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OUTPUT DISCRETE-TIME SYSTEMS: FORMAL
AND LOCAL SOLUTIONS

(Presented by U. Jaaksoo)

“ 1. Introduction

The model-matching problem (MMP) consists of designing a control-
ler to compensate a given plant so that the resulting controlled system
has a specified input-output behaviour. This problem has attracted a

great deal of interest during the last two decades. Most papers consider
linear systems, a number of results have also been obtained for continuous
time nonlinear systems either by tools of differential geometry [*+2], diffe-
rential algebra [?], by the so-called structure algorithm [%], or by
zeroing the output of the extended system, i. e. considering the model-

matching problem as the disturbance decoupling problem [%6]. Except
for the paper [?], all the results have been obtained for systems which

are linear in control, and are local in the sense that they are valid in

some neighbourhood of the initial point in the state space. The result by
Conte and others [?] is global (though a global representation of a com-

pensator may not exist) and, differently from other papers, the compen-
sator is not assumed to be causal. To the author’s knowledge, there are

no papers written on the topic of model matching of nonlinear discrete-
time systems.

This paper deals with the MMP for discrete-time nonlinear analytic
systems with single input and single output. Moreover, the considered

systems are assumed to be right invertible. The solution to MMP is obtai-
ned via the right inverse system. A similar approach is followed in [7-#] 10

related problems of input-output linearization and decoupling.
We shall adopt two — a formal and a local — viewpoints throughout

this paper. At first, the necessary and sufficient conditions for formal

solvability are given, and under these conditions the formal solution is

presented. Then, it will be shown when the formal solution can be used
for computing a local solution around a fixed (equilibrium) point.

2. Problem statement

Consider the nonlinear discrete-time system S described by equations

X(t+1)=x(O)+[(x(1), u(t)), x(o)=2,
(1)

y(t)=h(x(t)),

where the state x({)e R", the input u(f)= R, the output y({)=R,
f:R"—R and h:R"—R are analytic functions. We are assumed to

* Eesti Teaduste Akadeemia Kiiberneetika Instituut (Institute of Cybernetics, Estonian
Academy of Sciences). 200 108 Tallinn, Akadeemia tee, 21. Estonia,

https://doi.org/10.3176/phys.math.1991.2.04

https://doi.org/10.3176/phys.math.1991.2.04


90

work in a neighbourhood X°XU® of a fixed point, i.e. around such a

(x% u®), that f(x% u®)=o. For the initial point x* and the input sequence
u(t)=u’ t=o, there exists the constant output sequence y(¢{)=y'=
=h(xX). _

In addition, suppose a model M is given, described by the equations

z(t+l)=z(t)+g(2(t),v(1)), z(0) =2,
(2)

y*(t)=h*(z(t)),

where 2({)e R, v(t)eß, y* ()=R, дв:К+!— К апа h*:R'—->R are ana-

lytic functions. Again, the model is considered around a fixed point
(2%, v°). For 2° and v(f)=v? {=o, there exists the constant output
sequence y*(f) =y*=h*(29). c

The problem is to find a compensator C for the system S so that the

compensated system displays the same input-output behaviour as the
model M. The compensator C is assumed tobe described by equations

y(t+l) =y(t)+a(x(t),v(t),v(t)), v(0) =¥, | (3)
w(t)y=c(x(t),y(t),v(t)) |

in which y({)e R", a:R*t"t'-R" and c:R"*"*'—R are analytic func-
tions defined on a suitable open and dense subset of R**7*!. The compo-
sition S<C of (1) and (3) is clearly a new dynamical system with

the same structure as (1).
In the case of nonlinear systems, the input-output behaviour is usually

described by the Volterra series expansion. To be precise, the input-out-
put map of the system (1) associated with any initial state x°, with

u(t)e U° a neighbourhood of a fixed reference input «?, can be expanded
in a discrete-time Volterra series. With e(t)=u(t)—u«° т==o, 1, ...

o t—1, we have °

y(t) =wo(t; x°)+:§ iyB..

ti

+ 2 шь (ё 11, ...,T X)e(ti)... e(ta)+..
T=T =... =2T,=O

which is the Taylor expansion around «° of y(f{) considered, for any

given x°, аз а function of the variables «(0), ..., u(t—l) [°].
Let wM(t, @, ..., w; 2°) denote the k-th kernel of the model M and

w3°C(f, Ty, ..., w; Х, y°) the k-th kernel of the compensated system.
Now we are ready to present the precise problem statement..

