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This paper considers the problem of designing the compensator for
a nonlinear discrete time system under which the input-output behaviour
of the compensated system becomes the same as the one of the prespeci-
fied nonlinear model. A local solution around a fixed (equilibrium) point
of the system is given for the case when the so-called decoupling matrix of
the system is nonsingular at the fixed point. For this subclass of right
invertible systems the considered problem is solvable by dynamic state
feedback locally around the fixed point of the system and the corre-
sponding fixed point of the model if and only if the delay (relative)
orders of the model are equal or greater than those of the system. The
internal stability of the reduced-order right inverse system dynamics is
shown to be the key factor in the model matching problem with internal
stability.

1. Introduction

The model matching problem (MMP), which consists in designing a
compensator for a certain plant such that the input-output map of the
compensated system would match that of the prespecified model, has
attracted a great deal of interest during the last two decades. Most
papers consider linear systems, and a number of results have been obtain-
ed for the continuous time nonlinear systems either by tools of differen-
tial geometry ["?] differential algebra [®], linear algebra [*], by the
so-called structure algorithm [°] and related zero-dynamics algorithm
[¢7], or by considering the MMP as the disturbance decoupling problem
[#°9]. The nonlinear MMP with internal stability of the closed-loop- sys-
tem has been considered by Byrnes, Castro and Isidori ['°] for the single-
input single-output systems, and by Huiberts [7] for the multi-input
multi-output systems. Except for the papers by Conte, Moog and Perdon
[*] and by Moog [*], all the results have been obtained for the systems
which are linear in control and are local in the sense that they are valid
in some neighbourhood of the initial point in the state space. To the
author’s knowledge there are no papers written on the topic of ‘model
matching of nonlinear discrete-time systems.

This paper deals with the MMP for discrete-time nonlinear analytic
systems. In the case of nonlinear systems, the input-output map in usually
described by Volterra series, and the purpose of the MMP is to
achieve the coincidence of the corresponding Volterra kernels for the
compensated system and the model. In the discrete-time case the Volterra
kernels can be computed by the operator exponent technique ['!!?].-
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Unfortunately, it is technically extremely complicated to obtain the
expressions of Volterra kernels for a multi-input multi-output compensated
system, nonlinear in control. In order to reduce the technical apparatus
and to avoid lengthy proofs, this paper considers the MMP as the prob-
lem of finding such a compensator which would, beginning from some
fixed time instant make the outputs of the compensated system to be
equal to the outputs of the model, provided their inputs coincide. Similar
approach was also followed by Okutani and Furuta [®], Huiberts [7]
and Di Benedetto [€].

We shall adopt a local viewpoint throughout this paper. However,
contrary to the continuous time case, in the discrete time case the local
study is impossible around the arbitrary initial state, since even in one
step the state evolution can move far from the initial point. For this
reason we shall consider the MMP locally around the fixed (equilibrium)
points. Such an approach was also used by Nijmeijer ['*] in studying
the input-output decoupling problem. Our paper considers a subclass of
right invertible systems — the systems with nonsingular decoupling
matrix. The necessary and sufficient condition for the solvability of the
local finite time MMP for this class of systems is given, and the equa-
tions of the compensator in the form of the dynamic state feedback are
found. The internal stability of the reduced-order right inverse system
dynamics is shown to be the key factor in the MMP with internal stability.

2. Problem statement

Consider a discrete-time nonlinear plant P described by the equations
of the form

3 x(t41)=f(x(1), u(t)), (1)

y(t)=h(x(?)),
where the states x(-) belong to an open part X of R", the inputs u(-)
belong to an open part U of R™, and the outputs y(-) belong to an open
part Y of R™. The mappings f and h are supposed to be real analytic.

Furthermore, let a discrete-time nonlinear model M be given, which
is described by the equations

xM(E1) =" (xM (F), uM (1)),
yM(t) =h"(xM(t)),

(2)

where the states x*(-) belong to an open part X™ of R"s, the inputs
uM(-) belong to an open part U™ of R™, and the outputs y*(-) belong
to an open part Y™ of R™. The mappings f* and h" are supposed to be
real analytic.

