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УДК 539.37

Arvi RAVASOO

SOME REMARKS ON THE QUASI-LINEAR THEORY
OF VISCOELASTICITY

(Presented by J. Engelbrecht)

Following the ideas of the principal quasi-linear theory of viscoelasticity [!?], the
modified constitutive equation of the continuous non-linear viscoelastic medium is deri-
ved. The main feature of this equation is the similar structure of its instantaneous and
regular parts which allows for an easier explaination of the physical meaning of nume-

rous kernel functions describing viscous properties of the medium. In the case when

viscous properties can be neglected, the equation coincides exactly with the constitutive
equation о! the non-linear elastic medium [3].

Non-linear constitutive equations of materials with memory have been
derived by many authors [t2 %1 ~]. One can find the historical survey
of the problem in [*7], for example. What is typical is the fact thatall these
non-linear constitutive equations relate stress and strain by means of a

large amount of various kernel functions. The essential inconvenience in

the practical utilization of these equations is the difficulty in interpreting
the physical meaning of kernel functions. -

The main aim of the present paper is to show how to extend the idea
formulated in [>>7] for linear constitutive eguations to the non-linear case

and whether it might be possible to regard kernel functions as time-

dependent Lame coefficients for the stress-relaxation response to a sudden

deformation attime /=O.
We consider initially isotropic and homogeneous medium with memory

and assume that the applied deformations are small and finite. For simpli-
city in representation, we exploit the rectangular Lagrangian (X;, /=

=l, 2,3) and Eulerian (xi, i=l, 2,3) coordinates. The Lagrangian strain
tensor Egy, is related to the displacement vector Uk by [?]

2Ekl.=Uxk 14+ Ок мИм,к, (1)

where a comma represent partial differentiation. All strain and stress

tensors and displacement vectors are dependent on spacial coordinates

Х;, and on time .

We assume that the Kirchhoff pseudostress tensor Z;; is the conti-

nuous and continuously differentiable functional in point X; and in its

neighbourhood, and it can be expanded in a Fréchet series. This expan-
sion on the segment (0,7) can be represented in the form [!!]

t

Tyt)y=JGY; (т) Ека (т) @--
0

t t e »‘V

+ // ©® ктмм (^›П) Ека (т) Емм (п) @т @-- ..

00

t t

+. JODpppbt ---
O)Ers(t)..*Epr(o)dr...do, — (2)
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where 7, n, ...,
O are different time axes and GOк)› G(Iz.)IKLMN’ +.. are

relaxation tensors.
Since the terms in expression (2) are linear in each of tensors Ejs,

we obtained a guasi-linear constitutive eguation, where the assumption
Ekr(t)=o if #<<o 15 {аКеп 100 ассоип!.

Considering small finite deformations, we can truncate the series (2)
at some terms, and construct constitutive equations of the medium with
different accuracy. In this paper we stick to the two first terms in (2).

Relaxation tensors GV = are proposed to be continuous and sym-

metric functions with respect to 7, n, ..., ¥, and the expression (2) 15
proposed to be invariant with respect to the origin of the time coordinate.
The latter leads to the following equality [2]

_6‘‚"}кь...рв (tt,n, .» )=CD|ppC—t —1 -
6— @). (3)

In the case of isotropic medium, relaxation tensors may be expressed
in terms of scalar relaxation functions Gyw (V=l,2; W=1,2,3,4) and
the Kronecker delta &, [t¥2] —

G(Ii.)IKL (1, t)=Gu(t, 1) 6150 k +Gra(t, t) (815054ŠrLõÕIK), (4)

G(Iz.)IKLMN (t,t,m)=Ga(t,t,m) 01,0 k LOMN+
+ G (t,l,m) (61,6kMmOLn+ 0170 k nOLrr) +

-Сэз (& т, п) (букблбмм-+-ÕrLÕIKÕMN+ÕIMÕINÕKL FH ÕINÕIMÕKL) +

+Gu(t,x, n) (ŠIxÕIKÕLNA-ÕIKÕINÕLMTÕILÕIMÕKEN+
FÕILÕINÕKMTÕIMÕIKÕLNHÕIMÕILÕKN-HÕINÕIKÕLM-T-ÕINÕILÕKM). (D)

