pn)A%|| [|A2D;pll=EnallA 2Dkl (Vae(o,l/2]). (19)

From (16), (17) it follows that

AD ell>= I PhAD; all>+l| (I — Pr) AD,gl << (17%)244,

|AV2D, 4112= | (AV2D, ) *A2D,4l = 1,аАЬр аЙ<
<IAV2D,4] < (xur*Hl2)2.

Using (14) with Dy=A!2, Dy=A'2D,;, 1 — 2a instead of a and the last
inequalities, we have

|4!-20, | SNAD;el =2*| A2D 2% < [ (mar*) 2 £2] 120072 (3,r4l/2)22
Combined with (19) it leads for y :=(%;r¥)~'x to the relation

y=dr*Ene(l+y*)*2o2, d= (%./%;). (20)
If y<<(2e*4-€*)~l2 then y<<e! and (20) gives also

Y<<dr*gna (14 (2e2+¢*) 1) 12<e dr*gne (Vo (0,1/2], Vee (0,1/2]).
If y= (2e?4-¢*)~l2, then 14y2°« (14-¢?)%y? and (20) gives ,

y <dr*Ex,a (1+82) ! —20y!20 >yzdr!2EVO) (1+82) 1-20/20),
h,a

It remains to take in the last inequality infimum over a & (0, 1/2] and
to notice that if in (13) infimum is obtained by a=a.>l/2, then Ex172 <
<EY/C<<y!2 due to (15).

Corollary. For every e (0,1/2] it holds that

lgr(An) PrA (I —Pp) ||<ol(B—',+f”2x;ji), ci=max(yo+l, [y(yo+l)]'?).
L ВЕ : (21)
If function go,(1) satisfies

e

„39р W1 —Agor(A)|Syopr™, r>o, o<p<ps ps=l, ysp,=const>o,
<<а

: : (22)
then it holds for every e< (0,1/2], a = (0,1/2] also that

Hiw

I ThPrA(I — Р,) ”<62(B—lГ°°—lЁп,а‘+г_“2хжі ), ce=max(yzi/2 y2l). (23)
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Proof. We get these estimates from (18), so as G,o(A)=g-(A) апа

G, -1 (L) =l—Ags,()) satisfy (16), (17) on the basis of (2), (3), (22).
In the following, ¢ is a general positive constant, not depending on

r,h, 6 and g, and taking different values in different inequalities.

Lemma 2. ['] Let o<<i<po. Then

| AnSh,PrAPl|<c (r?4Es,), p’=min{p, po—l}. (24)

6. A-priori choice of r. Theorem 3. Let e (0,1/2]. 1. Suppose that

Py —I pointwise, En,l—>o (h—o). If r=r(8, h) is chosen so that

rõ—o, r—+oo, rg &¢ (6—o, h—>o), (25)

then up,—>tu. (60, h—o).
2. a) If

' u.=Arz, "Z"<Q Ug— U =Arz,, ||2l||<-Q, p>o (26)

holds with p<<po and r is chosen by the rule

cl õ p + l/(pll)+šl[,[7],1/(
h ]/2 p

(/ ) ) , h

then

lun, — ull<c[(8?) VP+D4-gEn,]. (27)

b) If (26) holds with p>p,, then the choice of r by the rule

"[(д/е)““’°+"+(х},’‚';’‚ёл‚р)'*’/‘?до…]<г—l<
<c'[(3/0) Vo+D + (xl2 En,p) +AEU]

gives
2p+ Lg 28s,y — uall <c[ (@O7) VOrtDA- (x}/2En)P/t t-e~"gßnpl, (28)

for e=l/2 also

йп—и» <<с [ (0б?)) e+D-+o (EPSE,, ) VPe+D. (29)

Proof. We have

Ünr,r — и*=s„‚‚Р„'(ио— и‚‚) — [l—g,(Äh) PhA (1-—- Ph)] ([— Ph)u*
+g-(An)Pu(fo—T)

and estimating by (2), (21), the last inequality yields for every е ©

e (0,1/2]
Nen,— wull <lSh,rPr(to— us) l4c (B_l+'”2X},{2, )Н/ — Pr)usll+yrõ. — (30)

The Banach-Steinhaus theorem gives |s,„Ра(ио—и,) ->0 (r— 00,

h—o), hence the choice of r by (25) guarantees un,— u. (6—o, h—o).
Let (26) hold. Then || (/ — Pn)u.ll<<QEn, and (24) with /=0 gives

