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ETALON EVOLUTION EQUATIONS

The possibility of deriving evolution equations from theoretically or experimentally
determined dispersion relations is analysed. If the full dispersion relations are simplified
for a certain frequency range then the corresponding evolution equations are also
simplified and thereafter called etalon evolution equations. This paper is aimed at
stressing the importance of such an approximate approach which can be used in cases
when the traditional reductive methods do not work. The basic notions are given and
explained at the physical level of presentation. Two examples are presented in more
detail: Love waves in a solid layer and longitudinal waves in a liquid layer.

1. Introduction

Nonlinear evolution equations, together with the analytical and nume-
rical methods derived for solving them, form a remarkable chapter of
contemporary mathematical physics ['~]. The number of solvable prob-
lems in the mathematical theory of nonlinear wave motion is large and
involves many cases of weakly dispersive, weakly nonhomogeneous and
stratified media. In most cases the starting point is a governing system
of wave equations to which a certain reductive method (asymptotic, ite-
rative or spectral) is then applied [*°]. As a result of a perturbative ana-
lysis, the leading physical effects are established and the process is
decomposed into separate waves. Each separate wave is described by its
own single equation called the evolution equation that involves all the
physical effects of the same order. Such is a usual way to derive the
celebrated Korteweg-de Vries, Burgers and other equations. However,
there are cases when due to complexity of the wave process the starting
point is not the system of wave equations but a known dispersion rela-
tion, and then the usual reductive methods simply do not work. This case
should be analysed separately because the dispersion relations could be
obtained not only by certain asymptotic procedures but also by experi-
mental techniques. In the linear case, the correspondence between a dis-
persion relation and a wave equation is well understood ['], provided
the Fourier transform is applicable and the respective integration pos-
sible. For complicated dispersion relations and nonlinearity involved,
this straight-forward approach is not possible and needs a certain asymp-
totic procedure to be established.

In this paper, an attempt is made to describe the formalism needed
for constructing asymptotic evolution equations on the basis of asympto-
tic dispersion relations. In order to distinguish the evolution equations
derived in this way from those obtained by the reductive methods [*>* ],
these are called efalon evolution equations. An etalon evolution equation
may satisfactorily describe the process, provided certain additional con-
ditions are fulfilled which relate the asymptotic dispersion relations to
the basic ones:
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In Section 2 the basic formalism of etalon evolution equations is
described with needed assumptions and conditions pointed out. This
forms the ground for Section 3 where two examples are given: Love
waves in a solid layer and longitudinal waves in a liquid layer. In Sec-
tion 4 some conclusions are given.

2. Basic Equations

The basic idea is given by Whitham ['] for a linear problem. Let us
consider the one-dimensional evolution equation

P 3 a ’
7“+_£K(§—z)a—;‘dz=o, (1)

where T and § are the independent variables, « is a certain wave variable
(particle velocity, deformation, etc.) and the kernel function K(z) des-
cribes the dispersion properties, This equation has elementary solutions
of the form

u=ugexp (ik.&+iw.t), up=-const, (2)

provided the dispersion relation

c=wk= [ K(C) exp (ik.2)dE 3)

-0

is satisfied. As the right hand side of expression (3) is the Fourier
transform of the given kernel K({), the inverse transform

K(g) =% fc(k,) exp (ik.t)dk. (4)

allows us to determine the kernel for every given phase velocity c(k).
The trivial example of deriving the linearized Korteweg-de Vries (KdV)
equation according to this scheme is well known. In this case the phase
velocity has a polynomial form with even terms in it, and the kernel
function is given by the delta-function and its consecutive derivatives
[']. It is appropriate that some remarks based on physical ideas should
now be made. First, the independent variables in an evolution equation
correspond to a moving frame, i.e., usually §¢=co —x, T=ex where &
is a small parameter and co=const. is the “translation” velocity. Usually
¢o is either the phase velocity ¢ determined from the corresponding linear
associated problem or the sound velocity close to ¢ [¢]. Secondly, the
wave number k. and the frequency w. in (2) correspond to the variables
€ and t. In real space-time coordinates x and f the wave number & and
the frequency o are different from those. It is easily concluded that [7]

ke=—0cj!, 0.=(k—oc;!)e. (5)

Thirdly, evolution equations are usually derived for weakly dispersive
systems [%3%°€]. In the case of strongly dispersive system, the group
velocities must be used instead of the phase velocities when constructing
the moving frame [2].