The compensator C used to control the plant P is a discrete-time
nonlinear system described by the equations of the form

x(t1) =fe(x°(t), x(1), u"(1)),
u(t)=nhe(x<(t), x(t), u™())

(3)

with the state x¢(-) & X¢, an open part of R, and real analytic f¢ and A
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The composition of (1) and (3), i. e. the system
x(t4+1)=f(x(t), he(x°(t), x(2), u™(t)),
x¢(t+1)=fc(x°(t), x(t), uM(t)),
y(t)=nh(x(t))

is denoted by P-C: We are assumed to work in a neighbourhood of an
equilibrium point of the system (1), that is around (x° 4°) & X XU such
that f(x° u°) =x°. For the input sequence u(f{)=u’ =0 there exists the
constant output sequence y(f)=y°=h(x°), t=0. Let the corresponding
equilibrium point (x™°, u"°) of the model be such that y®=yM°.

Definition 1. Nonlinear discrete-time local finite time model matching
problem. Given the system (1) around the equilibrium point (x° u°), the
model (2) around the corresponding equilibrium point (xM°, uM%) and a
point (x(0), x(0)) € Xo XXM < XX XM, [ind the neighbourhoods V, of
(x0, x0, uM®) in XXX XUM and V,; of u® in U, the compensator C:
Vi—V, with the initial state x¢(0) defined by (3), with the property
that

Y2 (t; %x(0); x°10), a0y <., uM({t—1) ) =
=yM(t, x"(0), uM(0), ..., uM(t—1)), t<t<ir

for all (x(0), x*(0)) & XX XM and for some tr, where t, is some [ixed
adjustment time depending only on the system.

3. Preliminaries

In this Section, some backround material is reviewed.

When necessary, we denote the components of a vector by using the
lower indices, e.g. y({)= (1 (2), :.., ym(¥))7, h(x)= (M1 (%), ..., hm(x))".

With each component of the output y;, we can associate a delay order
0i (referred to in the literature also as a characteristic number or rela-
tive order) in the following manner; see also ['].

Given an arbitrary initial state x= X, we can compute for i=
={l, ..., m} the derivative

aiuhg ( (x, u))=%hs(f(x, u)). (4)

It follows from the analyticity of the system that either the vector in (4)
is nonzero for all (x,u) belonging to an open and dense subset ‘0; of
X XU, or this vector vanishes for all (x,u) & XXU. In the first case we
define g;=1, whereas in the latter case we continue by observing that
the function h!(f(x,u)) does not depend on u and so we may write

h! (f (x, u)) =h2 (x) for some analytic function A? on X. Next we compute
in an analogous fashion

a
=B (f(x, ).

If this vector is nonzero on an open and dense subset 0; of X XU, we
set g;=2, otherwise we continue with the function h3(x)=h?([(x,u)).

In this way the number o; — if it exists — determines the inherent delay
between the inputs and ith output. Namely, the input u(0)=u affects
the ith output only after o; steps, that is at the time instant f=g¢; In
case none of the iterated functions h*(f(x,u)) depend on u, we define
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0i=o00. When gi=o0, the ith output evolves in time independently of
the input sequence applied to the system (1). Notice that a finite delay
order statisfies [!*] the inequality

Qis<n. (5)

Assuming that each delay order g; is finite, one can introduce the
so-called decoupling matrix

d

a1 (F(xu)
u

Ax,u)ys= . +0 0

= o (] (x, 1))

From the definition of the g.'s the rows of the matrix A(x, u) are non-
}anighing functions on an open and dense subset 0=0,102()...N0x of
XU,

Lemma. ['8] If the decoupling matrix A(x, u) is nonsingular on an
open and dense subset contained in XXU, then

- )
| |,
rank—| .. ... A e
ox | i (w) [T AETH
hem(x)

on an open and dense subset of X.

4. Local right invertibility

Let us define by Y° the space of sequences y*(f), ¢{=0 which are
sufficiently close to ¢, i.e. |ly* (f) — ¢°ll<<e for some £>0 and all ¢==0.

Analogously, define by U° the space of sequences u*(f), =0 which
are sufficiently close to «° i.e. |lu*(f) —u°||<<d for some 6>0 and all
t=0.

Definition 2. ['3] The system (1) is said to be locally f[inite time
right invertible at the equilibrium point (x° u°), if there exists a fixed
adjustment time t, — depending only on the system — such that for
all possible time sequences y*(t), t=0 in the space Y° there exists a
control sequence u*(t), t=0 in the space U° which yields y(t, x°
u*(0), ..., u*(t—1)=y* (1), to<t<tr for some tr.

The following theorem will give a sufficient condition for local
finite time right invertibility.

Theorem 1. The system (1) is locally finite time right invertible at
the equilibrium point (x° u°) if rank A (x°, u%) =m.

