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EVOLUTES OF HIGHER ORDER FOR A SUBMANIFOLD Mm IN En

(Presented by G. Vainikko)

Introduction. Let M™ be a smooth submanifold in a Euclidean space
Er with tangent bundle TM™ and normal bundle T+M™. The fibres о!
these bundles at a point x& M™ are, respectively, the tangent space
T:Mm™ and the normal space T:Mm™ as vector spaces. Correspondingly,
the tangential m-plane [x,T,M™] and the normal (n—m)-plane
[x, T:M™] are defined at x = M™.

The evolutes, more exactly — the polar submanifolds (in the sense of
the Definition 1 of this paper) of higher order of a submanifold M™ in
En are investigated by В. Mullari [!], who specified the necessary and

suf(fiicient conditions for the existence of the sequence of polar submani-
folds -

60 - & @ 5... 5 6% -..

of higher order. Here every 6™ consists of plane generatrices S® as

characteristics of order 2 of the family {[x, T:M™]|x& M™}. The posi-
tion of every plane S® in E™ is also described. Precisely, it is shown

that the osculating space [x, OMM™] of order & апа the plane generatrix

50® оЁ 6™ at the point x & M™ are orthogonal to each other and the inter-

section [x, OMMm] NS™ is the point. Here the vector space OWM™ о!

the osculating plane [x, O®M™] of order A is defined as follows:

OMMm=T.Mm@ span {h(X,Y), Vz,h(X,Y), ..., Vz,,... Vz,h(X, )},

where 4 is the second fundamental form [2] of M™ and Vh,
...,

V... Vh
are the covariant differentials of 2 with respect to the van der Waerden-
Bortolotti connection by arbitrary vectors X, VY, Zy, ...,Zyo=Т„М”.
There exists the last osculating plane [x, O"Mm™], which coincides

with Ет. _
J. A. Shouten and D. J. Struik [?] define the evolute of order A for a

given line M! in E" as the line M"' in E®, whose osculating plane of
order A—l at the arbitrary point ye M! lies in a normal plane
[x, TlM!] and intersects the given line M! at the point x & М!. The next

definition gives a generalization of this concept.
Definition 1. The submanifold 6YW in E™ is called the evolute of

order A for a submanifold M™ in E", if there exists a submersion g:
M— Mm™ such that the osculating plane [y, O(UÄ—”GW] of order k—l

at the arbitrary point y = 6% Цев in [x, T:M"], where x=q(y), and it

intersects the submanifold M™ at the point x & M™. |
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The existence of the submersion g needs that @т 60 т.
In the special case, when the osculating plane [y, 0(3—“6(“] of order

A—l coincides with the normal plane [x, T:Mm™], the evolute 6™ is the

polar submanifold of order A of the submanifold Mm™.
For a line M! in E» (nZ=3) it is known that the straight lines, tan-

gent ю the evolute ! of first order and therefore normal to M!, gene-
rate a tangentially degenerated surface (a torse) and thus the field of
their unit direction vectors is parallel, in the normal connection of M!.
The evolute M! is the envelope of the family of generatrices of this sur-

face. Its point, corresponding to x & M*, lies in S® for M! at x.

The aim of this paper is to generalize these facts to the case of the
evolute of higher order for a submanifold M™ in E». Hence it is necessary
to introduce the next generalized concepts of higher order: parallelism of
a normal r-field in normal connection, osculating degeneration and

envelopment. They are given below by Definitions 2,3, 4. In § 5 the con-

cept of the generally located normal г-рlапе [х, М" (х) ] for a fixed higher
order in [x,7tM™] is introduced. Finally, in §6, the main Theorem is

given which connects these generalizations and presents three criteria of
the existence of the evolute of higher order for a general submanifold
Mm™ in E. The results of this paper for a special case of Cartan normally
flat submanifolds M™ in E», are announced in [%].

1. Preliminaries. If a submanifold M™ in E™ is given, the orthonor-
mal frame bundle O (E™) can be reduced to O (M™; E™); here {x, Xi, Xo} €

е О (М"; Е") implies

Xie T,Mm, Х„„ЕТіМт; I==1,..., M; a=m+l,..., П.

