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1. Introduction

The idea of the description of fluid motion on the basis of vorticity
dynamics has attracted researchers for a long time. This idea has formed
following Aref et al. [!], «a basis for a variety of numerical procedures
for flow simulation, now commonly referred to under the rubric of Vor-
tex Methods». Sarpkaya [?] explains that the error arising by the appro-
ximation of real vorticity is the main source of difficulties by the realiza-
tion of the vortex methods. As a rule, the distribution of vorticity in
compact domains of a flow field is assumed to be uniform or Gaussian.
In both cases such distribution is stationary.

The well-known and easily reproducible example of a vortex flow is
the motion of a vortex ring, There are two familiar descriptions of this
phenomenon in the classical theory of inviscid fluid. One is constructed
in the form of the stream function for an axially symmetric flow induced
by an isolated circular vortex filament. The other is the Hill’'s spherical
vortex. In Maxworthy’s opinion, «there is a basic inconsistency between
the classical models and even the most casual observations of the motion
of real vortex rings» [?].

It can be seen from the observation of vortex rings in the real
fluid that two types of vortex shapes are realized at the initial and final
stages of their evolution. At the initial stage the Reynolds numbers is
large, while the inner radius of a vortex ring is much smaller than the
outer one. At the final stage, vice versa, the Reynolds number is small,
and the inner radius of a vortex ring is much larger than the outer one.
The self-similar distribution of vorticity was shown by Phillips [*] for
the final stage of decay of a vortex ring in viscous fluid. This direction
was developed by Kambe and Oshima [®] analytically and numerically
for an asymptotic state at {=- co. As they have written, «the physical
situation might be termed a motion of «a vortex sphere» rather than a
vortex ring». The radius of this vortex sphere grows as ¢!, and its cir-
culation decreases like #~!. The experimental investigation by Maxworthy
[3] did not give the same result. It was found that the radius of a
viscous vortex ring increased like #'/3, and decaying of its circulation
was proportional to {25
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The asymptotic analysis of the motion and the decay of a vortex ring
submerged in a background potential flow, was presented by Tung and
Ting [®]. They assumed that the circulation of the vortex ring was con-
served. Such an assumption is incompatible with the conservation of
the vortex impulse, because in this case the outer radius of the vortex
ring is invariable in time. Fraenkel [7] established the expressions for
integral characteristics of thin steady vortex rings depending on the dis-
tribution of vorticity inside the vortex core. The form of the vorticity
distribution was unspecified.

Thus, there is no theoretical description of the vorticity distribution
inside the core of a vortex ring conformed with the outer flow and the
variation of the integral parameters of a ring. In this paper we present
a new vorticity distribution according to the thin vortex ring in a viscous
incompressible fluid. This distribution is the first approximation of the
equation of vorticity dynamics by an asymptotic solution. The seli-similar
solution obtained in this paper recovers and enlarges the previous
results, and furnishes an explanation of the experimental relations.

2. Statement of the problem

We consider the vortex ring as a motion in an incompressible unboun-
ded fluid induced by the vorticity occupying the part of space like the
torus with the outer radius R, and the inner radius r, at the initial
moment #, (See Fig. 1). The viscous fluid is assumed to be at rest at
infinity. We suppose the flow field to be axisymmetric. In this case the
vorticity possesses only the azimuthal component in the frame of cylind-
rical polar coordinates (r,z). We represent the vorticity dynamics and
continuity equations governing the flow in the form [#]
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Here, U and V are the r and z components of the velocity vector, respec-
tively, ¢ is time, ¢ is the vorticity, v is the kinematic viscosity.

Fig. 1. Definition sketch.

Due to the continuity equation, a stream function can be introduced
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The stream function is related to the vorticity as follows:
d9 0% 10¢
922 ' ar2  ror s

_f§=

This relation permits to restore the distribution of the stream function
while the vorticity is known.
The condition of regularity to be satisfied on the symmetry axis is

=0, ¢=0.'at r=A0. (2.5)

Integration of (2.1) under condition (2.5) gives the following condi-
tion for the conservation of the vortex impuls [°]:

n [ [rigdzdr=M,. (2.6)
—0 0
The conservation of the vortex impulse causes a nontrivial solution
of the problem (i.e. of the motion of a vortex ring). As initial condi-
tions, we have initial inner and outer radii of the vortex ring, which is
just sufficient for the self-similar solution.

