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A THEOREM FOR METHODS WITH HIGH-ORDER CONVERGENCE

(Presented by N. Alumde)

A local convergence theorem is proved for some approximate methods

having a large order of convergence. From_this theorem, as special cases,
the convergence for approximate Newton’s methods, approximate methods
of tangent parabolas and tangent hyperbolas, etc. follow. The approach
adopted in this paper is the use of iterative methods to obtain approxi-
mations for the exact inverse operators or, for the approximate solution
of the corresponding linear equations. Certain conditions are established
for which the approximate methods preserve the convergence order in-

trinsic to these standard iterative methods.
For solving the equation

F(x)==o, (1)

where F is a differentiable (sufficiently often with respect to x) operator
from one Banach space E;, into another E;, we consider the iterative
methods of the type -

хьн==хь— @(хь, AL), ici=][l, ..., 7], k=o, 1,..., (2)

where Q(x, А') is an operator from E; into itself and Ai (i) are

some approximations to the inverses occurring in the exact method xp4l=

=x, — Q(xx, -) having the convergence order p—=2. Let the quanti-
ties yix characterize the accuracy of approximation and let c;, h; and oOw

be certain nonnegative constants except for ¢,>o. In particular, A

might be an approximation to the inverse [F’(x)]~ with [[[—F’ (xp)Awl| <
< yr, where I denotes the identity mapping. Taking Ar=[F (yr; xx)]”',
where F(yn; xi) is a first-order divided difference, and its basic elements xx

and y; satisfying the condition [lyr — xxl|<<Cyl||F(xz)|| and the symmetric
second-order divided difference F(yxr; хк; xx) being bounded, one can

take yr=Cal|F(xx)]|(Ci, Ca<<oo).
Now assume that the sequence (2) satisfies the condition

)ISX ®оъ РЕ (хо) 1Р-Н 3 сР () ,
=1 y==l j=p

: Aiv, biu>o; (A)

and the quantities yi, can be expressed in the form

Vi kl= (yir, |IF (xz)1l), (B)

where ¢ is a positive monotonically decreasing scalar function of its

arguments, or they vanish in the limit as k— oo according to some other
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rule, or yi<<yi<<l (=O, 1, ...), where y; can as well amount to zero.

Н the quantities vy, are defined by

Vi kit=@ (yin, Е() ) = (yin+hill F(x)]|)% with

vio+hollF(xo) << 1, hi>o _ . (C)

we shall introduce the sequences {b,} and {dx}.
Let s;=minb;, and /[;=mina;, be for all terms in (A) with w;,#o.

We define for a;jy+biy=p with ©=o and min gi=g=p

br=max {max ya'||F (xz) I} (3)

r 4 aiu+bi P o e НЕах == тах {max(l—i—hi)qb‘j{p, 2 2 Oib,
”

+2, Cibž р} (4)
i=l V=l =D

and for li<<p—s; and for g; sufficiently large such that q,-;p—(p—l:fl,
br=max{max yi/®=s), [[F(xx) ), Ve==max yi, (5)

dr=max {max (I+hi) 14/P—sdbt/(P—s9-P,

r N (p—s,)aiv+l,(biv——p)/l, n : :

> № оё + 3ewir}. (6)
i=l v=i

Generally speaking, the quantities ®;, and c; may depend on index

k but for the sake of simplicity it is dropped here:

In the case of yir=o we denote

n

dh=Cp‘+ 2 Сідд’:р.
j=p+l

If p=2, b>l and o<<ya<<l, we take

r т a; bi —1 n I
b= 3 S owy, NFE)I™ + 2 olF(x). (7)

I==l о==l j=p

Theoreem. Геё хо© Е,, S={x =Е, : |х — х <<о} апа let F(x) be

a differentiable operator f[ulfilling the condition (A) апа let the

inequality 5 : . о :

1Q(xx, AYISAIF(xa)ll, xS, k=l, 2, ..., i€], o<A<<oo, be

be valid in S.
Then 1) If p=2, minbi=b=l, y»<<yso, ri=AlF (x)ll/(1 —8) <0

i,V

6=o<<l (yo=Y) then the equation F(x)=o has a solution x* in S,

Ilx* — xo|| <<ry,to which the sequence (2) converges with

|хь— x*l[ Zri6*;|

if p=2 provided yiw=vii=...=vyi=...=o and yir—o as k— 00,

then 800 and the sequence (2) converges at least superlinearly, i.e.

ki

Ilxx— x*l|ri II 09 *;
т=o

| k-1

If k=o then [ 6; is referred {lO а5 1.
i=o
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2) if p=2 and the quantities vy, are expressed in the form (B) or

p 1 — p 1 —

ухк==o, ieceJ, k=0,1,...,õ= Уаово<< 1, fp=ÄHo(Ö)/ }’‹і<9‚
where limd=d;>o, '

koo

Н,(ё)= 3 or",
m=R

then the equation F(x)=o has a solution x* п , |х* — xll<rp, t0
which the sequence (2) converges and

lxx — ”Vd) Ha(0).