Identifying the point x& M™ with its radius vector, we have

dx=X;o!, dXJ=XKmf, (of(+0)š(=0, (1.1)

where I, J, K=l, ..., n, and the following differential system is satis-

fied:

* ==0.

Therefore from structure equations (i.e. integrability conditions of (1.1))

du)'=mK/\w;(, d(off=mf/\w’;

it follows, due to the Cartan lemma, that

w%=ho, @l h =h%.,
? 1) 1) И

Denoting hix=h*X, ме get from (1.1)

dXi=Xjol +hio". (1.2)

Here the vectors hy=h") form at x &M™ the first principal normal vec-

tor space NM™. Now, applying exterior differentiation and the same

lemma for (1.2) we obtain

dhik — hjh(l)š — hij(x)žz +XjE (hihhjz — hilhjk) wl=

k<i

—Ро!== (h©®) L h®) L h(2) ) !hino'= (h(ikl+hikl+hikl)m ,

where A is decomposed so that the summands are mutually orthogonal
and hQe T.M™, h) e NOM™. The vector space N®Mm spanned by
the vectors h® is the second principal normal vector space at x =M™,
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The last formula may be expressed differently in the following way —

dhin=hiro}+hijo}+ (RO+hD+h% ) o, (1.3)

where by h(?z)u is denoted h<i°,:l—X,-;Z (hishji— hihja).
k<l

Analogous differential prolongation procedure proceeds to the follow-

ing result —

d (h(?):l+h(illšl+h(š:l) = hjuo! +hijlo)-; +hikjo){ +

+ (h(?šhl+%(iiy?hl+h(?g)'kl+h(žy?kz)'ml' (1.4)

where h(?šszTme' h(ii]?hleN(;)M'", h(?j)MEN;Z)Mm and the vectors

h(š)hl, orthogonal to the preceding vectors, form the third principal

normal-vector space NOM™ at x = M™.

In general we may write
:

(0) (A—l) X

d(hil'"ix+ l +hil'"ix) = Ehil...i“_l ”u+lmihmli +
n=l й

(0) (A—2) (A—l) A) i -
+ (hil"'ih+l+ .. +Йі\"'іх+l +hil"'ix+l +hil'"ik+l ) ® к, (1.5)

it can be verified by induction. Here the vectors h;?.)..,-m span the prin-

cipal normal vector space N®M™ of the order A. The osculating vector

space O®M™ of the order A can be presented in the following way —

О(;>Мт=ТхМт Ф ЛОМ" ®
...

® МОМ.

In (1.3)—(1.5) the upper index in round brackets denotes which order
of the principal normal space the vectors belong to.

This differential prolongation procedure terminates if for some value

r=p+l we get h»t) =O. Such a p exists because E™ has a finite
° 4р

dimension n=m+m+...-+mp, where @т МОМ" 15 denoted by ma

(=l,
..., p). This quantity p is called the order of curvature of the

submanifold M™ in E». In general, when all vectors A, h(,zk)l, e,
AP

* р

are linearly independent, every principal normal space has the possible

maximum dimension m;„=—(Ä—+lT)—'m(m+l) ... (M+2), (except, perhaps,

the last one).
j

|
Remark 1. The linear system of eguations of the plane generatrix

SW of the polar submanifold &®), deduced in [°], can be presented in

the following way —

8, —h_ . -(y—x)=o,
1 %1

h G-)=o% |17273

д®-Э[А. .. - (у — х)] ==o
ч %1213

да [hili,‘,is *(у— х)]==o,

where dot - means the scalar product and for all values of A=>2 we have

denoted `
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(A—2) A—2
ÕiA.—H [hili,_,ia.(y—x)]=hil"'il+l.(y—x) —(

1
)hil"'i).'xikfl

A—2 A—2

—< 9 )hi'l'"ik—l.hihil+l—' ” (Ä—3)hil"'i4 'his"'ih+l—-

| —Ь‘іlі2із.пі4…ід+l'

2. Normal fields, parallel in the normal connection. Let Z be a

smooth section of the normal bundle T+Mm™. This section is called the

noEnal vector field on the M™, parallel in the normal connection of Mm

if VZ=O [*]. '
Analogously is defined the parallelism of a r-field N"M” of normal

r-directions N 7 (x), x & M™, where N'M™ is obtained as a section of the

Grassmann bundle of all the possible normal vector spaces N7(x) at the

points x & Mm, A field N"M™ is called parallel in the normal connection

of Mm if for every vector field Z on M™ with Z,& N7(x) we have

(VZ). =N(x) [°].
We can describe the parallelism of the r-field analytically as follows.