IS4,Pr (tto— ts) | <ol S,PrAr|| < co[r—mlnPP)4-OEp]. (31)

From (30) and (31) it follows that the proposed choice of r gives esti-

mates (27), (28) for p<<po and p>>po, respectively. From (28) with e=

=l/2 and the inequality

Xe — 'šf, (En,a (I+B°*) )ZE np (I+B2°) 5/4Enp (32)

with p=po we get (29). Theorem 3 is proved.
For methods 6’)—B’) Theorems 3,5 (see the next Section) hold with

p: instead of po.
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Note that the convergence un,— u. (60, h—o) маs ргомей т [* ']
in conditions similar to (25). In the process 8>O, A—0 we assume that

Yy <C, in [*] r&nl<<c, and in ['] rinf EVa 2Va<c was assumed.
, a>o ”

7. A-posteriori choice of r. Let e =(0,1/2] апа ]

Wh,y=ThPntto+g2,r(An) Prfs, Tnr=l—Angor(An).

We use the following rules for the choice of r.

Rule I. Let I<<bo<<bh. If ||Anwno— Pafsll <<bod, take r=o. Otherwise
choose o<<r<r:= ;! such that

bod < |Anwn,r— Prfell <bö. (33)

If there is no r<C7 such that (33) holds, choose r=r.

Rule 11. Let I<<b, o<@<l. If [[Aswno— Phrfsll<<bd, take r=o.
Otherwise choose o<<r<Cr such that there is a r" & [Or, r] with

1Алоп — Prfsll < OO ||Anwn, —Phfsll. (34)

If there is no r<{7 such that (34) holds, choose r=7F or r=|[r], where

[7] is the largest integer, not greater than 7.

Lemma 4. Let g,(Ah) satisfy (2), (22), g-(A) and g2,(X) satisfy
Al) the functions r—|l—Ag,(A)|, r—|l—Ag2,(L)| are decreasing

(VA [O, a]),

A2) for L [o,a], r>o the function r—g,(A) is continuously diffe-
rentiable and it holds that dg,(A)/or<y'(l —Agsr()), y'=const.

If |A,w, — Pufoll<bd, then for every a < (0,1/2], e < (0,1/2] it holds
S

that

i @& r
,

15 Р (но—#)110фа (7)

Yo(r) := IShrPn(to— us)ll +Y—62(e—la—lraðh,a+2r”2x;,/ð )7 —Р,) и,|--

+y(b+l)rd, |
where ;>y' `апа c, is given & (23).

Proof. From the equality |
А„Фв; — Pnfo=Th.r[Ah(uo — u*) — P,A (1 — Ph) u*]+Th,rph(f6 —f)

due to ||Тп,г!|<озир |l—2Xg2O(X) |=l (see A1), (2)) we have
<\A<a

NA htb ,r
— Prfoll — 8 Th, [An(tto— u.) — PhA(I— Pr)u ]I<

ZlAnWn,r — Prfall+s. (35)

Hence [[A,ww,, — Prfoll <bö implies
"9

IT,, [An(uo—u.) —PrA(I —Pr)u]ll< (0-+1)8. (36)

Let a = (0, 1/2] be fixed. Since in P,(r) the first two terms are decreas:

ing and the third is increasing, it has a unique minimum point ro. We
show that rs=ro. If ro=o, it is obvious. If rys<o, then denoting v:=

==Р„(ио— и,) we have
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0
- Y) (7) =OSIS,,vll-! 5 ISwol®) |,_,+

Ayes (€7BEnatry 202)(I— Pr) uall 4y(b4+l)6=o. (37)

Let Q(A) be the spectral family of projectors of operator Ax. Using
condition A2) we have

д(1 — М, (Х))*
_

O(gr(X))
—*———Ör—————?Ä(l—Ägr(Ä)) S =

<2y'A(l —Agar(2)) (1 —Ag (1))

and so

МАЙ |
0 д

—— e
2

— — —

э
ь)=— / -

(— М0)) 00е о <
14,1l

<oy[ (1= g2,0)) (1 — 3 (1)) - &CQR)v,0>=2y (AxTio, Shro) <

0

<2VTh,Anvll llSx,vl.