Proof. 1) Taking into account relations [xxyl—Xkl <<AUF(x)ll, 8=

=—=oo<l and (A), we obtain

* ki

IF (Xk+l) <6<,:>_,llF(xk-1) | << | PoF (xo) Il II Ö(il)š |PoF (x0) |6*,
i=l

` В: —

Ихаы. —ха < МАЕ (хо) | 7 ÕPF (x0) 1,
f==l

' m—l

m—lDxi — xill <ly (8% — &™) (m=k).
i=k

This means that the sequence (2) is fundamental and, consequently,

ki

x*=limxp, F(x*)=o, |xx—x*|Zri II ÕP <rõ*,
I==o

1, — xoll <rs (1 —O*)<<ri<<p, i.e. аП к, Е5.
In the case yx—0 as k— 00, obviously, д‹д›—›о as well and therefore the

sequence (2) converges at least (minb;,y,=b=l) superlinearly to a

i,V
solution of (1).

-

2) If relations (C) hold, and yix=0(llF(xx)ll), ог у:к==o, Юеп, оп

the basis of (3)—(7), one concludes that т the capacity of bx4y one can

take dkbg, where

C 1 1 1

brui=dbr<dAÜ drTD:) <...<di (8)

We shall show the correctness of this assertion for l;<<p —s;. Owing to

(P—öf)/li ` :
Yir« br it follows from (A) that

r (р-врауеР, n, | )IF (xr4lo) I<(Z У отовь +2) c;bi-P) br <dxbr (9)
i=i v=ti j=p

while (p—si)fil‘%+(b,-,,—p)>(p—si)+(si—p)_—_o by reason of

aiw=l; and bi,=si. .
Analogously ме have

Lip—s;) qli(p—s;) (р — 9И(р—в;)

Ур = (iethllF (x)ll) < (6, +hibr) =

qlip—s;) al(P—-B:)—2p
= (14-hi) by bzgdhbg. (10)
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From Ö=Öo(p)<l it follows that bl=dobop=dobop—ibo= Öp—lbošöboš bo
for p=2 and then also di<<do. Further we have by induction by=b,> ...

...z=bp=... =0 and dy=d,>= ... >d;. On the other hand the sequence
{dx} is bounded from below.

-

Indeed, because of the assumption ¢,>o we have Z Cjb)-P >Ccp>o.
j=p

Therefore there exists a limit d= lim dk. Combining (9) with (10)
1 1

o
1

—— — Р
——

yields br=—dib? <d 77 (dpb, )'<...<d 767 In a similar

way we may be convinced that (8) holds for li=p—s;.
Thus 3

1 i

lti—xell<A PÕ |lxn —xull<A P [Hr(9)— Hn(õ)] (n>k),

i.e. the sequence {x}is fundamental and therefore it has a limit point
x*= lim x;. Now it should not be hard to prove that

h >со .

1 1

F(x*)=o, к, —хаРН,(8), о — х*!=ла P~ Ho(9).

Corollary. Let v be a real number, 2<t<<p— 1. If a) ¢s=7l апа

aintbin=r, iel, v=l, ..., n; or b) Li<t—s; апа а‚—;і(—т:_зі)‚
then the order of the convergence the of iteration process (2) is at least

equal to .

Remark. Let the approximations to [F’(xx)]~! be defined by

Appr= ЧЁ (/
-

—F’(th)Ak)i. (11)

Then

Z— F (xp4l)Arll W— Р (хк) АНИ (хан) — Е (ха) |<=

<vyet+hlF (x)ll,

where A=L;% and [|[F”(x)||<L,. Accordingly,

|/ — Р (xpyl) Anil I— F (хын) Аа<< (ук-- АЙЕ () 1) 9= yr+l.
Let us demonstrate how this Theorem can be applied to some modifi-

cations of tangent parabolas and hyperbolas.
Consider a modification of tangent parabolas

ха == Хь — А,Ё(хд)——;—АдР” (Xk) (AkF (xz) )3, (12)

for which we have

F (Xp4l) =F (xr) +F’ (x1 (Xa4+l— Xn) +R=

=(I—F(xh)Ak)F(xk)——;— (1— F'(xx)Ar)F (xx) (ArF (xr) )?+R,

where R= 6[l [F”(xp4-t(Xn4l—%))— Е” (хв) ] (хынн— жн)?(1 — @.