Proof. Consider the system of equations
Y (t41) — e (f (x (1), u(t)) =0,
(6)
Yy, (t+em) — hom([(x (), u(t)) =0

with y*(f) Y9 t=0. Observe that the Jacobian matrix of the left hand

side of (6) with respect to u(f) equals A(x(f), u(t)). As A(x% u°) is
nonsingular and A% (f(x°, u°)) =y° i=1, ..., m, we may apply Implicit
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Function Theorem around the point (x° «° y°) yielding locally u(t) as
an analytic function of x(¢) and y; (4@, ..., ¥, ({+em) that is
u(t)=q(x(t), ¥ (t+e1), ..., y, (t+eom))
and which is such that
Yy (t+e) —h(F(x (1), @(x(1), ¥ (1401, ..., ¥}, ((+em)))) =0,
=1 VAN A,

Notice that ¢ : V3— V, is analytic for some (possible small) neigh-
bourhoods V3 and V; of (x°, y°) in XX Y° and of «° in U°.
This implies that when we apply a control sequence

' (t)y=eo(x(t), yi(t+e1), ..., y, (t+om)), =0 (7)
to the system (1), then the output of the-system is given as
yi(t+e) =y (t+e), is{l,..., m} (8)

as long as (x(f), yj(t+e1), ..., y; (t+em)) € Vs and u*(f) & Va.

Of course, the reproducibility property is lost if we leave the neigh-
bourhoods V3 resp. V,, which may happen for some fr. So y:(t)=y’(t)
for fp;<<t<<tr, which proves the Theorem.

The control that produces the reference signal y*(f) can be found as
the output of another dynamic system, the so-called right inverse system,

operating on y*(¢) ['®]: '
x(t+1)=[(x(t), @(x(), y}(t+e1), ..., ¥, (t+em))),
u(t)=(P(x(t), y:(t'*‘Ql), np ey !/",',, (t+Qm))

5. Problem solution

Next, we formulate our main result on the MMP.

Theorem 2. Consider the system (1) around the equilibrium point
(x°, u°) and the model (2) around the corresponding equilibrium point
(xMO, u™M0) . Suppose that the decoupling matrix A(x, u) of the system (1)
is nonsingular at the equilibrium point (x°, u°). Then the model matching
problem is locally finite time solvable on some neighbourhoods V, of
(x0, x°, uM®) and V, of u° if and only if the delay orders of the model
(2) are equal to or greater than those of the original system (1).

Proof of Theorem 2. The proof relies on Theorem 1. Let us con-
sider the model around the equilibrium point (x™°, uM%) which corresponds
to the equilibrium point (x° «°) of the system (1). Then, from (7) and
(8) it follows that if we apply a compensator C given by equation

u(t) =9(x(t), yy'(t+e1), ..., yn(t+eom))

to the system (1), then the outputs of the model and compensated system
coincide:

yC (t+o) =y (t4e0), i1, ..., m},
as long as (x(¢), " (t4ei), ..., y" ({4+om)) € Vs and u(t) €V, The

compensator C can be given in the form (3) if and only if the delay
orders ¢ of the model are equal to or greater than the corresponding

delay orders g; of the system (1), that is
Qr?g“ i=l’ S Grey me
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In that case, defining the functions A% (x™) analogously to functions
hf:(x) (see Section 3), we obtain

y¥ (L) =he(f¥ (x™ (1), u¥(2))), i=1,..5, m (9)

and the compensator C solving the model matching problem is the
following:

ME1) =" (xM (), uM(?)), (10)
u(t)=eq(x(t), BYe (" (x" (1), u¥(1))), i=1, ..., m)=

=q(x(t), XM (1), u”(t)).
From (9) we can see that (x(¢), y¥(¢+e1), ..., y" (t+om)) belong to

Vs as long as (x(t), x™(t), u™(¢)) belong to some neighbourhood V; of
(xo, xMO' uMo)'

6. Internal behaviour of the closed-loop system

As in the continuous-time case [7-1°], the notion of the normal form
is helpful in understanding the internal behaviour of the closed-loop
system (1), (10). In a discrete-time system with delay orders g, ..., om,
because of the Lemma, one can choose h%(x), i=1, ..., m, k=1, ..., @i

as the new (partial) coordinates in the state space
;(x)=[h'l 673 T DA hll’n(x). Teoy B (%), L., Rem(x)]T

m

locally around x°. Moreover, this set can be completed with the functions
ni(x), ..., Na—p(x) such that