Based on these comments, and the expressions given above, a simple
asymptotic approach for deriving evolution equations may be developed.
Whitham ['] has used it when deriving the approximate evolution equa-
tion for Stokes’ waves, Here we present the main idea in a more general
form and demonstrate its applicability by two examples.
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Suppose we know the dispersion relation

G(w, k)=0 (6)
for a certain wave. Let an asymptotic expression

Ge(0,k) =0 (7)
exist provided the additional condition

[ (@, k) =0 (8)

is satisfied. Condition(s) (8) may be easily interpreted physically; for
example, it might characterize high or low frequency processes. The
main idea is to determine the kernel function in (4) not from the exact
dispersion relation (6) but from its asymptotic expression (7). This may
considerably simplify the evaluation of the inverse transform (4) and,
consequently, may result in an explicit form of the kernel function which
often cannot be obtained by using the exact dispersion relation. We
denote the kernel function corresponding to the asymptotic expression
(7) by K.(&). The evolution equation

_ 0dv . du
W"*‘_‘O{Ke(g—Z)—a?dZ:O (9)

describes the process provided the condition (8) is satisfied, and will be
called the etalon evolution equation. Notice once more that the difference
between k., ®. and k£, ® must be clearly stated in order to obtain physi-
cally admissible results.

The evolution equations are usually derived from the system of equa-
tions of motion, and they actually form a sequence of n-th order evolution
equations. The traditional analysis deals with the I1st-order evolution
equations only [*%]. Matching the physical and mathematical require-
ments, it is easily concluded that the Ist-order evolution equation describes
the situation where the dispersive, nonlinear, dissipative e.a. terms
on the level of the evolution equation are additive [!']. The solutions to
these nonlinear evolution equations are by no means additive, reflecting
effectively the possible balance between different physical effects. In this
context the main question is always how to describe the dispersion pro-
perties of the media [']. All these ideas may be summed up in the
following successive scheme for constructing nonlinear evolution equa-
tions:

— derive or measure the general dispersion relation (6);

— derive the asymptotic dispersive relation (7) under the condition (8);

— determine the kernel K. (§) from (4);

— construct the linear evolution equation (9);

— add the nonlinear term according to the nonlinear wave motion in
the corresponding nondispersive medium;

— get the final nonlinear etalon evolution equation which describes the

process under conditions (8).

3 Waves in Layers

3.1. Love Waves in a Solid Layer. The propagation of Love waves in a
solid layer 0>2>h (medium 1) resting on a solid halfspace 2>h
(medium 2) has been analysed by Bataille and Lund [7]. The Love
waves localized in medium 1 and decaying exponentially for 2>>h, obey
the dispersion relation

tan Kik= (n2Kz2) / (1 K1), (10a)
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K= (B2 —w?/c® )2, Ky= (0?/c*,— k*)'[%. (10b)

Subscripts 1 and 2 refer to media 1 and 2, respectively, p; is the Poisson

ratio, ¢s; is the velocity of shear waves, £ is the wave number and o is
frequency. For

hk>1, (11)

i.e., for the wave lengths that are large as compared to the thickness A
of the layer 1, expression (10a) may be approximated by

w?=c2, (k? — pk*), (12)
p=h2(c2 /e, — )2 /3 >0. (13)

The plots of the phase velocity ¢ over hk determined from (10) and (12)
in a rather large interval are shown in Fig. 1. Here c¢5,,=4000m-s!,
Cs2=4400m-s~! and cs1/Cso- po/m1=1.09. It is obvious that if the condi-
tion (11) is satisfied then the expression (12) is a very good approxima-
tion to (10). There is even no need to calculate the inverse Fourier trans-
form (4). A straight-forward analysis immediately shows that the dis-
persion relation (12) corresponds to the equation of motion
02U 9?U otU

dt? =C2s2 0x2 —%_6252B 0x4 0 (14)