- Introducing (4) and (5) into the two first terms of series (2), the
expression for stress tensor yields

Tis(t)=TO (1) +T@(£) 4 ... (6)

T(Il.)l (t) =6l_jftG“(t,T)EKK (T)dT—i—QfGiZ(t, T)EIJ(T)dT’
0 0

T(;"-} (1) =6lthft Gar(t,7,m)Exx (t) Ere (n)dvdn+
00

+2slJ.£t„! С» (, т, п) Ека (т) Ёки, (п) @х ап--
tt

T 4 {(]; Gas(t,7,m) Exxk (1) Ery() dvdn+

+Bft„ft Gou(t,l,m) Erx (t) Exs(n)dudy.
00

Further we try to construct the constitutive equation of the viscoelastic
medium so that an essential part of the deformation of the medium occurs

instantaneously after the force has acted upon it, which is followed by
the long-term time-dependent behaviour of the medium. It leads to the

separation of singular and regular parts of the relaxation functions [2]

Gy(L, 1)=08(t—T1)G (t—l) — G (t—r), (7)

Daw (£, 1, ) =—d(t—n) [GY,, (—7)+GL #—)] —

—Ö(t—t)G—šW (t—mn) ——õ(t—n)GšW (i—v)-+

+ С%, (*—,в— п) [6(7 — т) 6(7 — п) --6 (Е — п)6 (п —т) ]

+ G (t—7, t—n)B(t —7)B(t—n) —65 (—т,ё— п)). (8)
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Here the relaxation function Gaw remains symmetric with respect 10

t andn. = o В О . I 8 e
Introducing (7) and (8) into equation (6), we get an expression for

the components of the constitutive equation

Т) (#) —6,„С1, (0) Екк(7) +-2СI, (0) Е1 (#) —

— [ 01562(t — )Exx (1) +2G2, (t —7) Exs () а, (9)

Т) (#) ==26,, [203, (0, 0) +С, (0, 0) | Exk ()Erc(f)+
+ 461,262 (0,0) 4GS, (0, 0) Ека (¢)Exce. (1) +

+ B[2G2 (o,o)+Gé, (0, 0) ] Exc (t) Exs(1) +

+ 16[2G3, (0,0) 4G5, (0,0) ] Exx (£) Exs () —

[ 1481562 (¢ — )Exxc (¥)Exe (¥)+
+ %Õ]JGšz(t—T)EKL(T)EKL(T)-l-
-+ 1601 (t— 1)Exx () Ers(1)+
+ 320124(t—T)E]K(T)EKJ(T)]dT—-

— / [26,,02,“— п) Exx (t) Eze(n) +

--461„3(7 — п) Ека () Ека(п) +

-- 802(7— п) Екк (Р) Е2 (м) +

+ 16G2 (t —n) Erx (t) Eks (1) ] dn —

—f [2ÖIJGšI(t—T)EKK (T)ELL(t)—I—

+ 4ÕIJGš2 (t—T)EKL(T)EKL(t)+

+ BG223(f—T)EKK(T)EIJ(t)+

+ 16G2, (t —1) Elx (v) Exy (t) ] йх —

— S [OIGB, (¢ —, t—n)Excx (v)Eze(n) +
00

+ 2615 СB, (Ё—т, —п) Ек (т) Ека (п)--
+ 40%(ё— т, Ё — п) Екк (п) Ега (п) -

+ 865(7— т, ё—п) Етк (т) Exs(n) ] dt dn.
В (10)

Here the equality of integrals [2]
tt

'o['õf GIJKLMN(f, T,T])EKL(T)EMN(T])dT dn—-——

t т

=2{EKL(T)de Стлкавмм(& т, п)Emn(1) dn, (11)
0

is taken into account. |
We utilize the principle of material invariance for isotropic medium,

i. e. the equations must remain form-invariant with respect to the group
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of coordinate transformations. As the consequence of this principle, a

symmetry with respect to the couple of indexes [J, KL, MN т

Gririmn (t,T,m) exists, and the following equation holds

GrsrkrLmn(t,t, n) = Grrismn(t, %, 1). ' (12)

It leads to the equality

а8 (t,t,m)=GS (L, v,m), 5=1,2,... 5, (13)

that enables us to simplify expression (10), and thus also the whole
constitutive equation.