Model-matching problem (MMP). Given the system S with its fixed

point (x?, «°), the model M with its fixed point (29, v?), find, if possible,
the neighbourhoods X of x° and Z of 2° an integer r, open subsets
Vc R, I' © R, a compensator C defined on XXXI'XV, a map F:XXZ—T
with the property that

WACLL, 1, -+--, ti X F(x,z))=wM(t, 71, ..., g &)

for all k=l and for all (x,2)= XXZ.
Note that following the linear MMP we do not reguire the 0-th order

kernels ws°¢ and w) to be the same.
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3. Preliminaries

This section is devoted to introducing briefly the tools used in the
sequel. The more detailed presentation of this material can be found in

[°]. Given a family of analytic functionso;:R"— R» denote the j-th
component of o; by о, апа identity function by /.

The iterated composition of ап analytic function A:R™ - R with
I4oi, i=l,

...,
k, he(l4on)°...> (I401 : R»" > R can be expressed as

he(l4on) ..o (I401 (x)=A.. oA, s
where

1 Qr 1 n o
: [ — —

...Ol ——————A, et Xя L, [d+2,! : E Do BТХ ...дж
ri Pl e =t i %

is the formal differential series associated with o; which acts on analytic
functions defined on R”; /; denotes the identity operator and |, evalua-
tion at x.

Let us consider now the system (1), the expansion of the function

f(x,u) in powers of u— u® around [(x, u°) =fo(x) gives ;

x(i+]) =x(t)—|—fo(x(t))+hš'lfh(x(t)) [u(t) — ],

where

4

sz-l_.___af(x'”)l YN
k ouk — luu

are analytic functions.
For a fixed initial state x* and input sequence {u(0),

...,
u(t—l)},

the output y at time instant 7 is given by the application 10 the output
function h the formal differential operator

Ay Ke
°° Ay fel(t—l)

i=o 17>0

evaluated at x°. '

Analogously, the model (2) can be presented in powers of @о —o°

around g(z,v°)=go(2):

z(t—|—l)=Cz(t)+go(z(t))+šlgk(z(t)) [v (2) — v]*,

and the output of the model y* at time ¢ for fixed 2° and {v(0), ...

...,
v(t—l)} is given by the application to the function A* the formal

differential operator ;

Ä
ž gzu'(o>°"'°A X Bu%t-1)

I=o I=o

evaluated at 2°. Here p(¢) =v () — o°.
Let us introduce the following differential operators

60=Af0, Öo'='Agov
l Ön Nn

6p=Afo®‘2WLfl .®...®ij ®..., р>l,

(4)
+

1 ®л, ®ль

бР_Аёо®2тЬЕ‚ ®;..®Lgk Ö..., p;l,
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where the summations are taken over all sets of nonnegative integers n;

such that the equation ny+2ns+4...+4knx+...=p holds. Using these

operators, we can write

A
> jrbo+õie+õ2e2+... дё

i >0

6% и*-|-=B;+oju-t+oju... +oB%
A

лкЫ “Y g

i=o

4. Right inverse system

The right invertibility means, roughly speaking the possibility of
realizing a given class of sequences as outputs of the system through the
choice of appropriate inputs.

Let us define Y° as the space of sequences {(f), {=o, which are suffi-

ciently close to ¢, i.e. Н6(7) —у° <<в Гог some >0 and all {=o.
Definition 1. The system (1) is said 10 be locally t,-delay right

invertible at the equilibrium point (x° u®) if there exists a fixed adjust-
ment time t, — depending only on the system — such that for all possible
time sequences C(t) in the space Y° there exists a control sequence u*(t),
t=o which yields

y(t, x u*(0), ...,
Ü (t))=0(b), tzt

An input «*(f) can be found using the delay right inverse system operat-
ing on {({). :

Definition 2. The order of delay d (referred to in the literature

also as relative order or characteristic number) of the system (1) is defi-
ned as the largest integer k, such that ['°]

6.° 081==o, Vszl.

Неге 6%!==бо°...°oо (k—l times).

Remark 1. t=d-+1 is the first instant of time at which the output
y(t) is affected by the input applied at time £=o.