Fromthe last inequality, (23) and (37) we have

17 „, [М (мо — и») — PrA(l— Pa)uJ IZIT ,An(uo— )| —

| ] д

—ТPr(I =P)(И — Р ш.И 22 —5l5оЙ оу(И )| —

—со(етЕРГ )1— Ри) и» 2> (6-Н1) 6.

The last inequality with (36) and condition Al) implies that rs=>ro.
Using once more condition A1) we get the assertion of Lemma 4:

’ 6
( ( )

Theorem 5. Let g.(A) satisfy (2), (3), gar(A) satisfy (2), (22)
шйй рэе (1, po+l] and they both satisfy Al), A2). Let e< (0,1/2].
Let r=r(B,h) be chosen by Rule 1 or Rule 11. If Pn—l pointwise and

Enl—>o (h—o), then un,—u. (B—o, h—o). If (26) holds, then

r(8, h)<c((8/0)VP*tV+4-e71(0/8)Enp), p'=min(p, po—1), (38)

lun, — udl <[ (087) VPO4-e-10En,], (p<<p2—l), (39)

lun,— udl <c[ (@67")Vrt-g (e~ 'Enp+у) --

+o(e'aEnalnp)P/Pt®], (Vae (0,1/2]) (p>p2—l). (40)

Proof. For r<r we have from (30)

len, — wall <lShrPr(tto— us) | 4ce~|(I — Pr) uill4yré. (41)

We have || (/ — Pp)u.ll—=o (h—-0); it is estimated by oEr,p, if 526) holds.
Let Rule I or II give r(8, h)<<F. Then ||[Aswn,@s,n— Prfsll<<bd and

Lemma 4 gives IIS„„(Ö,„)P„(uo—u*)Ilgin(f)xpa(r) (Vae (0,1/2]). The
г>

term }а(/) may be considered in a similar way as the right-hand
side of estimate (30). As in the proof of Theorem 3 we get .for

|lSt;s,r<o,;€)Pn(uo——u*)|| the convergence and under condition (26) the
estimate
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ISh,r@6,mPnr(to— u) |l < igg [cor-""b89-+y(b+1)rõ+

T (e-HVea (-0P 420202)gt] (vae(o,l/2], Ve (0,1/2]).
(42)

If p<<po, the choice of a=min(p, 1/2), e=l/2 and r as in Theorem 3

gives the estimate in the right-hand side of (27). If p>po, the mini-
mizing in (42) over r yields

”Sh,r(é,h)Ph (ЦО — l'l*) " < C[ (gõpo) l/(Po'i'l).‘_l_Q (x'll/,ž šh,p )20*./(2Do+l).+

40(e 0Enakn,p)P/Pot)], |

which agrees with (40) due to (x’h/igh,p)2P°/<2P°+‘)<x§’l°e-+§hp. И Rule 1

or II gives r(B,h)=Fr, the proof of Theorem 3 yields the convergence
ISk 6.8Pn (to— us) | =0 (s—o, h—o) and in case (26) the estimate

5 .(вн)Ра (ио —и») | < co[xFin@PO+En,p],

which, due to (32), agrees with (27), (40).
Consider the last term @ (41). Let Rule I give r=r (8, h)>o. Then

from (23) and the left-hand sides of (33), (35) we have, due to r<r,

(bo— I)ré6<rllTh An(uo— и,) 1471Th,PrA (I — Pr)ll || (1 — Pr) u.ll<<
<rllTh An(uo— us)ll-ce |(I — Pp)usl -0 (6—o, h—o). (43)

We used the convergence rl||Th,An(tto— us)ll—0 (r— o00), following
from (22) and the Banach-Steinhaus theorem. Let (26) hold. Using (43)
and (24) with T,, instead of S», we get

(bo— 1)rd<rllTh AnPrArllg+celoEnp<<co(r"+&e Enp)

with p’=min(p, po— 1). From here we have in case r= (§/g) V0+!)

rd<<c[ (pd”") V tD-+e-!oEn,]. (44)

In case r<<(§/o)'®*D (44) is trivial. Inequality (44) implies that (38)
holds and the last term in (41) has also an estimate, asserted in (39)
апа (40). Theorem 5 for Rule I is proved. For Rule НП in a similar way
we get analogues of (43), (44) with r” instead of r, hence the relation

r<r'/8 completes the proof.

