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MOUFANG LOOPS AND GENERALIZED LIE EQUATIONS
(Presented by H. Keres)

The generalized Lie equations (GLE) for linear birepresentations of the analytic
Moufang loops are proposed and discussed. It is shown how the integrability conditions
of GLE can be related to the non-Eilenbergian birepresentations of the Mal’tsev algebras.

1. Moufang loops and Mal’tsev algebras

A Moufang loop ["?] is a quasigroup G with the two-sided identity
element e in which the Moufang identity
(ag) (ha) =a(gh)a (1.1)
holds. The Moufang loop G is said to be analytic if G is a real, analytic
manifold so that both the Moufang loop operation GXG— G: (g, h)— gh
and the inversion map G— G: g— g ! are analytic ones. We denote the
dimension of G by r. The local coordinates of g = G are denoted (in a
fixed chart of e) by g!, ..., g", and the local coordinates of the identity
element e of G are supposed to be zero: e/=0 (i=1, ..., r). As in the
case of Lie groups, we can consider the Taylor expansions

(gh)"=g"+v" (g) W40 (h?)
=g'*+h"+a';i pERiaRanil sisne=13). 5 F,
and introduce the anti-symmetric quantities
c';_k:‘=a‘}k so ==, LiLk=1....71,
called the structure constants of G.
The fangent algebra of G is defined similarly to the tangent (Lie)
algebra of the Lie group [**] and we shall denote it by I'. Geometri-

cally, this algebra is the tangent space T.(G) of G at e. The product of
x, y = I' will be denoted by [x, y]. In component form,

[x,y]":=cjkxiyk=—[y, i doml, ..., 1. {L2)

The tangent algebra of G need not be a Lie algebra. In other words,

there may be a triple x, y, z =T, such that the Jacobi identity fails in I
J(x,y,2) :==[x, [y.2]1]1+ [y, [z, x]1+ 2, [x. y]] #0.

* Tallinna Tehnikaiilikool (Tallinn Technical University). EE0108 Tallinn, Akadeemia
tee 1. Estonia.

4 Eesti TA Toimetised. F * M. 2 1992 125


https://doi.org/10.3176/phys.math.1992.2.08

Instead, for all x,y,z&< T, we have [?] a more general identity

[[x. 9], [z <11+ [[[x, 9], 2], x] +[[[9. 2], x], ]+

+[[[z ], x],y] =0 (1.3)

called the Mal’tsev identity. The tangent algebra I' of G is hence said
to be the Mal’tsev algebra. This identity reads concisely [®]

J(x’y' [x,z])=[!(x,y,z),x], (14)

from which it can be easily seen that every Lie algebra is a Mal'tsev
algebra as well. Every finite-dimensional real Mal'tsev algebra is proved
[6-8] to be the tangent algebra of some analytic Moufang loop.

2. Birepresentations of Moufang loops

Let X be a set and let T(X) be fransformation group of X, i.e. group
of bijective maps of X onto X. Elements of T(X) are called the trans-
formations of X. Multiplication in T(X) is defined as the composition
of transformations, and identity element of T(X) coincides with identity
transformation E of X.

A pair (S,7T) of the maps g—S,, g— T, of a Moufang loop G into
the group T(X) is said [?] to be an action of G on X if

S.=T.=E, (2.1)
and |

a b
LR FLRTR DAt . 3 oot AL (2.2)
hold for all g,h = G. The pair (S,T) is called also a birepresentation
of G. The transformations Sg, T, = T(X) (¢ = G) are called G-fransfor-
mations (Moufang transformations) of X.
The properties of such transformations were recently discussed in
[*-'¢]. Let us raise here only the following most elementary ones:

SeTe=TgSe, S?:Sg"r T;1=Tg"r
SgShTth—_— TthSgSh, v g, h = G. (23)

A birepresentation (S,7T) of G is said to be linear if X is a linear
space and Sg, Ty (¢ = G) are linear transformations of X. It is an easy
exercise to show that if (S,7T) is an action of G on a set X, and & (%)
denotes the linear space of functions on X, then the pair (S’,T’) of the
maps

g~ S, (SN W=(S;x), g~>T,: (T,Dx)=[(T;),
geG, =xek f[fe§@®),

defines a linear action of G on §(X).