Let us introduce the following notations

ai(x)=2oi°ooh|s, i=o;

—уTRIRT _ @(0 ] e )

an(¥) = 2 nlel... cola?(x) (_ a,(x)) (—W) 1

where the summation is taken over all sets of nonnegative integers c¢;
such that eo+2¢3+...+ (n—l)cp=n—l;

—к

(li+...+)!
VYr— 2TTflx+"+lr a'lll (x) ..^ aš.r (x) ,

where the summation is taken over all sets of nonnegative integers /; such

that li+2lz+
ee

+flr=f.
Theorem 1 [°]. Consider the system (1) around the eguilibrium

point (x*,u% for which the condition õih| »F0 holds in some open and

dense subset Х о Х°. Then, around u® the system has in X a (d+l)-
delay right inverse, which is defined by eguations
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x(t4l) =x(f)+fo(x(f))+é.7ivr(x(f))[y(f+d+l) —ao(x)]", — (sа)

e(?)= 'ёіа„ (%) [y(t4+d+l) —ao(x)|™. (sb)

In the sequel we will assume that the assumption of the theorem holds.

5. MMP solution via right inverse system

We look for the compensator such that the input-output behaviour of
the compensated system coincides with the input-output behaviour of
the model system (2). Let the input-output maps of the original system,

its inverse, the model and the compensator be denoted by S, S!, M and

€ respectively. Moreover, denote by z the one step forward shift opera-

tor: zy(t)=y(t+l). For (d+l)-delay right invertible systems S-S '=
=z74l []. Sg, the choice _

С= s—!.ген.Й
R

guarantees the desired goal. Thus, to obtain the required control law, we

must feed into the output equation of the right inverse system the appro-

priate shift of the output of the model system y*({4d-1), and then

express y*(t4d+l) by z(¢) and v(f).
Let us feed into the output equation of the right inverse system (sb)

the d+4l-step forward shift of the output of the model system (2):

B(f)=n2>7lotn(x) [y* (t4d+l) —ao(x)] (6)

Let us assume that the delay order d* of the model system is equal or

greater than that of the original system, i.e.

8%-oh*|,=o, Vr<d, Vs=l.

Introducing the notations

a*
{
(2) ==

— *
*

е 654°| i=o

and taking into account (6), we obtain from equations of model

yr(td+l) =ag(2(t))+ 2 a 7 (z(1) ) ue (7). (7)

The equations (6) and (7) show that probably the dynamic feedback

Z(f+l)=2(t)+go(2(f))‘-l—sggs(z(t))us(t), (8a)

e(t)= )ол (х(7) )[а(2(7)) — @о(х(7) )+ 3а;(2(7)) 15(5) ]" — (85)

gives the formal solution to the MMP. We shall formulate this result as

a Theorem.

Theorem 2. Consider the system (1) around the. equilibrium point

(x9 u®) for which the condition Bih|.s=o holds in some open and dense
subset X of X°. The ММР сап be formally solved by dynamic state feed-
back given by equations (8) if and only if the delay order of the model

system (2) is equal or greated than that of the original system.
The proof of Theorem 2 is given in the Appendix.
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Remark 2. In fact, the feedback control law (8) gives only a

formal solution to the MMP. The formulas (8) can be used for computing
a local solution around fixed point (x° и°) to the posed problem if and

only if y*< Y°. This implies that 3as(z(f))n*(f) belongs to a neigh-
s=o

bourhood of ao(x(f)) < Y. The reason lies in the following. The feedback
control law (8b) is a formal solution of the equation

Zar(x())ei()= Z as(z(t)) w (8). (9)

In case e(t)=o, >an(x(t))ei(t)=ao(x(t)) and therefore ao(x(?))
n=o .

belongs to the image of the function 3 a,(x(f))e’(¢). This implies ["]
n=o

that the solution of equation (9) can be computed by: (8b) locally around

(4, y°). Moreover, the series (8b) is absolutely and uniformly convergent
in a neighbourhood of («2, y°).

6. Conclusions :

In this paper we have tackled the problem of compensating a nonlinear

analytic discrete-time system around a fixed point in order to make its

input-output behaviour the same as the one of the prespecified nonlinear

analytic discrete-time model around prespecified fixed point. The consi-

dered system is assumed to be at the fixed point formally (d+l)-delay
right invertible.

For this subclass of systems the posed problem is formally solvable

by dynamic state feedback if and only if the order of delay of the model
is equal or greater than that of the original system. The formal solution

camnot always be used for computing a local solution around fixed point

(х°, и°). For such a possibility one should, in addition, require that the

constant outputs у° and y*, corresponding to the fixed points (x%, и°) and

(2°, v?), are sufficiently close to each other. When particular examples are

considered, it is often possible to solve the problem in a global sense.

It turns out that the concept of right inverse plays a central role in

the solution of this problem. In fact, the required feedback law can be

given by the output equation of delay right inverse system if we feed

into it as inputs (d-+1)-step forward shift of outputs of the prespecified
model coupled with the equations of the model.

