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ON INVARIANCE GROUPS IN GAUGE THEORIES
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The symmetries of the Maxwell and Yang-Mills fields are discussed. The generalized
gauge transformations are shown to correspond to the Lie-Bäcklund tangent transfor-
mations.

1. Introduction

The present paper deals with the invariance properties of the simplest
gauge theories, the Maxwell and the Yang-Mills equations. The paper is
organized as follows; in Part 2 some known results concerning the Lie
point symmetry groups of the systems under investigation are reviewed.
The tensor Ppvpa is introduced and some of its properties are discussed.

In Part 3, the considered gauge systems are shown to possess also
the algebra of the Lie-Bäcklund tangent transformations. The latter
correspond to the gauge transformations in the extended (to the poten-
tials and their derivatives) space.

2. Gauge field equations and Lie point symmetry groups

The simplest gauge theory is electrodynamics with the Maxwell
equation

дцР^=o,
T'(j,v ==A v,n (p> v=l, 2,3, 4).

(All the expressions are given for the Euclidean space, but the obtained
results are valid also for the Minkowski space.)

For the non-Abelian gauge theory with an arbitrary simple gauge
group G we have the Yang-Mills equation

Z),xO —O,

D^G a =дцСа +gfab CAh Gc
,\iV fiV 1 01 w >

r Ga =Aa Au '-\-gfab CAb Ac
,JIV 'V.JX kl,v 1 0/ v’

a, b, c= 1,2, ..., N,
where N is the dimension of the group G, fabc are the structure constants.
The tensor fabc is completely antisymmetric (due to the choosing of the
invariant inner product of the basis generators orthonormal (in the
adjoint representation)

(L a , Lb ) =kTr (L a , L b )=Öab).
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In the simplest case G =SU{2), N~3, fabc=£abc ■ Consider also the sell-
dual (anti-dual) Yang-Mills fields

Ga =±Ga
, (3)

p,V рл> ’
-

'

where

I Ga
- e(xvpaGa

.

(XV 2 F P CT

It is known that each solution of Eq. (3) automatically satisfies Eq.
(2). (Indeed, it is sufficient to apply to Eq. (3) the operator and to
take into account the Bianchi identity =O.) Let us write Eq. (3)
in the form

P± Ga =O, (4)
fivpcr рст ’ 4 '

where
==t6(xvpa-i"Õ(xö6vp öppöva. (5)

The tensor P± has algebraic properties similar to those of the Riemann-
Christoffel tensor

P± =—
p± —

—P±pvpa pwp vppa

p± =P± (6)
jxvpa pa [xv ’

but, instead of the identity
=0

we have
p± -P± .i-j-P± =±3epVpo.(xvpff 1 pavp 1 ppav H

The following relations are also satisfied:

P tvpa =

+^ е^арР± рро ,

P— ,P— =—4P— (7)
pvpa paap pvaP ’ v ’

p+ p- ftl =o.pvpa paap
It can be easily checked that

P I yiQ-
jxv4a *\xv 9

p+ ~a ( 8 )

p/v4a I pv ’

where r)° (t)“ v
) are the t’Hooft symbols ;[*]:

Vp —T]a —eamn, Гр,— —na . =6ajx,I mn hnn ’ 1 p 4 1p 4

ua =—na
, r\ a

——na
•

1 |IV 'V|X 1 JXV I VJX

The non-zero components of P± are onlyr vppa J

P± =-+-1
1234

and
P± =1abba

(and, certainly, the components with the corresponding permutation of
the indices).
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In terms of Yang-Mills equation (2) can be written as

DabQb =JLDab (P± G b )=O, (9)
V VJI 2 v 4 (XVPCT p 0 '

where the Bianchi identity is used and
D*b =&abd\-\- §fabcA c

y

is the covariant differential operator.
Let us briefly discuss the situation with the groups of point transfor-

mations for the Maxwell and the Yang-Mills equations. As usual [г>3 ],

the infinitesimal operator corresponding to the invariance group of the
system of differential equations (of the second order) cop = 0 {p— 1, ...