_O_[C]_
rank ot O =,

The system (1) in the new coordinates ({,n) becomes

Gt 1) = (),
'cpi.(i+'1)~'=;' (1),
G, (D=1 (0, u(t)>)|

x=x({,m)’
;m_ (t+1)—cm- (),
I ot % o2
i=] i=]
§u(t+l)—h"”‘(f(x(t) VT 1A

N+ =p(n (1), L), u (b)),
s=[t0. ¢, 0, ... b, Lol

or in the compact form
Et+1)=n((t), n(t), u(f)),
n(t+1) =y (1), T(1), u(t)), (11)
so=[um. 0. .t 0]

3 ptl
i=1
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Note that the original equilibrium point (x° «°) of the system (1) trans-
forms into the equilibrium. (Z° n° «°) of the system (11), where {*={(x°)
and n2=4{(x%,

Remark. Differently from continuous time linear analytic systems
[7] for the discrete-time case we cannot fulfil under reasonable assump-
tions such constraints for n(x) which imply the independence of the
dynamics of n from a control «.

Let the function q(x(¢), yj({4ei1), ..., y, ({+em)) (defined in Sec-

tion 4) be denoted in the new coordinates by ¢*(n (), £(f), y;({+e1), ...
.ov 4 (t+em)). From the structure of the equations (11), which are

said to be in the normal form, it can be immediately understood that the
system (1) has a reduced order right inverse (that is the right inverse
with minimal order dynamics) described by

N1 =ypMm (), t(), ¢* (), L), ¥ (t+e), ... ¥, (t+om))),
12
u(t) =" (n(1), T(t), 42 (t+ar), ..., 4%, (t+am)). (12)

Let us note that the fixed point of the right inverse system is (n° ¢’ 4°).

Definition 3. The reduced order right inverse system dynamics (12)
is said to be locally around the fixed point (v° C° y°) bounded state
stable if for any initial condition w(0) from some neighbourhood H of
n° and any output sequence {y*(t) Y° t=0} there exists K>0 such
that |In(t) | <K for all t=0.

The stability properties of this inverse system are exactly the ones
which characterize the internal behaviour of the closed-loop system (1),
(10). In order to understand this, consider the composite system

x(t+1)=f(x(t), u(t)),
M(E1) =M (xM (1), uM(1))
with the output
y(t)=h(x(1)),

and choose (&, m,x™) as the new coordinates around (0 x°), with
(¢, m) as before. This is indeed an admissible choice, because the asso-
ciated jacobian matrix is nonsingular. In the new coordinates the compos-
ite system becomes

E(t+1)==(C(?), n(t), u(t)),
n(t+1)=v(n (), (), u(t)),
M(t1) =M (x(t), u(t)).
The choice of «(f) as in (10), which in the new coordinates looks like
u(t)y=9"(n(t), £(t), R (" (xM(t), u"()))),

provides the description of the closed-loop system (1), (10) in the new
coordinates, namely

Ct+1) =n(E(t), n(?), 9" (1), n (1), WYe(f" (=M (F), u(1))))),
n(t+D)=pM(),8(0), ¢* (), n(t), Ko (" (xM(2), u(t))))),
M (1) =M (xM(t), uM(t)).

From the equations thus derived we see that the closed-loop system
dynamics consists of three subsystems:
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(i) the one described by the equation
Ct+1)=n((t), n(t), 9" (C(1), n(1), AP (¥ (¥ (2), u¥(2))))),
whose dynamics (except the first maxg; steps) is totally defined by the

outputs of the compensated system,
(ii) the one described by the equation

N+ =vpMm(), £@), ¢ (€(), n(@), ke (" (x"(F), u(E)))))

which represents the dynamics of the reduced order right inverse system,
driven by the outputs of the system and the model,

(iii) the one described by the equations
M (E1) =M (M (t), uM(t))
which represents the dynamics of the model.

Definition 4. The dynamics of the model (2) is said to be locally
around the fixed point (xM°, uM®) bounded state stable, if for any initial
condition xM(0) from some neighbourhood X™° of xM° and any input
sequence {uM(t) = U° =0} there exist L>0 such that |x"(t)ll<<L
for all t=0.