3. The limit cases of motion

In order to find the governing parameters of the problem, it is
necessary to transform the governing equations into a nondimensional
form. We easily come to the existence of two characteristic length scales.
The first is the diffusion scale [?]

ro=(2vt)'2, (3.1)

and it may be chosen as a core size, i.e. the inner radius.

The second one is the inertial scale. Usually it is identified by the
current outer radius of the vortex ring R.. Both of the introduced scales
change with time.

There are two limit cases for the motion of a vortex ring. The first
is determined by the relation

Is
R.

The vortex ring with an infinitesimal inner radius is called the cir-
cular vortex filament. In the inviscid fluid the circular vortex filament
induces the potential flow with the distribution of a stream function in
the following form ['°]:

& (3.2)

00,21 =g R (%) K6 g O, (33)

k2=4naR.r/ (2’4 (r+R.)?).

Here T is the given circulation of the vortex filament K (k) and E(k) are
the complete elliptic integrals of the first and second kind, respectively.

The distribution of the stream function (3.3) is singular. That is why
the infinite velocity of the circular vortex filament emerges in the inviscid
fluid.

In another limit case the outer radius of the vortex ring is assumed
to be much smaller than the inner one i

T
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This condition corresponds to the regime of viscous diffusion. For the
final stage of the viscous decay of the vortex ring the self- similar solu-
tion of the problem is well-known, and can be presented in the form [*]

t=tresp (= 2), (35)
g ( r24r-2z2 )(( (r2+1z2)l/2 )5/ SRS ds_e"p( _rzt;tt22 ))
n= (r24-22)'2. (3.6)

Both first- and second-limit solutions did not describe the real vortex
rings. In the case of the circular vortex filament the vortex ring simply
does not exist yet. It is a pure outer flow without an inner one. At the
final stage of the viscous decay the vortex ring can not be identified
because it occupies all the space and it actually is the pure inner flow
without the outer one. For that reason a more detailed description of the
motion of the vortex ring can be constructed only on the basis of its
finite sizes.

4. Inertial regime

In this case viscous effects are confined to a small neighbourhood of
the centre of the vortex core. More exactly, if the condition (3.2) is obser-
ved at the initial moment

T

Ry

=< | (4.1)

it will still be satisfied for some time.

It is convenient to decompose the full flow field into two parts: (i)
the interior of the viscous core and (ii) the outer region, where the
influence of viscosity is much smaller. We look for a solution of Egs.
(2.1) and (2.4) under the conditions (2.5), (2.6) and (3.2). The problem
has a small parameter which is the ratio of length scales. Such a
problem following Van Dyke [!!], is the problem of singular perturba-
tion, and we will apply the method of multiple scales for solving it. For
this purpose we shall introduce the dimensionless variables of two diffe-
rent kinds. The origin of coordinates is replaced in the centre of the
vortex core

i r_Rt = z_Zt - RO
— N == , f—t , 4.2
kR TT L L. g
r—R. 2—2Z. o
TR Topgroltt xoWDY SApJo deiielione, nd (43)

where Z. is the current distance travelled by the vortex ring. The barred
quantities indicate those associated with the outer region. The vorticity
and the stream function are assumed to be as a sum of two terms each
of which depending on the variables of their own kind only

-+ (rnat a)=\_Y}(;,y—.?;e)+-vgi (*, 4 75 €), (4.4)
wo €
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Here wo is the characteristic scale of vorticity. Its value will be determi-
ned later.

By rearranging (2.1)—(2.2), we transform the governing equations
into their dimensionless form. This form canbe again splin into two parts.
The first one depends on outer variables ¥, 7, z, and the second one on
the inner ones x, y, 2. The equality between these parts is possible only
il each of them is equal to the same constant. However, the first part
differs from the second one by two orders of e. Hence, we can equate
each part to zero individually. By the identification of the velocity com-
ponents in the centre of the vortex core with the velocity components of
the outer flow

dR.