Let us consider the instantaneous part of the simplified constitutive

equation and use the notation :

A(0)=G%,(0), n(0)=G",(0),

3v1(0) =2[2G3 (0,0)+G% (0,0)],

v2(0) =4[2G3 (0,0) 4G4,(0,0)], (14)

3vs (0) =l6[2G? (0,0) 4G5, (0,0)].

Introducing expressions (1) and (14) into the instantaneous part of

equations (9) and (10), we obtain the following constitutive equation

Tgr(t)=»nr(o)dkeL ( П…—]-% UM,NUM,N) +u(0) (Ukl+ÜUÜr xk+ÜUm,xUÜm,r)+

+3v1(0) Ur,lUn, e+

1
+v2(o) [—2 õkL(Um,xrUm,xr+Um,xUx,m) -Игки-UI,IUL,K] +

3

+? va (0) (UM,KUM,L+UK,MUM,L+ UK,MUL,M+ UM,KUL,M) .

(15)

Equation (15) coincides exactly with the constitutive equation of the
non-linear five-constant elastic medium [?]. Making use of new constants

(14), we reduce their number from eight to five, and now each constant
obtains physical meaning well known in the theory of non-linear elasti-

city. Here A(0) and u(0) denote the Lamé constants andм1 (0), v2(0) and

v3(0) denote constants of elasticity of the third order.
It should be noticed that the structure of the instantaneous and regu-

lar parts of equation (10) is quite similar. It leads to the idea of using the
modified relaxation kernel functions

M(t)=G2 (1), i(t) =G, (1),
3v2 (1) =2G2 (1),

v 2 (1) =4G2 (1),

32 (1) =I6G2, (1),

(16)

3vi () =4G!(1),

vi (1) =BGL (1),

3vi (t) =32G! (1),
Зу? (7) =GS, (1),

v (1) =2GS,(1),

3v3 (1) =BG3, (1).

Now the constitutive equation of the viscoelastic medium reads
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Tls(t) =2(o)BlsExk() 4+2u(o)Ers()+
+ 3\71 (O)fi]JEKK(t)ELL_(t)—I-
+ V2(O) [ÖIJEKL (t)EKL(t)+2EKK(t)EIJ(t)]+
+ 3V3(O)E]K(t)EKJ(t) —

—Of {(м(# —1) õrsErx (1)+y(t—1) Ers(l)+
+ 3\7: (t —T) ÖIJEKK (T) ELL (T)+

Т м! (# — т) [6lоЕка(т)Ека(т) +2Ekk (1) Ers() |+

+ 3Vš (t —T)EIK (T)EKJ(T)}dT—-

—ft{3\’§ (t—n)BlsExk() Ee(n)+ :

+3 (t —n) [õisEkL (t) Ekr (1) +2Erx (t) Ers (1) ] +

+3w% 1— n) Erk(t) Exs(n)) dn —

—[ 82 (t— 1) õisErx (t)Еа (0 +

+ Vš (7—т) [ÖIJEKL(T)EKL (1) +2EKK(T)ElJ(t)]+

+ 3Vš (t—T)EIK(T)EKJ(t)}dT—-

—[[ 3w (t—t, t—n)õisErx(1)Er(1)+
+(:'š (t—7,t—m) [oosEke(v)Exe()+2Ekk (v) Ers(n) ]+

+3v3 (t—, Е—п) Ек (т) Ек (п) }@х ат ° (17)

Relaxation kernel functions with the same lower index in (17) bind
stress and strain in a similar way. The difference is only in their depen-
dence on time. This permits us to transfer the physical meaning of the

well-known elastic constants that characterize the instantaneous deforma-
tion of the medium, to the relaxation kernel functions with the same lower
index.

Equation (17) is the modified representation of the constitutive equa-
tion of the quasi-linear theory of viscoelasticity proposed in [*2].