Here we have the possibility of adding the nonlinear terms immediately
to the equation of motion. Following [#°] we have
gry Lo r il oUu \? o?U 0*U
adiss e ag +c2 a } g
or? 1088 [0y I ox

ax2 TCs2ﬁ dx4 ’ (15)

where o is the nonlinear parameter involving the elastic moduli of the
second, third and fourth orders. The etalon evolution equation is easily
derived by the standard methods [*°]

ou a: iy 8wl prdtu
s ? o cuha 16
g 2%, " OE ' 2 & 0% 0. (16)

where E=csf — x, t=¢e2x, u=0U/df. This result — the modified KdV
equation — was actually obtained by Bataille and Lund [®]; here we
have only employed the notions of the general theory, demonstrating also
the validity of approximation (12).
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Fig. 2. Phase velocity region used
Fig. 1. Dispersion curves for Love waves: I — for the etalon evolution equation
expression (10), 2 — expression (12). in case of a liquid layer.
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3.2. Longitudinal Waves in a Liquid Layer. Here we analyse the pro-
pagation of longitudinal waves in a liquid layer 0>2>h (medium 1)
resting on a liquid halfspace 2>#h (medium 2). This is the well-known
Pekeris problem [°]. We are interested in modes decaying exponentially
in the halfspace 2>h. For 0=>2=>h the solution for the potential or
sound pressure is given by the relation

m=qm sin (yim2)lo(RmX), gm=const., (17)
where m=1, 2, 3, ... is the mode number, /, is the Bessel function and

km is the wave number in the horisontal direction x. The dispersion rela-
tion takes now the form

1
yimh-+arctan — 27— mz, (18)
a Gom
where
Vim=km (0% /c3—1)172, (19a)

g2m=km(l —v?

m

/€3)'?, (190)

and a=¢,/g.. Here and below, ¢;, i=1,2 is the sound velocity, g; the
density and v, the phase velocity for a certain mode m. Wave number
kn can be determined as

1/2 - - 12
J— (—q’—"-—l ) —;l-{mn—arctan%[_w——l—] } v 0 (40)

2 2
l_vm/CZ

taking the real values for ¢, <<vn<Cco. The critical frequencies wom at
vm—-Cy are governed by ['°]

czn(m—— 1/2)

R(G /A —1)E Vd

Wom = CoRom=

For frequencies below the critical, the modes are fast decaying and not
taken into account.
We suppose that the approximation for the phase velocity

2

Vm
vm(km)=(c2_cl)“\€:1€', km=kmh — komh (22)
is justified for
W =>0om (23)

(c.f. expressions (7) and (8)). Note that expression (22) is given with
respect to the velocity difference ¢ — ¢y, co>¢), and ko is determined by
the critical frequency wom==c2kom. In this case the qualitative dispersion
curve is shown in Fig. 2 from which the applicability of the Fourier
transform is easily seen. The constants v, can be determined for each
mode m by the least-square method on the basis of the exact dispersion
relation (20). For example, if ¢;=1500 m-s~!, co=1650 m-s~!, a=0.9,
then v;=3.65; vo=6.59; v3=9.52,
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The next step is to determine the asymptotic kernel function

00

C2—Ci ‘V2
K. (§) = o '/:'\)2 .—i"—‘IT:"’ exp (ikmE)dkm=
. (ca—c1)Vm le§|
e e ) (24)

which can be used for frequencies satisfying (23).
The corresponding linear etalon evolution equation is now

ou. (cz2—c1)vm ( Vm|E— x| ) du
| y -
2¢, } o fexp —— Y = d#==0} 51 (25)

—00

where t=¢ex, E=ct —x, i.e., ¢ is the velocity of the moving frame
(c.f. our assumption (22), including changes with respect to this velo-
city). Here & is the small parameter, and the coefficient 2c, at the first
term appears due to the standard procedures of perturbative methods
[*]. The nonlinear variant can be easily constructed and the final equa-
tion with the convective nonlinearity takes the form

o0

au a au (C2_CI)Vm ( 'leg—xl ) au
Et == ‘45 Lk .o ==
ot 2ec, VOt 4ok f " h i

(26)

where a=1+4y and y is the adiabate ['']. Such an evolution equation
was described earlier by Whitham ['] and Fornberg and Whitham ['?].