3. Generalized Lie equations

Let G be an analytic Moufang loop and let ¥ be a differentiable
manifold. The dimensions of G and X will be denoted by r and n, respec-
tively.

An action (S,T) of G on X is said to be differentiable (smooth, ana-
lytic) if the local coordinates of the points S;A and T,A are differen-
tiable (smooth, analytic) functions of the local coordinates of the points
ge G and A= X. In this case, (S,T) is called differentiable (smooth,
analytic) birepresentation as well.
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Now, let GL, denote the general linear group of n-dimensional (real,
or complex) vector space V,. Let G be an analytic Moufang loop with
the identity element e, and let (S,T) be a differentiable linear birepre-
sentation of G in GL,. By fixing a base in V,, one can represent an
element g of G by two nonsingular matrices Sg Ty, GL, which will
further be assumed to be differentiable with respect to g, as many times
as needed. It is obvious that we should define the generators of (S, T)
as follows:

Si=0;S¢|,_,, Ti=0T¢|

We have here denoted d; :=0d/dg/.

With the following theorem, the generalized Lie equations for diffe-
rentiable linear Moufang transformations are stated.
Theorem 3.1. Let (S, T) be a differentiable linear birepresentation of
an analytic Moufang loop G. Then the birepresentation matrices Sg, Tg4
(g = G) satisfy the system of simultaneous differential equations (gene-
ralized Lie equations)

je=t, 2 e

g=e’

0" () 0nSe=S¢TeSi Ty (3.1a)
o (g)0.Te=Sg T;S,Tq, (3.1b)
Rty N B TP
Proofi. We obtain (3.1a) at once by differentiating (2.2a) with respect
to the local coordinates h/ (j=1,...,r) of he G at h=e. To show

(3.1b), we must first note that SyTaTy=Tg¢xSs. Differentiating the latter
with respect to 4/ at h=e, we get

SiTe+T,Te=0"(g) 9T +TS),
from which it follows that
07(g)0nTg=S;Tg— TSi+T,Ty. (3.2)
We must thus show that
8,;Tg— TS TiTe=S8s  T1SeTs.
This identity reads
STLT SLET 5 PP mespyarp ety Al g, -(3.3)

and can easily be obtained by differentiating (2.3) with respect to A/
at'h=-e. [

Corollary 3.1. By means of (3.3), we can rewrite (3.1a,b) as follows:

vl (8)9nSe=S,S;+[Se, Til, (3.42a)
vy (8)0nTg=T;To+[S;, Tel, (3.4b)
Vimbta?, ixiaall

Remark. In fact, equation (3.4b) coincides with (3.2); the brackets
[-,-] are used for the commutators of matrices as well. Unlike (3.1a,b),
equations (3.4a,b) are linear with respect to S; and Tz 1f S Ty=TxS¢
for all g, h = G, then (3.4a,b) and also (3.la,b) return the familiar Lie
equations.
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4. Integrability conditions

Let us now rewrite the generalized Lie equations (3.1a,b) as

0" (2)9:Ss =SS, (@), (4.1a)
02 (8)0aTe =T} (&) s, (4.1b)
with
3 &) -1 ! (®) -1
S’ (g) :=T,S/T, , T’ (g) :=S¢ T;Se. (4.2)

Keeping close to the terminology of [!!12], the matrices S} (9), T’I. (2)

are called the derivative generators of (S,T). We have the obvious initial
conditions

S’ (e)=S;, T'(e)=T;, j=12,...,r. (4.3)
The identities (3.3) read
S} @+ (@ =S+T), j=12...,r (44)

Proposition 4.1. The derivative generators of (S,T) satisfy the
system of simultaneous Heisenberg-like equations

v, (8)0xS (g)=IT, (2).S;(8)].. (4.5a)

v, (8)0sT' (8)=IT; (). S, (&)1, (4.5b)
Johe=ds 11, T
Proof. As an example, let us check (4.5a). We have

V7 (8)0nS', =07 (8) (0nTe- STy — TeSiTg 0uTe Ty')

=T, ()TeSiTs —TeSiTe T}, () TeTe
=T, (g)S',(g) —S;(&)T, (8)
=[T, (g),S’;(g)].