4

Let us give the orthogonal decomposition TiMm=NT(x)€BN"‘m—"(x)
and the corresponding frame {l, ..., & Ergt, .., En—m} i€

X

taecN"'(x); cN mr(x); a=11,..:, ; ü=r+l],..., I—m.

Then we have

dž, = gbflg +Xh9’:l +§vflz ,

dgu="opo°+XhO"u-nge'j‘, (2.1)

ах ;== ;I‚6;’ +Хдo)’; +šv9';

It is obvious that (VZ).e Nr(x) for arbitrany Z=24¢, iff

62 =O. (2.2)

| l

It is not complicated to check up that both fields N"M” and N"”-rM"

are parallel or not parallel in the normal connection of M™ simultaneo-

usly.
A generalization of this concept to the higher order can be presented

in the following way —

Let us give an orthogonal decomposition

№(х) = № ®.. : ФМ®Ф @ N *(x) (2.3)

at every point x & Mm. So the supplement field N™={N"*(x) |x&Mm™}
is determined by the field N'Mm,

Definition 2. A field N*Mm given by (2.3) is called parallel of

order A in the normal connection of M™ if for every vector field Z on M™

with ZxENr*(x) we have

а2 е МОМ" ® №*(х)

at every x = Mm.

Obviously, by A=o we get the above-mentioned concept of the paralle-
lism of the field N*M™,

Next we shall describe this concept analytically. For this purpose we

use the frame {Co}={Ca,, ..., а,› La,,,} adapted to (2.3), i.e.
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Lo, & NOM™, ..., Loy & NOM™, Ly, ЕМО

From (2.1), we get
b b

d§ah+l =šb„+,9a:„f: +šbl.9°:„+l+ š”eann ,

d —

bh+l bx bk—l
;ад _СЬА‚_НО“;_ +ёьд_еад_ +ёьд__l6o^ ,

@а, =б6, % +OOO 4+X.Oа,
— Gb, а, b Ya, + heal, (24)

аХ, =б,, 0/;' +ka’§, |

diu =Us,,00" 50 5

here is considered that 64=0 if p=A+2.
Now, the next lemma is valid:

Lemma 1. A normal field N™Mm given in (2.3) on M™ in E", is

parallel of order ) in the normal connection of M™ iff

е==o. (2.5)

This result we obtain directly from the expression of the differential

of the arbitrary Z=Z°*+'ša„l:

dZ=2"+o;,&, (mod N *(x)).

3. Osculatingly degenerated submanifolds. Let M™*" be a submanifold

compiled from normal to M™ r-planes [x, N"(x)] in all points x =Mm,
This M™+" is called tangentially degenerated of rank m if its tangent
plane [y, T,M™+r] is the same for all points y of a fixed generatrix
[x, N"(x)] T7].

Identifying the point y & M™*r with its radius vector we have (2.1)
and

dy="o.o"4Xro"+4E.o%, (3.1)
where now

9“=O.

So as in §1 we get

9а— паВА @*

6% =hak9 ‘+hhz 6',

where h*, h% are symmetric with respect to lower indices. Now it

follows that Mm+*r is tangentially degenerated iif

йм,== йч =O. (3.3)

If we compare (2.2) with (3.2) and (3.3), we get the following result

(see [%]).
A submanifold Mmtr={y|ye [x,N"(x)],x= Mm} is tangentially

degenerated iff the field N°M™= {N7(x) | x = M™} is parallel in the nor-

mal connection of Mm, |
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The concept of tangentially degenerated submanifold can be generali-
zated in the following way —

Definition 3. Let M"={y|yes R°(x), x& M™} be a submani-
fold, where R°(x) is a o-dimensional plane in [x, TMm], perhaps not

going through the point x = M™. We say that such M™* is osculatingly
degenerated of rank m and order A,=o iJ ‘

1) its osculating plane [y, O(yl_)Mmfl)] of order A is the same f[or all

points y < R°(x) and for arbitrary fixed x = M™;
2) by >0 the osculating plane [y, O(;——“MWLP] of order —1 lies in

the normal plane [x, T*M™] at the point x, where y & R°(x).
Note that if A=o, we have the concept of tangentially degenerated

submanifold Mm+,
.