..., M) is of the form

X=^l Hln(*, A) , (10)

whereby
X(Dp I =0

(A is the corresponding twice-prolonged operator).
The symmetry properties of the Maxwell equation have been already

investigated by H. Bateman [4]. A detailed analysis of the symmetries
(including nonlocal ones) of the Maxwell equation in the different forms
has been made in [ s]. Thus, for Eq. (1) we have

'£)\i, ==k\x J-\-gXv t,-\-aVi,vXv -\- 2CvA4,Xjj, CpXyXv,

qa=da(p ( x ) (cpXcc caxp) Ap 2cpXpA a ,

where cp(x) is an arbitrary function (the corresponding transformation
is the known U{l) -gauge (gradient) transformation), and g, b,
a^— —nVM, are arbitrary constants. The respective generators lead to the
conformal group in 4-space (the given 16-parameter group includes two
dilatation operators). Taking the system of the Maxwell equations in
the form

<Vv=o,
d\ifi[iv == 0,

F\xv ==, SpvapEa p,

we get the 17-pararneter group with infinitesimal operator [6];

v_£
d I S' I F _£ll-—F \ 14-X дх* '+£УаУ дPv

(13)
»<P

dF a<o dF°*

where are defined in (11), and A, В are arbitrary constants.
The 17th generator ( —) is. obviously, nonlocal in terms

a<{s OF ’

of Aa, and corresponds to the change to dual quantities.
The non-Abelian gauge field theory is also conformally invariant [7 ].

The corresponding infinitesimal operator of the group of Lie point trans-
formation for the Yang-Mills equation is [8- 9 ]



У—£■ 0
,|

0 ■
OХр 1+Ли дАа ’

и р
П4l

=£,ОЬ O Ь (*) _ ,+аарА“ +2(срх а СаХр) Л“ 2СрХрЛ“

with £р from (11).
Note that, compared with the Abelian case group, (14) consists only

of dilatation operator. It is shown in [B ] that the Lie point symmetry
group for the self-dual Eq. (3) coincides with that of the Yang-Mills
equation. In the Lorentz gauge dpA“=o, the conformal symmetriy of the
system turns out to be broken (up to the Weyl group [9 ]), and the gauge
group G =SU{2) is reduced to global rotations in the isotopic space.

Note also that assuming the infinitesimal operator X in the canonical
form

X= fa d
--4-/ц OЛ“ГГ-'-’n

we obtain for the Yang-Mills equation
/“ Aa Bv+Aa % v,a=ZvGa +Dab (£vAb ) (15)' p p,V° 1 V 3 sv vp11 p V ' v ’

with from (11).

3. Gauge transformations as Lie-Bäcklund transformations

In this chapter, it is shown that the gauge transformations defined
in the extended (to potentials and their derivatives) space correspond to
the algebra of the Lie-Bäcklund operators.

Consider the gauge (gradient) transformation for the Maxwell
equation

Ap —>• Лp-J-дрф (я) • (16)
dA

In the extended space (Xp, А а, Л а .р, Ла> pV, ...), Ла,р=—г-АЕ one can writeoxp
the transformation corresponding to (16)

Ap —> Л p-j-dpE(xv, Aix, Л а ,р, Л а) ...), (17)
where dp is the total derivative

д д doй=^+Ла'"ЖГ|+л“'р '1 Л4У|+ '''

,p

(transformation (17) as well as (16) leave EpV invariant).
Now let us recall that the system of differential equations

'(Op (Xv, Aa,
A,x :p, A ai py) =0

(p= 1. M)

(xv and A a are the arguments and functions, respectively) admits a
tangent transformation group generated by a Lie-Bäcklund operator

X== f* dv^ 'Ä4« ,+ -

’

,v ,piv

/cc =/a(-£v, Ap, Ap;V, . . .)
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(we write the corresponding tangent vector field of the group in the
canonical form) iff

Xcop = =0
Wp=o
d CO =0

й P
d d со =0

H v P

(where Ь Д'О)р =O, d^dvcop =O, ... are the differential consequences of the
initial system). For details about the theory of the Lie-Bäcklund transfor-
mations, see [loll ]. <

Thus, Maxwell equation (1) admits the group with the Lie-Bäcklund
operator (18) with

fva—dyf.p, (19)
where Л а , A a ,v ,

...) is an abritrary function. If ф =ф(х), then
(19) defines the usual gauge transformation (16). Any U(1) -gauge
invariant system (depending on F only) evidently possesses the same
property. The commutator of two Lie-Bäcklund operators (18) (with
fn from (19)) is

[а ф , ад=Аo,

where
o— А^ф.