Relaxation kernel functions in (17) are to be established for real
media on the basis of experdimental data, and there may be cases when
some of them are equal to zero. In the case when v 3 (f) =3 (£)=v3 ({) =O,

or if the kernel function G35 in (8) can be neglected, the constitutive

equation becomes essentially simpler. We get the constitutive equation of
the principal quasi-linear theory of viscoelasticity [2]. Further simplica-
tion (v (f) =+2 ({)=v2(#)=o) leads to the quasi-linear theory with five

kernel functions. ' -
It should be noted that in the Ппеаг сазе(ук (0) ==o, м! (#) ==o, К, [—

=l,2,3) equation (17) takes the form proposed by L. Boltzbmann in ['°]
if relaxation kernel functions have the following representation:

М () = —Л, (0), и () =
— М,(0). (18)

Provided that

Х (0) — ^(0), и (0) — М (0) (19)

after introducing (18) into (17) and integrating (17) by parts, the linear

constitutive equation takes the form

TKL(t)=6IJfA(t—T)EKK,T(T)dT+2fM(t—T)/EIJ,I(T)dT‘. _ (20)
0 0
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This stress tensor may be divided into a pressure (Tkxk) and a devia-
tion part (S;s)

t

Ткк([)=3_/[А(Ё—Т)+—Ё—l\l(Ё—Т)]Екк‚т(т)(іт,
0 ‚

: (21)

s„(і)=2_o[М(і—т)Е„‚т(т)сіт,
and, similarily to the theory of elasticity, functions М(7) and A(f)+
+2M () /3 may be regarded here as relaxation functions of simple shear
and volume expansion, respectively.

One may derive similar expressions for a pressure and a deviation
part of tensor T,,(¢) expressed by (17)

Trr(t) =3{[›‘(o)+‘%'Н (0) ] E.KK (/) —

——ft[h(t—r)+%m(t—r)]EKK(T)dr}
;

(22)
Sis(t) =2[u(o)Ers(t) —of и (# — т) Ё, (т) @].

Let us consider the principal quasi-linear theory of viscoelasticity, and
propose that relaxation kernel functions of the non-linear part of the
stress tensor may be represented in the form

vi ()=—NL (t), K=1,2,3;, L=11,2. (23)

Introducing (23) into the non-linear part of expression (17), and

integrating (17) by parts, we have :

T®) (t) = / (3N! (t —т) 615 [Екк (т) Е,. (т)] --

-|-1\"12 (t—7) [õrs(Ekrs (7) Erkr (1)) +2(Err (1) Els (1)) «] +

+3N! (t —1) [Erlk (7) Eks (1) ]++

—f—ÕNZI (t —T)ÖIJEKK(t)ELL,'c(T) +

-|—2Ni (7 —т)[„Ё к, (1) Ек (т) -Екк () Етад (т) -

+-Ето()Екк ()]+

+3Nš (t—'t) [E]K(t)EKJ,-[(T) +EKJ(t)E]K7T(T)])dT.

(24)

Equation (24) is valid if the following equalities are satisfied

v1(0) =NI (0) 422 (0), ’

v2(0) =NI (0) 4+-2N2 (0), (25)

vs(0) =N? (0) 4272 (0).

The principal quasi-linear theory of viscoelasticity is based on the
fundamental postulates of mechanics of continuous media and is quite
general. Many theories of viscoelasticity proposed by various authors
[7-%10.13. 4] may be regarded as special cases of this theory. Here, we

are interested in the relation between this theory and the theory of non-
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linear viscoelasticity presented in [%] and applied to the problems of

wave propagation [ 15].
Viscoelastic medium is defined in ['°] for an one-dimensional problem

by a constitutive equation >

o11(t) =Е{и„ (1) +'%`]“и°l2‚l (t) —

_fß(t—T)[Ui,i(T) -}fl—%—kiUfi-’i (T)]d’t},‘ (26)

where

. E=2*(o)+2u*(o),

ki=E-4X*(O) +2l* (0) +s[v?(o)+vž(o)+v3(o)]),

o 1 (t) denotes the Lagrange (Piola-Kirchhoff) pseudostress tensor and

R(t) is the relaxation kernel function.