In the following ме пеей an analytical criterion for the property of
Mmte to be osculatingly degenerated for the special case when the

linear space of Rf(x) is the space N'*(x) given by (2.3). Then 0=7,,
r . ` m-+r

N L(x) — span‘{gam}, {;“›_н’ ё“›.} е TUM Ä; {Cah+l’ ga“ š“x—l) &

e OOM™™; | (L r la Xa} & OOM™TS, From: (3.1) it

follows that

dy=La,,0 "'+oa,o"+ ... 40,0 ' +XrO*4EuOY,

where o*=ot=o=...=0*'=o. Now applying exterior differentia-
tion and structure equations we obtain :

o batl9“A+l'—h‘lx+lb;.+l9 , ‚

и — йч AL6 —А @, (3.4)

eh ‘=hk eb, ga =hcl eb,
.

9 l— hc A-leb,_
а щЬ. ,

@а 02ь2 , s

ak azbk
,

where all coefficients on the right sides are symmetric with respect to

lower indices.

Now by the displacement of a point yе М" along a fixed ra-plane

R™(x), i.e. by dy="%a,,o™+(mod 8", it follows from (2.4), due to the

(3.4), that M™" s osculatingly degenerated submanifold of order A iff

h:}.+l byt==o. (3.5)

We get the following:

Proposition 1. The submanifold Mm+r*={y|yeßr"(x), X e Mm},
where the linear space of R™(x) is N™(x) given by (2.3) for a submani-

fold M™ in E", is osculatingly degenerated of rank m and order ) iff the

field N*Mm={N"*(x)|x<М"} is parallel of order ) in the normal

connection of M™.
In fact, (3.5) is equivalent to (2.5).

4. Envelopes of higher order. Let 6™t be a total space of the cano-

nical bundle & (M™, N'M™) where N'Mm™ is a subbundle of T-M™. Then

ém+r consists of pairs (x,y), where x& M™ and y = [x, N"(x)], and it is

a (m+r)-dimensional smooth manifold. We have the bundle projection
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р: 6т‚+г___› Мт
.

,
(х, у) m x

and a smooth map

л: 6+— En (х, у) —y.

Ап итасе л(6”+') consists of the points of normal to M™ r-planes
which generate the m-parametrical family {[x, N"(x)]|xe M™}. A set of
the singular points of the map a (i.e. of the focal points; see [?]) is

called in ['*] the criminant, and the image of this criminant is called the
discriminant.

The discriminant of = is called an епуеюре о{ the family
{[х, М'(х) х @ М"} (see [°]) ii

1) the image of the criminant of m by p is an open set in M™;
2) for every point (x,y) of the criminant there exists a neighbourhood

U(x, in the criminant, s> that the plane [x, N"(x)] in E™ is tangent plane
{0 д(0 к) а! е рош? л(х, у) —у.

The next definition gives a generalization of this concept.
Definition 4. A submanifold V in E"™ is called the envelope of

order . of the m-parametrical family {[x, N"(x)]|xsM™} of r-planes,
normal to M™ if for arbitrary point y < V there exists a plane [x, N"(x)]
which is an osculating plane of order № — 1 for the Vat this point y V.

By A=l we get the envelope in the sense of [*?].
From definitions 1 and 4 we get immediately the following:
Remark 2. Every submanifold V in E™ appears to be ап envelope

of order A of the family of its osculating planes of order A— 1. If these

planes are normal to a given M™, then V is an evolute of order A for
this M™, i.e. every evolute of order A appears to be an envelope of the
same order of the family of its tangent planes.