Further,

1 1

- IF(o) DSVIF () 15L 2 IF() ||2+7L3\F (xx) 13,

where [F" (xx)|| <La
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Here p=3, s= min bv=l, and /= min av=l. In order to quarantee

the cubic convergenuce rate for (12) l;vith Ay defined by (11) the

inequality q>-££pT——S—)«=6 must be valid.

Using, in (12), the following approximation (discretization)

F” (x1 (AxF (xl))2=F"(x1 [xr — ArF (x1) — x> =~

x2[F(xx — ArF (x1) ) — Е (хь) — А1( (хв — ArF (x) ) — %) ],
one gets

xk+,=xh—AkF(xh)—AkF(yh), yk=xh—AhF(xk). (13)

In a similar way as before one obtains (cf. ['])

IF(xrl) ZY IF (xx) || +'£o2Yfa||F(xh) |2--сз||Р(хк) 13

In this case ay+by=p=3 (v=l, 2) and therefore 42>3 provides cubic

convergences for (11)—(12).
Let us consider now an inexact method of tangent hyperbolas

Xr+l=—Xp — VhAhF(xk), (14)

—1

where th[AhF(xh)—%AhF”(xh)AhF(xh)] and let Va and A,

satisfy the following conditions [[/ — UxVill<<ywx апа / — F" (xp) An <
<vya. Then (cf. [?]) -

|Р (хан) |< онунЙР (к) | +@l2ylF(xr) ”2+'(l)2lY2.k"F(xh) 124

+c;lF(xx) [l3, ` (15)

and, to assure the cubic convergence rate for (13), it is necessary that

gl=6 and 9223 provided И, is defined by

b
&

вн ==1 iš (1— UksiVa)

and A, by (11) with I=o, 1, ..., gs, respectively.
Remark 2. In the case of o<<yin<<yi<<l or yi=o(llF(xx)|l the

quantities y;x or their expressions may be included into the expression
of wiy and the convergence rate is then determined by the quantities b=

= min b;, and p (see also Corollary). If Ay=[F (2xr — Xp—l; Xr—l)! оГ

1,V

Ahzv(2yk—l—xk—l; xrl)]!o then va=O(llF(xrs)]* o and v=

=0(|F(xu—l)||IF (xp—2) Il ...IF(x0) Il), respectively [*!]. Thus the Theorem
is not directly applicable. If expressions of this type are valid for yx

then they may also be taken into account by determining the quantities
wiy but in this case the asymptotic convergence rate according to [3] 15

attainable for the iterative process (2).
Remark 3. Making use of approximations instead of the exact

inverses is, theoretically, equivalent to solving the corresponding linear

equations at each step within a certain tolerance, say nllF (xx)ll (nx>o).
Therefore the Theorem under consideration is applicable also in the case

when some iterative methods are exploited for obtaining solutions of the

subproblems. For example, on the basis of the Theorem it is evident that
in order to preserve the cubic convergence rate for the inexact method of

tangent parabolas one must have nx=0(FIl(xx)ll2). The sequence {пк}
is known as the forcing sequence.
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Otu VAARMANN .

TEOREEM KÕRGE KOONDUVUSJÄRGUGA ITERATSIOONIMEETODITE KOHTA

Mittelineaarse operaatorvõrrandi F(x)=o lahendamiseks Banachi ruumis on vaa-

deidud kiirelt koonduvaid iteratsioonimeetodeid, mille koonduvusjirk p=2. On tõesta-

tud koonduvusteoreem mitmel eri viisil tuletatavate iteratsioonimeetodite kohta ning
antud tingimused, mille tdidetuse korral vaadeldavad modifikatsioonid siilitavad neile

pohimeetoditele omase koonduvuskiirguse jargu. Teoreemis toodud tulemuste illustreeri-

miseks on kasitletud ldhemalt puutuvate paraboolide ja hiiperboolide modifikatsioone,
kus operaatorite F”(x), Q~'(x) ja [F’(x)]~' asemel on kasutatud nende aproksimat-
sioone. Vastavad lineaarvorrandid on igal iteratsioonisammul lahendatud mone iterat-
sioonimeetodi abil ligikaudu.

Ory BAAPMAHH

ОДНА TEOPEMA ДЛЯ МЕТОДОВ ВЫСОКОГО ПОРЯДКА
—

СКОРОСТИ СХОДИМОСТИ ;

Цель настоящей работы — исследование общих вычислительных схем итерацион-

ных методов высокого порядка скорости сходимости р2=2, являющихся, в частности,
аппроксимационными аналогами методов касательных парабол и гипербол, в которых

вместо производных и обратных операторов могут быть использованы их приближе-
ния или выражения, содержащие приближенные решения соответствующих уравнений.
Для получения их с заданной наперед точностью применяются некоторые итерацион-
ные процедуры. Определены условия, при выполнении которых эти модификации со-

храняют присущие основным методам порядки скорости сходимости.
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