For the simplicity only single-input single-output systems are consi-

dered, but the results are easily generalizable to a multivariable case,

provided we consider formally (di+l, ...,
dp+l)-delay right invertible

systems.
The result obtained in this paper is weaker than the result for conti-

nuous time system [!:2. *6] п several sense. Firstly, for continuous time

system, each input-output behaviour of the model is reproduced from any

initial state of the process (provided that the compensator is set in a

suitable initial state). For discrete-time system, only such behaviour of

the model can be reproduced from fixed initial state of the system for

which the model outputs remain sufficiently close to the system output.
The difference comes from the fact that in a discrete-time case we consi-

der the systems nonlinear in control. The same restrictions will appear
for continuous time systems, if we consider systems nonlinear in control.

Secondly, in discrete-time case we are required to work around a fixed

point. For continuous time system there is no need to consider systems
only around the equilibrium point.
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Appendix: Proof of Theorem 2.

The closed-loop system (1), (8) is also the analytic system

ž(t+l)=?v'(t)+f'o(sf(t))+šlfi(ž(t))ui(t), (10)

y(t)=h(x(t)),
where

zT(t)=[xT7(t), 2" ()],

fo(ž) = [fO(xH- 'šifi (x)ai(x, Z)]Eo(z2) ,

Bi(x, 2)
&) ==1 (х),гце= [Е на—н

a(x,2) = Xan(x)[as(2) —ao(x)]",

В: (, 2)=]_>2lіі(х)ёі(і);
g;j(i) is computed recursively:

cj(i)=šcj-i<i—k)ci<k), @(г) =ль — 20,

1— 5 an(%) 3 Chyea(2) [—ao(x)]H;
n=l R=o .

vix is computed recursively

Yt,r—“'———‘lЁ

we=la @], - —
n Rl (n—k)!

Let us introduce the differential operators Бр‚ p=o associated with the

closed-loop system (10) analogously to operators (4). The Volterra ker-

nels of the closed-loop system can be expressed. in terms of these ope-
rators

SoC - .

OVV —
AA

oAti ojo ”

А ой

|wBl (41, 1, .=, Та; #) ==бр одl е б Iебе7..°д1 о6Й| ~ k=l

The Volterra kernels of the model (2) can be expressed analogously -via
the operators 6;, p=o:

wM(t+l, 1, + g ) =BOO ÕPÕtÕi

...°Ö:oõzt—'[kh*lzo, k;l„

For compact expression of the kernels, the following notations have been

used (here 6! has not been defined and carries no meaning)

0, <0 tep i ogt o...oé;‘obir=6r,
* *— * *— *— * *

(ll)
611060 l°õi2°õoi°.„°Öo 1061',:67'"
Г>2‚ іl= .`..=іт=l.

(Sufficiency). Let us first observe that

doh=3 B;ai-A.öoh——šo
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If d>o, then oi=doh. Similarly

Öž%=Öšh, K Ö%%:Ögh,
but

dbHTy= by «8= 00+1h+ 3] aid; s õik=
i=l

=6((l)+lh—|—a’; (Z) — ao(x) =а’('; (z) =6;d+lh*

because the formal series a= 3]ax(x)[a} (2) —ao(x)]" is the inverse of

. k=l

the formal series 2/ õi õihe! with respect to substitution of one series

I>l N :
-

into another, and ao(x)=o6¢+'h. Furthermore, as 6006;d+"h*=6;°6’5d+kh"
it is not difficult to show that the equality sg+h72=6;d+"h* yields sg+k“h=
= анн | |
Therefore

jatoflh, if t<<d—l
1417 —6 h

lfi;‘“h*, if t>d—l.

Next, we shall show that

бье ё в==&* оаИ o (12)

Actually, if £<<d, then sh°s‘oE=sk-° 6toh=o because of the definition d.

If t>d, then for every k=l

6h°6‘ofi=6k°63‘h*=6: °6’;th*.
И t=d, then

a — : „ * » о)б —

=m (ai+2a2a+3aso2+ . ..) =ma’ (a) =

== аа' (а) —@)а’ (а) —= 01= ©' o, h*

because of the equalities

m=aje’(a}—a) and а’(а* —а)а’() =1;

®(( +2aL+36L,+..)+ —
~ =

S

oödh= [Л22 Öia | fl
,

b) 6. 64%==д»
0

i=o

L +.--]°s‘3h=
®°

2L +6al —|—4aLf‘® ;

%ZdiO(LY 4L, +6al,Т ®
=mo’(a) +n2a” (o) = [aša'+ (a})%a”]a’ (a)+

5(@)’ (2} — a0) %" () = (a*)[2"a" (0) +

+(@'(а} — а)) 2а (о) ] +-а; [о’о’(о)] — а;—
== Ö; ° 6’:)‘l’l*,

еёс.
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Now, consider the k-th order kernel (k arbitrary) ws°C({+l, 7,
...