Since the internal response of the closed-loop system can be brought
to coincide with the second and third subsystems in at most maxg: steps,

and since the dynamics of the third subsystem can be made bounded by
the assumption, it is clear that the internal response of the closed-loop
system essentially depends on the properties of the reduced order
inverse system dynamics (12). In particular if the reduced order right
inverse system dynamics as well as the model are locally bounded state
stable, then the internal response of the closed-loop system (1), (10) is
bounded.
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Ulle KOTTA

DISKREETSETE MITTELINEAARSETE SUSTEEMIDE SOBITAMINE
DUNAAMILISE TAGASISIDEGA KASUTADES SUSTEEMI OLEKUT

Monede mittelineaarsete diskreetsete siisteemide alamklassi puhul on uuritud diinaa-
milise tagasiside kujul antud kompensaatori konstrueerimise iilesannet eesmirgiga
tagada suletud siisteemi ning etteantud mudelsiisteemi sisend—viljundkujutiste kokku-
langevus. On leitud iilesande lokaalne lahend juhtimisobjekti tasakaalupunkti {imbruses
lisaeeldusel, et siisteemi dekomponeeritavuse maatriks on tasakaalupunktis mittesingu-
laarne. Nimetatud paremalt pooratavate siisteemide alamklassi tarvis on iilesande lahen-
duvuse tarvilikud ja piisavad tingimused formuleeritud ldhtesiisteemi ja mudelsiisteemi
tdisarvuliste mittenegatiivsete struktuuriparameetrite, niinimetatud hilistumisjarkude
abil. Vaadeldav iilesanne on lahenduv siis ja ainult siis, kui mudelsiisteemi hilistumis-
jargud d:?‘ on vordsed ldhtesiisteemi vastavate hilistumisjirkudega d; voi neist suu-

remad: d?’?d; i=1, ..., p. Ulaltoodud tingimuste tdidetuse korral on tuletatud

kompensaatori vorrandid diinaamilise tagasiside kujul kasutades olekut. On ndidatud, et
parempoolse poordsiisteemi sisemine sta%iilsus méngib olulist rolli mittelineaarsete siis-
teemide sobitamise iilesande lahendamisel koos suletud siisteemi sisemise stabiilsuse
tagamisega.

fOa2e KOTTA

COTJIACOBAHHE HEJIMHEWHBIX CHCTEM JUCKPETHOro BPEMEHH
C NMOMOIIBKY OBPATHOW CBSI3H, JTWHAMHYECKOHN MO COCTOSAHHIO

Hsyyaercs 3ajaya mOCTPOEHHsI KOMIEHCAaTOpa B BHJAE JAHHAMHYeCKOii oOpaTHOIi CBSA3HM
N0 COCTOSIHHIO CHCTeMbl, 06ecneyHBaloOllero COBIAjeHHe BXOJA—BHIX0J OTOOpaxKeHHii 3aM-
KHYTOH W 3a/laHHOii CHCTeM JUJIS OJHOrO MOJKJAcca HeJHHEHHBIX CHCTEM JAHCKPETHOro Bpe-
menn. [lpeamnosiaraercsi JiokaJbHOe pelieHHe 3a/aYdH B OKPECTHOCTH TOYKH pPaBHOBECHS
o6bekTa ynpaBJieHHS, HMEIOUIero B TOYKE PABHOBECHSI HECHHTYJSPHYIO MAaTpHILy paclien#-
moctH. Jlast 3Toro mojkjaacca o6paTHMbIX CIpaBa CHCTeM HeOOXOAMMBIE H JOCTATOYHBIE
yCJOBHSI pa3pelHMoCcTH 3afadyH CGOPMYJHPOBAHBI B TEPMHHAX HEKHX IEJOYHCJIEHHBIX He-
OTPHILATEJbHBIX CTPYKTYPHBIX MapamMeTpoB, T. H. NOPAJAKOB 3ana3jibiBaHus, HCXOAHON M 3a-
J1aHHOM cHCTeM. A WMeHHO, paccMaTpHBaeMasi 3ajlaya HMeeT pellleHHe TOrjJa H TOJbKO TOraa,
KOrjla MOPSAKH 3anasfibiBanus d™  3a/1aHHOil CHCTEMBI PaBHBI HJH 6OJbllle COOTBETCTBYIO-

1

UIHX NOPSIIKOB 3amna3jbiBaHusi d; HCXO/AHOI CHCTEMBI: d:’;d;, i=1, ..., p. Ilpu BHNOJ-

HeHHH BbILIEYKA3aHHBIX YCJIOBHIl HaiiieHbl ypaBHEHHs KOMIEHCATOPa B BHJe JHHAMHYECKOii
10 COCTOSIHHIO 06paTHOi cBs3H. [lokaswiBaeTcsi, YTO BHYTPEHHSIsi YCTONUYHBOCTL  NPABOil
o6paTHOl CHCTEMBI MTpPAeT KJIOYEBYIO POJb TpPH pelleHHH 3alayd COrJacoBaHHs HeJHHeil-
HBIX CHCTEM C BHYTPEHHell yCTOHYHBOCTBIO.
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