5. Generally located normal planes. For a line M! in E3 it is known
that not by any mutual position of the normal straight line [x, Z] and

polar straight line SOM! in normal plane [x,T:iM!] there exists an

envelope of the family {[x, Z]|x=M!}. Analogously for a M™ in E™" it is

necessary to investigate what kind of mutual positions of r-plane
[х, М'(х)] and plane generatrices SOMm, ..., S®M™ of polar sub-

manifolds in [x, TXM™] are admitted for the existence of the evolutes of

higher order. N
Definition 5. An r-plane [x, N"(x)] normal to a submanijold M"

in E", 15 said to be generally located of order X in [x, T+M"] ifj it has

with every one of plane generatrices SV, ..., 5% a non-empty inter-

section of minimal possible dimension and empty intersectionswith all
other planes SV, ..., S®=Y where p is the order of curvature of Mm

in £.
The next proposition gives the necessary and sufficient conditions for

finding out whether the plane [x, N"(x)] is generally located in [x, TiMm]
or not. |

Proposition 2. Let all the principal normal spaces of higher order

of a submanifold M™ in Е" have maximal possible dimensions at a point
х ©Е М" Ал r-plane [x, N(x)] normal to M™, is generally located of order

o in [x, TLM™] iff

m+ ...+тм<г<тl+ .. +тм+l
and

Nn-m-r(x) NAND G.. ON) = (o},

where my=dim N(Q)M'", (see§ 1).
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Proof. Let ho=l. Due to (1.6), the linear system which determines

the intersection 50 [ [x, N"(x)] is

бе—— й° (И — х) ==o,

5.° (у — х) ==o, (5.1)
where we have used the frame {, E.} introduced in §2. If the vectors

h,. are linearly independent апа [х, М'(х)] 15 generally located of order
112

l N |
1, then the system (5.1) consists of ——2—m(m+l)g+(n—m—r) linearly

independent equations with n—m unknowns y™*, ..., y". Thus the

l .
(n— m)-dimensional TM™ contains v—2-m(m+l)+(n—m<— r) linearly

independent vectors h,, and Ev, where the first ones span N(;)Mm and
122

1 1

the second ones span Nn—m(x). Therefore Nn—m=(x)NOMm= {o}

and .—;—m(my—l— 1)+ (n—m—r) < n—m, which implies my =

=.—š-m(m+l)<r.
Now, the condition [x, N"(x)] NS9=B yields r<mi+m». ;

L

Conversely, i mi<r<mi+m, and N*"7T(x) nNg>Mm=(o), then the

plane [x,N"(x)] has with S® a non-empty intersection of minimal

possible dimension and [x, N"(x)] NS@=¢, i.e. [x,N"(x)] is generally
located of order 1.

Obviously, this scheme can be used also to prove the proposition in
the general case Ay>l.

6. Evolutes of higher order. The next Proposition shows us the way
for finding an envelope of the family of r-planes normal to M™.

Proposition 3. Let all principal normal spaces of higher order of
a submanifold M™ in E™ have maximal possible dimensions. Let

{[x, N"(x)] |x= M™} be the family of r-planes [x, N"(x)] normal to M™

апа generally located of order ). This family {[x, N"(x)]|x = M™} has

an envelope

{y|y= [x,N"(x)] N S&+, x = Mm}

of order p+l (o<<p<<ho) iff the field N "={N™(x)|x= Mm} (where

N""(x) is the vector space of the r,-plane SWN [x, N"(x)]) is parallel of
order n in the normal connection of M™.

Proof. Let u=o. A point y lies on the r-plane [x, N 7 (x)] 1Н

X+ (y—x)=O,

ви* (у — х) —O, . (6.1)

апа is the point of the envelope W®, the tangent (i.e. osculating of
order 0) plane of which coincides with [x, N(x)] iff by arbitrary dx =

e T.Mm™ we have

dy-Xpr=o, dy-E,=o. (6.2)

By exterior differentiation we get from (6.1), due to (1.2), (2.1) and

(6.2),
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[6—h, , - (y—x)]oh=o,

е‹;ёа. (y— x) =O9

where the last group of conditions is satisfied iff 62=0 (see (2.2)).
Consequently, we obtain that S [x,N"(x)] is a plane generatrix of

W® iff the fietd N"M™ of vector spaces N7(x) is parallel п the normal

connection of M™.
In general, when o<<p<CTho, the proof is analogous. Let us suppose

that the linear system

õi —

1 hiliz ° (у_х)=o’

hi|i2ia ] (y — x) =O’

002
1 [hili;ia. (y—x)]::o’

. . . . . » . .