1 ay ( e ) -
g, ©. ¢ e —) R.0p= : 4.(
u(t) 1107 Xe, Ye, T z R.wo it (4.6)
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we will get the following equations for the inner problem:
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where
- u(t)  R.(t) @ol's

B(t)= = ) e=— 4.10
W A T ad P

We suppose the outer flow to be potential. Therefore the boundary
conditions for the vorticity and the stream functions become

W=0 =0 at x24y?>=> oo, (4.11)

and the vortex impulse is preserved due to the inner flow only.

5. Inner flow. The zero-order approximation

The flow field generated near the centre of the cross section of the
vortex ring will obviously be symmetrical. Therefore it is convenient to
use the polar coordinates in this region

¥=0€0§0, y=g@gsin0. (5.1)

The equations of vorticity dynamics and stream function (4.8)—(4.9)
in new coordinates become
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The form of the governing equations (5.2), (5.3) is obtained by
neglecting the terms of the order ¢ and larger. We will seek the appro-
ximate solution of Egs. (5.2), (5.3) in the form of asymptotic expansions

W, 0,t; ) =Wy(0,T)+ecos0W,; (o, t)+e%cos 20 W5 (g, 1)+ ... (5.4)
P (0, 0, T; &) =y (0, T)+ecos 0y, (g, T) +£? cos 20y2 (0, T)+ . .. (5.5)

which are valid as e, =0 for fixed values of ¢ and .
In addition, the following expansion is used

1

—_—] — 202cos?0 —. .. . 5.6
——— 1 egcoseﬂ—eg cos?0 (5.6)

Finally, in order to get a governing system for determining the
unknown functions W,, W, W, and o, {1, P2 we substitute expansions
(5.4), (5.5) into system (5.2), (5.3), yielding

;[0 W+ 9, W, —p, W, ] =0, (5.7)
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Here «’» indicate the space derivation, «"» the time derivation and «*»
derivation with respect to 7. The existence of trigonometric functions in
(5.8) (i.e. the dependence on polar coordinates 0) gives the possibility
to isolate the part that does not depend on 6. The zero-order approxima-
tion of (5.8) yields
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where C=2tB(t), (v)o=tk.

From the physical viewpoint, the constant C describes the influence
of ambient flow. Its value is fixed by the existence of a self-similar solu-
tion of Eq. (5.12)

PW, 1 9W,
dg*> ' ¢ do’

2kWo—( 0 )+CW0= (5.12)

CLidplin (5.13)

Substituting this constant value into Eq. (5.12) we obtain the solution
of the inner problem

pl+11

Wo=e 2 Io(er), (5.14)

where /; is the modified Bessel function.

Thus, the zero-order approximation gives the seli-similar distribution
of the vorticity in the core of the vortex ring. Such a self-similarity is
obtained due to the scaled system of coordinates using the compatibility
of outer and inner velocities in the centre of vortex core.

The stream function is related to W, by Eq. (5.9.). The zero-order
solution will be completed after the determination of the degree k.

6. Integral properties of a vortex ring

As it was pointed out earlier, the outer flow is potential. Hence, all
the integral characteristics of a vortex ring are determined by the inner
flow only. Using the vorticity distribution obtained above, we can find
the circulation. Integration of (5.14) gives

D f ufm L dzdr—naoR.. 6.1)
The value of the vortex impulse may be obtained analogically
M= J fricdzdr=TR.. (6.2)
Assuming '
R, ~ 1t (6.3)

we obtain, from the expressions (4.10), (5.13) and (6.2), a system of
equations for determining the parameters £ and p

k+4p=0, (6.4)
2p=—2k —2. (6.5)

The values resulting from this system are
p=1/3, k=-—4/3. (6.6)

Consequently, the outer radius of a vortex ring and its characteristic
vorticity depend on time like

Ru(t) = Rot\Bt-13, (6.7)
wo (1) =A (Mo) 43115, _ (6.8)
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The value of the constant of A can be determined by the condition of
the conservation of a vortex impulse (2.6). At the initial moment we
have

Moto
A(My)= 3
(Mo) 7R (6.9)
Hence, the dependence on time for circulation has the form
Mo( t )—2/3
P=—ront— . 6.10
7 7 (6.10)

These results agree with the measurements of R. and I' by Max-
worthy [3].