Equations (4.5b) can be proved similarly. [J

Corollary 4.1. The derivative generators of (S, T) satisfy the commu-
tation relations (CR)

[S}(2). T, (@1=IT,(8).S, (&)]. k=1, ...,r1. (4.6)

Proof. We get the desired commutation relations by adding (4.5a) and
(4.5b), and then using (4.4). O

Now, let us define the structure functions ¢t (g) of G by
v(g)a v, (g) — v} (g)d, v (&) =cj, (g)v] (g). (4.7)
The direct computations show that ¢/, (e)=c;’.k.

Theorem 4.1. The integrability conditions of the generalized Lie equa-
tions (3.1a,b) read as commutation relations

[S(8)S, (e)]=c¢], (2)S,(¢) —2[S’ (g), T, ()], (4.8a)
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[T, ()T, (&) ]1=—c¢], (&)T, (g) —2[T; (), S, (&)], (4.8b)
P gr TSP,

Proof. As an example, we prove (4.8a). Differentiating (4.1a) with
respect to g™, we obtain

U7 (8)9,,07(8) 0aSy+0 (£)7 (8) In0nS =
=07(@)9,,S,S, (&) +v7(2)5,9,5) ()

=S§,5, () (&) +5,1T, (2), S (2)].

Exchange now the indices j and k, and subtract the resulting equality
from the original one. Reducing then the second-order partial derivatives,
we get

¢ (&) (g)0,S,=S,[S, (g), S-(&)]+S,[T,(2), S (8)] —
—S8,[T) (). S, (&)]=
=S,[S} (2), S’ (8)1+S 2[T} (g). S’ ()]

We must use GLE once more on the left-hand side of this equality. Then,
after the left-division by Sy and rearranging the terms, we obtain the
required commutation relations (4.8a). Commutation relations (4.8b)
can be stated similarly by starting from (4.1b). O

Corollary 4.2. The generators of (S,T) satisfy the commutation
relations

[Si, Se]= c';kSn—Q[Sj, T:], (4.9a)
[T}, Te)=—c", T, —2[T;, Sil, (4.9b)
RS0 20T

Remark. More general (nonlinear) version of CR (4.9a,b) has recently
been established in another way ['3!]. It is also easy to see that CR
(4.6) can now be re-obtained from the identity [S’(g),S, ()] =

=—[S’,(2), S’ (8)]-

5. Birepresentations of Mal'tsev algebras

The representation theory of the Mal'tsev algebras which follows the
concept of S. Eilenberg ['"] has been well elaborated ['®'°]; see also the
reviews [?:?!'] where the main results of this theory are outlined. In this
section, the following two non-Eilenbergian but equivalent definitions
of a birepresentation of the Mal’tsev algebra are formulated. These defi-
nitions seem also to be supremely natural from the point of view of the
theory of alternative algebras [?>?]. In Sec. 6, it will be shown how the
integrability conditions of GLE are related to the non-Eilenbergian bire-
presentations of the Mal'tsev algebras.

Let M be a Mal’tsev algebra and let L be a Lie algebra.

Definition 5.1. A pair (S, T) of linear maps x—Sx, x—Tx of M
into L is said to be a birepresentation of the Mal'tsev algebra M if for
all x, y, z = M the following identities hold (in L):

[Sx,Syl= S[x,y] —2[Sx, Ty], (5.1a)
[Tx, Tyl=—T[x, y] —2[Tx, Sy], (5.1b)
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6[F(x;y), Sz]=S]x, y, 2], (5.2a)

6[F (x;y), Tzl =T[x, y,2], (5.2b)
where F (x;y) is defined by
3F (x;y) :=S8[x,y] —T[x,y] —3[Sx, Ty], (5.3)
and
[ 9,2] :=x [y, 211 — [y, [x, 2] 1 +[[x y]. 2] (5.4)

is the Yamaguti triple product [**'8] in M.
The identities (5.2a,b) are called the reductivity conditions of (S, T).