6'3)

(4—)

.

|

Õiu.-H [hin'g'ia * (y R х)] =0

Е„* (у — x) =0

(see (1.6) by A=p) determines the ry-plane SW( [x,N"(x)] as the

generatrix of the envelope W® of order n of the family {[x,N"(x)]|xe
e Mm}. A point y= SW( [x, N"(x)] is the point of the envelope W+

of this family iff, by arbitrary dx & T,M™, we have

dy-X,=o, dy-h,=O,..., dy-hi.i=O, dy-E.=o. — (6.4)

By exterior differentiation, we conclude from (6.3) by теапз оЁ (1.5),
(2.4) and (6.4) that ‘ .

õi —2/, (4—x)=o,

hi|i2i3 ` (y — x) =O,

-Õ(ž—a)[hiuizia ' (и—#)]0

др…—щ.......
е;гч:›

[hin’zis' (y —x)]=o

put+l |
и ёад_н.(у—х):О

where the last group of conditions is satisfied iff (2.5) is valid. Thus

SN [x, N"(x)] is a plane generatrix of W®+ iff the field №* М ==

={Nr"(x)|xeM'"} is parallel of order ц in the normal connection of
Mm™. The proposition is proved.

For any M™ in E™ the next lemma is valid converse to Remark 2:

Lemma 2. Let us have a submanifold M™ in E™ and the family
{[x, N"(x)]|x =M™}, where r-planes [x, N'(x)] normal to M™ are gene-
rally located о) огаег д22р т [x, TtM™]. Then every envelope of order

и о this family is an evolute of order w for M™.
Proof. Let WW={y|yeS®[x,N'(x)], x& M™} be an envelope

of order ц and let the vector space of the generatrix S® [x, N"(x)] be

determined by the vectors L. .
Then (2.4) yields that every osculating

plane [y, O%V, WW], y= W® is included in some [x, TiMm]. The

Lemma is proved. |
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The assertions of Lemma 2, Proposition 1, Proposition 3 and Remark 2

can be summarized as follows.

— Theorem. Let all principal normal spaces of higher order of a sub-

manifold M™ in E" have the maximal possible dimensions. Suppose that
on the submanifold M" there is given a family {[x, N"(x)]|xsМ"}
(m<r<<n-—m) of r-planes normal to M™ and generally located of order

Ms<p—l, in [x,T-M™] (here p is the order of curvature of M™). Then

jor every value of n=o, ...,
м—1 the following assertions are equi-

valent:

1) for Mm™ there exists a ry-dimensional evolute Wwih={y|lys
е [х, М'(х)]П 5®70, х © М"} оз огаег p+l;

2) the normal field N™* of the directions of the ry-planes [x, N"(x)] N
NSW ;$ parallel of the order w in the normal connection of M™;

3) the submanifold {y|ye [x,N"(x)] NSW, x & М"} is osculatingly
degenerated with rank m and order u;

4) the family {[x, N"(x)]|xe M™} has a ry-dimensional envelope
{ylye [x, N (x)|N S®, x =M™} of the order p+l. ;

In this Theorem the suppositions 2), 3) and 4) can be considered as

three mutually eguivalent criteria for the existence of the evolute of

higher order.
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Tonis VIROVERE `

ALAMMUUTKONNA M™ KORGEMAT JARKU EVOLUUDID RUUMIS E~

Artiklis on iildistatud eukleidilise ruumi E™ alammuutkonna M™ korgema jargu
tarvis moisted: evoluut, normaalrihivdlja paralleelsus M™ normaalseostuses, normaalta-
sandite parve kui alammuutkonna tangentsiaalne kidumine ja normaaltasandite parve

mahispind. Nende moistete abil on vaadeldava iildise M™ puhul toestatud korgemat
jarku evoluudi olemasolu kolm vordvéarset kriteeriumi.

Тынис ВИРОВЕРЕ

ЭВОЛЮТЫ ВЫСШЕГО ПОРЯДКА ПОДМНОГООБРАЗИЯ М” В Е"

В евклидовом пространстве ВЕ представляются для подмногообразия М” выс-

шего порядка обобщения следующих понятий: эволюта, параллельность нормального
поля относительно нормальной связности М, тангенциальная вырожденность семей-

ства нормальных плоскостей как подмногообразия и огибающая семейства нормаль-
ных плоскостей. С помощью этих понятий доказаны для рассматриваемого общего
М" в Е® три эквивалентных наличию его эволюты высшего порядка критерия.
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