...,
t; &) of the closed-loop system (10). If ww=mkl=...=Tr—r>

>tp—rl, r=o, then by (11) and (12)

wS°C (t+l, Iy, ..., Tk; #) == 61° бо 0г 01

SRкрй *
*-Т

...°Öo °Ör+l°õo h*=

*т‘
*

*tz—tl_i
*

*Tk-r—‘tk—r-i_i
=0 ° 6 °бо об е.

..
°ОO ‹

*l-т
°бт.+l°6o h*=w,£l(t+l) Tiy <+« Thy zo)

(Necessity.) Suppose that the feedback (8) guarantees formal solution

of the MMP. In that case the kernels of the closed-loop system (10) and
the model (2) must be equal, i.e. for every &2>l, (2=тьс=... > lu=o

*l,
*

*1,—7,—1
% *

*—,
бо °6l°бо °81°...°01°60 h*|r=

AW > -t - „- -Т
== бо °ol°Õö °Ol °. .°64°бо hl;„.

This implies

0o M =O, 8t =O, s=>l, OО!а— 1
which means that the delay order of the model is equal to or greater
than the delay order of the system.
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Ulle KOTTA

MITTELINEAARSETE DISKREETSETE UHE SISENDI JA UHE

VALJUNDIGA SUSTEEMIDE KOOSKOLASTAMISE ULESANDE

FORMAALNE JA LOKAALNE LAHENDAMINE

Teatud mittelineaarsete diskreetsete siisteemide alamklassi puhul on uuritud diinaa-
milise tagasiside kujul antud kompensaatori konstrueerimise iilesannet eesmargiga tagada
suletud siisteemi ja etteantud mudelsiisteemi sisend-valjundkujutiste kokkulangemine.
Vaadeldavatel siisteemidel on iiks sisend ja iiks védljund ning nad on paremalt рббга{а-
vad. Ulesande lahenduvuseks tarvilikud ja piisavad tingimused on formuleeritud ldhte-
siisteemi ja mudelsiisteemi teatud tdisarvuliste struktuuriparameetrite, niinimetatud hilis-
tumisjarkude abil. Vaadeldav iilesanne on lahenduv siis ja ainult siis, kui mudelsiisteemi

hilistumisjirk @М оп убгапе ldhtesiisteemi hilistumisjarguga d või sellest suurem:

d™ >d. Kompensaatori formaalsed vorrandid оп saadud parempoolse poordsiisteemi
valjundvorranditest, kui siisteemi sisendiks on vOetud mudelsiisteemi véljund (d+l)-
sammulise nihkega ettepoole. On ndidatud, millal on v6imalik kasutada seda formaalset

lahendit lokaalse lahendi arvutamiseks siisteemi tasakaaluoleku {imbruses.

Юлле KOTTA

ФОРМАЛЬНОЕ И ЛОКАЛЬНОЕ РЕШЕНИЯ ЗАДАЧИ СОГЛАСОВАНИЯ

t НЕЛИНЕЙНЫХ СИСТЕМ ДИСКРЕТНОГО ВРЕМЕНИ С ОДНИМ
ВХОДОМ H BbIXOAOM

Изучается задача построения компенсатора в виде динамической обратной связи

по состоянию системы, обеспечивающего совпадение вход-—-выход отображений замк-

нутой и заданной систем для одного подкласса нелинейных систем, дискретного времени.
Рассматриваемые системы имеют одни вход и один выход и являются обратимыми
справа. Необходимые и достаточные условия разрешимости задачи сформулированы
в терминах неких целочисленных — структурных параметров, т. н. порядков — запаз-

дывания исходной и заданной систем. А именно, рассматриваемая задача имеет реше-

ние тогда и только тогда, когда порядок запаздывания @М заданной системы равен

или больше порядка запаздывания @ исходной системы: dM >d. Формальные урав-

нения компенсатора определяются выходным уравнением правой обратной системы,
если подставить в качестве входа в это уравнение выход заданной системы со сдви-

гом @а+-1 шагов вперед. Выясняется, когда можно пользоваться этим формальным
решением для вычисления локального решения в окрестности точки равновесия сис-

темы. `
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