The Lagrange pseudostress tensor is related to the Kirchhoif pseudo-
stress tensor by the formula []

ou(t) =xTu(t). — (27)

Introducing expression (1) into (17) and assuming that м) (t) =0 i!

J=2, 3, the formula for oy yields

o 1 ()= [MO) +2u(0) ] U1,1(2) +

+3[530) +1(0) +1:(0) +72(0) +14(0) ]U() —

— f{[(*— т)2р(7— т)], (т) -

1
(28)

+3 [—2—M =)+m(—l)+v; (t—7)+v, (t—7)+

м! (# — т) ]Uzu(r)}dr.
Comparison of (28) and (26) leads to the conclusion that the consti-

tutive equation (26) may be regarded as a special case of the constitu-

tive equation of quasi-linear theory of viscoelasticity (17) if the follow-
ing conditions are satisfied: -

М (0) —›(0), и* (0)==ц(0),

vi (0) +v3(o) +v3 (0) =—š—-[7»(0) +2p(0)], (29)

R(t) = [XMo)+2u(o)]+[)4 (О-н(7)].

Conditions (29) are маПа if additional simplifications wv;(0)=0,
vi (¢) =O, 1=1,2,3 in (28) are made.

It is interesting to note that now the nonlinear coefficient 2, in (26)
can have one constant value k=3, only.

To sum up, in this paper a modified constitutive equation of the visco-
elastic medium has been derived, taking into account the two first terms
in series (2). Consideration of three first terms enables us to derive a

more complicated constitutive equation with an instantaneous part that
coincides exactly with the constitutive equation of the nine-constant
nonlinear theory of elasticity. The regular part has once again the same

structure as the instantaneous one.



5 Eesti TA Toimetised. F*M 2 1991 129

Here the modified expression for the Kirchhoff pseudostress tensor is
presented. Similarly it is possible to derive the corresponding expression
for the strain tensor, making use of the basic equations presented in [2].

On the basis of the modified constitutive equation further research
will be carried out aiming at the unified theory of acoustoelasticity. Such
a theory is needed for interpreting the results of the nondestructive testing
and for raising its effectiveness [l6].
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Arvi RAVASOO

MONINGAID MARKUSI KVAASILINEAARSE VISKOELASTSUSTEOORIA KOHTA

Kvaasilineaarsest viskoelastsusteboriast lahtudes on tuletatud mittelineaarse visko-
elastse pideva keskkonna olekuvorrand. Vorrandi isedrasuseks on tema hetkelise.ja
regulaarse osa struktuuri sarnasus. Vorrandi hetkeline osa iihtib tdpselt viiekonstantse
elastsusteooria olekuvorrandiga. Regulaarses osas relaksatsioonituumade funktsioonid
seovad pinge- ja deformatsioonitensori komponente analoogselt sellega, kuidas elastsus-

konstandid seovad neid elastsusteoorias. Erinevus seisneb vaid selle seose soltuvuses

ajast. Viimane tdhelepanek lihtsustab oluliselt arvukate relaksatsioonituumade funktsioo-
nide fiiiisikalise sisu moistmist.

Арви РАВАСОО

НЕКОТОРЫЕ ЗАМЕЧАНИЯ О КВАЗИЛИНЕЙНОЙ ТЕОРИИ ВЯЗКОУПРУГОСТИ

На основе квазилинейной теории вязкоупругости выведено модифицированное
уравнение состояния нелинейной вязкоупругой сплошной среды. Особенностью урав-
нения является структура его мгновенной и регулярной частей.`Мгновенная часть

уравнения точно совпадает с уравнением состояния пятиконстантной теории упруго-
сти. Регулярная часть имеет схожую с мгновенной частью структуру. Функции ядер
релаксации связывают в ней компоненты тензоров напряжения и деформации подобно
тому, как модули упругости связывают их в теории упругости. Различие состоит

только в разной зависимости этой связи от времени. В итоге облегчается раскрытие
физического смысла многочисленных функций ядер релаксации. .
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