Corollary. The assertions of Theorem 5 are valid: ,
1) for methods |’), 2’) @йй рэ==со, { Wn,=un, in Rules 1, 11 is used;
2) for method 3’) with ps=2, if Ws,=un,s (See method 4')) or wn,=

=(Un,— Ouner)/(1 —0O) in Rules 1, 11 is used;

3) for method 4’) with py=m, if wn,=un, in Rules 1,1 l is used, and

witl; рг== т--1, if wWn,r=Uun,r,m+l ON Wn,r= (Un,r — O"Unoer)/ (1—09") is

used;

4) for method s') (case q>l) with p;=gq, if Wn,=un, in Rules 1, П
is used;

5) for method 6’) (case n=2) with ps=m-+l, { wn,=ovn, in Rules
I, П is used (the case n>>2 needs an additional analysis);

6) for method 7') with ps=gn, if Wn,=uvs, @ Rules 1,1 l is used;
7) for method 8') with py=qnm, if wp,=vs, @п Rules 1, 11 is used.

Note that the choice of й by the rule El* <<cd with A= (p2—l)/p2
for pp<<oo and A=l for p;=o0 ensures that if (26) holds with p<<
<ps—1 (and with unknown p and g), then under the assumptions of
Theorem 5, it holds |lus,,— u.||<<co?/®+D) (see [!]).



142

8. Applications to integral equations. Let Au(f) = flJC,(t,s)u(s)ds,
where X, (¢,5) =X (s,) is such that A=A4*>o in L2o=L2[o, I]. The

corresponding iterated kernel is X,(¢,s) = X,(s, 2) =}J€n_| (о, ), (с, 5) аа,
n=2,3,....Let 1,, n=l, 2, ...

be the greatest nur‘;lbers for which
1 1

j/" OaKa(t,s) Г ;
. 0- ‚Т dt dS<OO, n= 19 2! .. ° (45)

If (45) holds for every [,, define [,=oco.
Ге! Ж(Р,) be a spline space with degree k — 1.- Then (see ['])

Enp=ll (I — Py)AP||=o (hmin@Lln®) (p<n),
hence in case /;<<oo with =min(k/l;,1) we have

Х‚а *—ИЕ (бла (I+-е?) ) Н9а$-Н W Bi 8

И L=I=oo, then y,.=O[h*(l--¢?)]"* for every a>o
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Uno HAMARIK

PARAMEETRI VALIKUST REGULARISEERITUD RITZI-GALJORKINI MEETODIS

On vaadeldud lineaarse enesekaasse mittenegatiivse operaatoriga mittekorrekiset

{ilesannet Hilberti ruumis. Vorrand on diskretiseeritud Ritzi-Galjorkini meetodiga ja

seejirel regulariseeritud, kasutades kas iteratsioonimeetodeid voi Lavrentjevi meetodit

koos selle modifikatsioonidega. Viimasel juhul on ndidatud, et ldhendite asemel nende

lineaarkombinatsiooni kasutamine vdimaldab suurendada tdpsust. Nii aprioorse kui ka

aposterioorse regularisatsiooniparameetri valiku jaoks on antud koonduvustingimused
]а veahinnangud, mis tdpsustavad seniseid tulemusi.

Уно XAMAPHK

О ВЫБОРЕ ПАРАМЕТРА В РЕГУЛЯРИЗОВАННОМ МЕТОДЕ

РИТЦА-ГАЛЕРКИНА

В гильбертовом пространстве Н рассматривается линейное уравнение Au=f,

A=A*=>o. Bmecro feR(A) sapan [scH, , — 2=06. Уравнение дискретизируется

meroaom Putna—Tlanepkuna Anun=Pifs, An=PrAPn, urn&R(Pr), rae Pa(h>o) —

ортопроекторы в Н. Регуляризованное решение Ka,r ANA этого уравнения строится в

виде (12), используя, например, методы итерации или метод Лаврентьева с моди-

п

фикациями. В последнем случае показывается, что S diun
,

с подходящими
Y‘ .

{==1
di, ricß, i=1,...n сходится к гладкому решению быстрее, чем цл,г. Рассматри-
вается как априорный, так и апостериорный выбор параметра регуляризации г. Даются

условия сходимости и оценки погрешности, уточняющие известные результаты. Ре-

зультаты прилагаются к решению интегральных уравнений первого рода при помощи

сплайнов.
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