4. Conclusions

The approach demonstrated above is applicable when the traditional
methods [*>%°] in nonlinear wave analysis cannot be used because of
the physical complexity involved. In this case even the statement of the
problem is different, because instead of the usual initial system of wave
equations the starting point is a known dispersion relation. It must be
stressed that this approach may also be of importance when the expe-
rimental dispersion curves are used for restoring the governing equation.
Two examples analysed briefly show explicitly how a complicated disper-
sion relation can be handled in order to construct the corresponding evo-
lution equation. In order to stress the approximation, the latter is called
etalon evolution equation.
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Tiri ENGELBRECHT
ETALON-EVOLUTSIOONIVORRANDID

On vaadeldud meelevaldse profiiliga lainete levi kirjeldavate evolutsioonivorrandite
tuletuskdiku ldhtudes etteantud dispersiooniseadusest. Kuna ildjuhul osutub vajalikuks
aproksimeerida keerulisi dispersiooniseadusi lihtsamate avaldistega, mis kehtivad teatud
tingimustel, on kasutatud moistet «etalon-evolutsioonivorrandid», et eristada neid «tdp-
setest» evolutsioonivorranditest. Seesugune ldhenemine vdimaldab konstrueerida evo-
lutsioonivorrandeid ka juhul, kui traditsioonilised, lainevorrandite siisteemi redutseeri-
misel pohinevad meetodid ei toota. Artiklis on esitatud etalon-evolutsioonivorrandite
konstrueerimise pohimdisted ning neid illustreeritud kahe néitega. Niited haaravad
Love'i laineid elastses kihis ja pikilaineid vedelikukihis.

HOpuii 3HTEJIBBPEXT
9TAJIOHHBIE 3BOJIOLMOHHBIE YPABHEHUS

AHanu3HpyeTcsi BO3MOXKHOCTH MOCTPOCHHS 3BOJIONMOHHLIX yPaBHEHHII Ha OCHOBe H3BECT-
HBIX JHCNEPCHOHHBIX cOOoTHOLIEHHH. OcoGeHHOCTb MOCTAHOBKH 3aKJ/I04aeTcs B TOM, 4TO Ipo-
MO3/IKHe /AHCNEePCHOHHbIE COOTHOIUEHHS, YacTO BCTPeyaloLIHecsi B NPAKTHKE, 3aMEHSIOTCS
MX annpoKCHMaUHSIMH TpH COGJIOJEHHH  ONpejesieHHbIX  YCJaOBHI. DTO 06CTOSATENILCTBO
SIBJSIETCS NPHYHHONH TPAKTOBKH MOCTPOEHHBIX ~3BOJIOUHOHHbLIX yPaBHEHHil Kak 3TaJlOH-
HbBIX B OTJHYHe OT TouHbX. [lpeasaraembiii MOAXOA NPHMEHHM B CJjyyae, KOrja H3BeCT-
Hble pPeAYKIHOHHble MeTOAbl He padoraloT. [Toka3aHbl OCHOBHBIE 3Tambl TAKOrO MOAX0Aa M
npuBe/ieHbl ABa NpEMepa: AJs BOJH JIsiBa B yNpyroMm cJoe H NPOJOJBLHBIX BOJH B JKHIAKOM
cJioe.
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	Рис. 3. Зависимость глубины — модуляции наведенной структуры С от угла поляризатора ф при различных углах а между осью [l2lo] H направлением — возбуждающего люминесценцию света. °
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