7. Discussion of results

The comparison of the theoretical vorticity distribution inside the
vortex core with the experimental data is shown in Fig. 2. The values
of experimental parameters Re=2% 10% Ry,=2.5 cm, v=0.01 cm/s, L=
=680 s! give the value My=13%10? cm*/s. A good agreement between
the theoretical and experimental results can be achieved by choosing
ro=0.217 cm. The corresponding values of time are {,=0.8 s and =
=2.36 s. As it can be seen (in Fig. 2 dots indicate experimental data),
the conclusion on the symmetry of the motion inside the vortex core is
confirmed. This conclusion was noted by the preliminary experimental
investigation ['?]. A unique feature of this motion is the leading role
of the flow in the vortex core. The vorticity actually determines the
appearance of circulation which causes the outer potential flow. This can
be described by the well-known solution for the circular vortex filament
in perfect fluid (3.3) in addition to which circulation vanishes in time.
The suggested formulation of the problem gives the possibility to describe
the interaction between two coaxial vortex rings in the viscous fluid.
In this case it is convenient to use the modification of the familiar
approach ['®]. The phase portrait illustrating the «game» between vortex
rings is presented in Fig. 3. The difference from the description of the
same phenomenon in a perfect fluid is obvious. The influence of viscosity
causes the spreading of an unclosed trajectory.
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. e s erl Fig. 3. Phase portrait explaining the inter-
Fig. 2. Vorticity dlstnb'utlon inside the ac%zion betweenptwo vortex ringg; (21— 22)
vortex core. I — theoretical curve accor- g the distance between vortex rings, r is
ding (5.15), 2 — experimental data ['].  {he outer radius for one of the vortex

rings, numbers show the time intervals.

Continuous curve corresponds to the case

of a perfect fluid (mapping back to 1),

dashed curve — to th; case of a viscous
fluid.
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Arkadi BEREZOVSKI, Felix KAPLANSKI
OHUKESTE KEERISRONGASTE DUNAAMIKA VISKOOSSETES VEDELIKES

Toos on vaadeldud viikese viskoossusega vedelikku koosnevana vilisest potent-
siaalsest ja sisemisest keeriselisest osast ning uuritud ohukeste keerisrongaste auto-
modelset jaotust keerise siidamikus. Teoreetilise kinnituse said eksperimentaalselt leitud
keerisronga tsirkulatsiooni ja raadiuse ajalise muutumise seadusparasused. Saadud
tulemuste kasutamise nditena on tehtud kahe samatelgse keerisronga koostoime
(«médngu») arvutus.

Apkadui BEPE3OBCKHH, Peruxc KAIITAHCKHH
JUHAMUKA TOHKHUX BUXPEBBIX KOJIELL B MAJIOBA3KOW XHUJKOCTH

H3syueno aBHKeHHE TOHKHX BHXPEBBIX KOJEI B MaJIOBSI3KOI JKHKOCTH IyTeM pasjeJe-
HHS TeUeHHss Ha BHEUIHIOI MOTEHIHAJbHYI0O H BHYTPEHHIOIO BHXpeByl0 4acTH. B HyJesom
npHGAHKEHHH MOJyYeHO aBTOMOJEJbHOE pacipejieseHne 3aBHXPEHHOCTH BHYTPH siipa BHXPS.
Teopernyecku MOATBEPKAEHB 3KCNEPHMEHTAJbHO OGHAPYXKEHHbIe 3aKOHBI M3MEHCHHS IHPKY-
JSAUKHH M pajHyca BHXDeBOro KOJblia BO BpeMeHH. B kauecTBe nmpuMepa HCIIOJIb30BAHHSA MMO-
JIyYeHHBIX Pe3yJ/IbTaTOB NMPOH3BEAEH pacyeT B3aHMOJEHCTBHs (<HIPbl») ABYX KOAKCHAJbHBIX
BHXPEBBIX KOJelL.
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