Definition 5.2. A pair (S,T) of linear maps x->Sx, x—>Tx of M
into L is said to be a birepresentation of the Mal’'tsev algebra M if the
identities (5.1a,b) and
[[Sx, Syl, Sz2]=S(x, 4, 2), (5.5a)
[[Tx, Tyl, Tz] =T (x,y,2) (5.5b)
hold for all x,y, z& M, where the Loos triple product (x,y, 2) is defined
[#] in M by
3(X, Y, Z) R & [xv [!/, Z]] Py [y' [x, Z]]+2[ [xv y]v Z]' (56)
These definitions can be motivated by the fact that the birepresenta-
tions in the above sense appear as differentials of continuous birepresen-
tations of the analytic Moujang loops ['*~'°]. Also, it must be noted that
the Jacobi identities in the Lie algebra L are guaranteed ['*] by the
identities of the Lie and general Lie triple systems of the Mal'tsev
algebra M ['8 2. 2],
The connection of birepresentations with the Eilenbergian repre-
sentations is not clear.

6. Derivative Mal’'tsev algebras

For x,y=T.(G), define their new product [x, y]. in T.(G) by
[x 4] :=c§k (@)x'y*=—[y,x]:, i=1,...,.r, acG.
The tangent space T.(G) with such a multiplication is said to be the

derivative of the tangent algebra I' of G and is denoted by I". For
g, he G, define ["'"12] their derivative product (gh), & G as well:

(gh)),=(ga ') (ah), g, h,asq. (6.1)

It turns out [?] that the derivative multiplication given by (6.1) satis-
fies all the axioms of a Moufang loop. The derived Moufang loop with
the multiplication rule (6.1) is called the derivative loop of G and is
denoted as G]. The identity element of G is also e, and the inverse ele-

ment of g in G’ is g7

Theorem 6.1. Let G| be a derivative loop of an analytic Moufang

loop G, and let 1" be the tangent algebra of G. Then the derivative
algebra 1" of T' is the tangent algebra of the derivative Moufang loop

G’ of G.
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Idea of proof. One must in fact verify that the structure functions
c;’k (a) of G are the structure constants of G’ . This can be done by
direct computations. OJ

Corollary 6.1. The derivative algebra I, of T is a Mal'tsev algebra
as well.
Proof. Since G is an analytic Moufang loop, its tangent algebra I”,

must inescapably be a Mal'tsev algebra [3]. O
Based on the Corollary 6.1, it would be natural to call F; the deri-

vative Mal’tsev algebra of T.

The following theorem states the prospective relationship between the
integrability conditions of GLE and non-Eilenbergian birepresentations of
Mal’tsev algebras.

Theorem 6.2. Let (S,T) be a diffe;entiable linear birepresentation of
an analytic Moufang loop G, and let T' be the tangent Mal’tsev algebra
of G. Then, for each a& G, the pair (S, T) of the maps

x—»(Sx);:=xiS;, (a), x—-»(Tx);:=xiT’j(a) (xT)
is a birepresentation of the derivative Mal'tsev algebra T of T.
Idea of a proof. It can be proved ['?] that if (S,T) is a birepresen-
tation of G, then, for each a & G, the pair (S, T)’, of the maps
g~ (Se),:=TaSTa’, g—(To),:'=S:' TsSa  (g=0)

is a birepresentation of the derivative Moufang loop G’ of G. But the
differential *(S,T)’ of the birepresentation (S,T) of G’ at the iden-
tity element e G°, must be a birepresentation of the tangent Mal'tsev
algebra I of G’ ['*'416]. O

Final remark. It may seem surprising, but the reductivity conditions
for #(S,T)’, can be obtained (in a non-trivial way) from the commuta-
tion relations (4.8a,b) as well.
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Eugen PAAL
MOUFANGI LUUBID JA ULDISTATUD LIE VORRANDID
On vaadeldud analiiiitilise Moufangi luubi lineaaresituste iildistatud Lie vorrandeid
ja ndidatud, kuidas nende vorrandite integreeruvustingimused on seotud Maltsevi alge-
brate biesitustega. .
Syeen MAAJ
JIYIIbl MY®AHI U OBOBUIEHHBIE YPABHEHUS JIH
IMpeanaraior u paccmatpuBaior o6o6uienHbie ypaBuehusi JIw ajs JuHeiinbix Gunpen-

craBjeHnii anaautHueckoil aynsl Mydaur. TlokasbiBaior, KakiMm 006pasoM YCJOBHsi HHTer-
PHPYEMOCTH STHX ypaBHeHHil CBA3aHbl ¢ GHnpeAcTaBjieHusiMH ajire6p MaJbuesa.
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