Now let us proceed to non-Abelian theories and consider Yang-Mills
equation (2). Using the invariance of Eq. (2) under gauge transforma-
tions (in the infinitesimal and finite form)

A 1 T-ö„TO“+/«6rtoM“,
J" Av.^-UAlt U->+,— (20)

A(i =A“La, U=e-^aLa, o)a = coa (x),
we introduce the dependence of the group parameters on all variables of
the extended space (xv , ...) (analogously to the Abelian case)

Then Eqs (20) change to

Al
;■ ■

СЭ

m“=®»(Xv, Д*. A^y ...).

(The invariance of Eqs (2) under transformations (21) can be easily
checked.) Thus, the Yang-Mills equation admits a group of Lie-Bäcklund
transformations with the operator

' ö|r+d M -šS~+Aadl>fl (<p) —i+ ■• • ■

p |i.a |X,«P

...
- llM=—

__

(22)

<p»=<p“(*v, Л* , Ль v, ...),

Note that for the given with the aid of the tensor P± one can
- M- fiiVpcT
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immediately conclude that the defining equation for self-dual fields is
identically satisfied

p± Qabfb —O.
M'Vpa p' a (4)

-

The commutation relations in the algebra of the Lie-Bäcklund operators
are

[X v, X^]=XQ ,

(23)
Qa =А фг))а Xy(pa -\-fabcty\c.

Here the Jacobi identity
; fab fncd~{~fbcn fnad~\~fcan fnbd 0
has been used.

It is reasonable to note also that the Lie-Bäcklund algebra (22) for
Eq. (2) is nontrivial: it cannot be obtained from the Lie point symmetry
group of the Yang-Mills equation by a simple prolongation (see e. g. [ 3]).

Really, besides local gauge invariance (20), the Yang-Mills equation
possesses only the group of conformal transformations. Therefore, by a
simple prolongation the group of point transformations of Eq. (2),
naturally, cannot lead to the group with operator (22). The same conclu-
sion is valid also for the Maxwell equation.

Similar Lie-Bäcklund operators can be constructed also for the gauge
theories with interaction between different fields. For example, let us
consider a gauge invariant (with an arbitrary simple group G of the
dimension N) system of the Yang-Mills fields coupled with the multiplet
of the N scalar particles Фа ;

i=-—GJV GJV +T (О,Ф“) Ф„Ф“)-V(®2 ), (24)

where the adjoint representation is chosen,
Яцф°= ФС

,

a, b, c, .. .= 1, ..., N,
and Е(Ф 2) is the G-invariant polynomial with respect to Ф® (in the
Higgs model У(Ф2) is the polynomial of the 4th order with the minimum
at Ф= и (e. g. [ l2 ]).

The local gauge transformations, leaving Lagrangian (24) invariant,
are given by expressions (20) with ((oa

= coa (v))

I фа-^ФМНаЬсСоЬфс,
I ф-^иф.

As earlier, let us allow for the dependence of the group parameters to®
on all the variables of the extended space:

o>“=tt)“(Xv. ЛЬ, Фь
, Ф» , ~(25)

(the invariance of Lagrangian (24) holds as well).
The Lie-Bäcklund operator for System (25) is of the form

dAa
]+dafl dAa ‘''

H ц,,а

, (26)
-
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where

/“ (СО)
о

/а ('«)=/ а ЬсО) Ь Фс
,

and со а is an arbitrary function (25). As in the case of the pure Yang-
Mills theory, the commutator of two Lie-Bäcklund fields has the same
form (23) in space (25).

The authors are grateful to M. Kõiv for valuable discussions.
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К. KHRANEN, V. ROSEN НAUS

INVARIANTSUSE RÜHMADEST KALI BRATS lOONI TEOORIATES
On uuritud Maxwelli ja Yang-Millsi väljade sümmeetriat ning näidatud, et üldista-

tud kalibratsiooniteisendused vastavad Lie-Bäcklundi puutujateisendustele.

К. КИЙРАНEH. В. РОЗЕНГАУЗ
О ГРУППАХ ИНВАРИАНТНОСТИ В КАЛИБРОВОЧНЫХ ТЕОРИЯХ

Обсуждаются симметрии полей Максвелла и Янга—Миллса. Показано, что обоб-
щенные калибровочные преобразования соответствуют касательным преобразованиям
Ли—Бэклунда.
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