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0. VAARMANN
SOLUTION OF NONLINEAR LEAST SQUARES PROBLEMS

BY LEVENBERG—MARQUARDT TYPE METHODS

(Presented by G. Vainikko)

This paper is concerned with minimization of a functional
(p(x) = IU 7 (x)||“ (1)

where F is a Frechet differentiable operator which maps one Hilbert
space, Hu into another, H2, and its derivative has the bounded pseudo-
inverse A necessary condition for x* to be a local minimum
point of ф is

[F'{x)]*F{x) = 0. (2)
To solve the equation (2) we consider methods in the form

Xh+l === Xk &hAkF {Xh) , k=o, 1, (3)
where bk is a relaxation (damping) parameter (o<e/ Ak is a linear
operator from H 2 into Hi approximating the operator U~l {F'{x)
and U is an arbitrary nonsingular linear operator from Hi into itself.
In the case and A h = U~l {F'{xk ) U~x ) + one gets an extension of
Ben-Israel method which coincides with the usual Ben-Israel method if
U,=l, where I denotes identity mapping. In keeping with the terminology
of p] the operator U~l {Fy (x) U~l ) + can be called the 7£/-weighted
pseudoinverse of F'(x) and, in general case Uis allowed p>2 > 3 ] to be a
singular operator. Note that the introduction of the nonsingular operator
U into the computational scheme (3) is not principal but it is due to
the convenience of the treatment of some problems in numerical practicep- 3 ]. The solution of a problem depends on the spaces considered. Via a
change in the topology, the initial problem can be converted into one with
U=/. The philosophy underlying many methods of regularization lies in
deciding in what sense one should understand an approximate solution of
an ill-posed problem.

The main aim of this paper is to study the convergence properties of
various methods based on solving the normal equation within a single
framework of the notion of the IU-weighted pseudoinverse. Introduction
of the damping parameter e is a common strategy for enlarging the
domain of convergence and sometimes also for converging acceleration
in the sense of the required bulk of iterations or run time in seconds on
the computer [4 - s].

The family of methods (3) involves in particular cases underrelaxed
or damped Levenberg—Marquardt type methods as follows

Xk+i=Xh BkDk[F'{Xh)]*F{Xk) ,
k= 0, 1, ...,

whereZVis an approximation to M~ i {xky ан) : = akH}- 1
with a/t>o and A h : = Dk [F'(xh )]*. It is assumed that H is represented
in the form H=U*U. In order to guarantee the global convergence for
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Levenberg— Marquardt (regularized Gauss—Newton) type methods, the
regularization parameter a used in [4 ] is chosen from the considerations
that operators M(*,a) appear to be positive definite ones. Here for
obtaining the convergence for methods (3) from a poor starting point x 0
operators Ah need not necessarily be positive definite.

Great values of parameter a can lower the convergence. On the other
hand, tending the parameter a to zero can cause a numerical instability.
This is the reason why we are interested in the variants of Levenberg—
Marquardt type methods with successive approximation of the inverse
(pseudoinverse) operator using only linear operators multiplications
because the formula (17) appears to be self-correcting one with a>>o.
Moreover, methods (3) based on formula (17) do not break down even
with ct =O, provided operators F' (x) and P'{y) are in the acute case for
all x and у belonging to a region under discussion [6].

1. Since there exists the bounded pseudoinverse, then the operator
F' (x) has the closed range R{x)—R{F'{x)).

Let
Ф {x) = [F' (x) U- 1 ] +, W (x)i= Ф+(x) =F'{X) U-\ (4)

and let Pr{x)—Prcf{x)) {Pk= P
R(V{x )}

) denote the orthogonal projector of

H 2 onto Let further С, C, L O , Li, N_, NO ,
N\, N 2 and L denote

some positive constants. Supposing that Ah is an approximation to
[F'(x h ) U~q+, i. e. Ah=UAh and the following relations hold

Ak=ÄkPh, IHfeU oo; (5)
using the results ([ 7] p. 195—197), it is not difficult to prove the follow-
ing assertion.

Lemma 1. Let F' (x) be Lipschitz continuos and Ф(х) be uniformly
bounded on some set S, i. e.

— Vx,y(=S, (6)
VxeS, (7)

then
Pr(.v) y\\, Ух,у€=3, (8)

where L O=CL l \\U~I \\.

Proof of lemma 1 is similar to that in [ s].

Remark 1. From Lemma 1 it follows that there exist scalars N' and
N such that

II {PR(V) Pr( V)Pr(x))F ( x ) II =l| (Pщу ) Pr{x)) (7 Рщх)) F (x) ||

— y\\, x, y(=S, (9)
and

II {Pk+i —Ph+iPk)F{xh ) {xk) 11, x ft ,
xw eS, (10)

where sup || (/ Рд(гс) )Р(х) \\<N", N' =N"LO , and N=N'L. It can be
readily shown that if F satisfies Lipschitz condition with some constant
Li then T satisfies Lipschitz condition with the constant L 1 = L I H U~l \\.

2. Let Äh UAh. Introducing a sequence {уй } defined as

WPk k= 0, 1, ..., (11)
one gets
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Theorem 1. Let Хц el/i, 8 = \\x and the follow
wing conditions be valid in S:

1° operator F has Frechet-derivative F
2° derivative F' satisfies Lipschitz condition

]\F'{x)-F'{y)\\^Ll \\x~y\\-
3° 6=бо*<l {below 60 is defined differently in the cases A and В );
4° 0< eo e/t-i гн=m i n {l, eft- iõ" l/2 j.

A. If there exists a constant C such that ЦФ(х)IКС, and /3 =

=ЛЦТ, о/7 (л:о) 11/(1 —6) then the sequence (x/J generated by the
method (3) has a limit x * which appears to be a solution of the equation
[/^(л:)]*/ 0 with \\x* х o|l^гъ 6 and \\xk x*\\ where
6=6o= 1 eo+Eo(Yrt-AO:+4- г*№Ц\lР„Р (*„) 11.
B. If operator Рщ Х) is independent of x and ■.. ■■ •

{yk~+- oas k —>• oo )j then the sequence {xk } converges superlinearly with
lU* Xoil and

\\xk x*\\ Öi,
i=О

where 6i= 1 *— eiA-&iyi\+~r ezL2Li\\PiF {xi) Ц ->-0 as i-^oo.
2 1

Proof. Denote фь(е) —e, where are some real numbers.
If 'Т/К'ф <С 1 for all k=o, 1, ..., then —-фft(e) =tyh — l^'t — K 0 andd&
hence is a decreasing function in e.

Since \\Ph eA* {xk W (*й)АД+l —e, in the
capacity of уь(е), one can take ук (e) —e.

According to Taylor expansion one obtains

Ph+iF (Xft+i) (Pk+i P h+iPh) F [Хк )\-\- Pk+i{{P h 8ft XF {Xh)Ah) F (Xk) -J-
-i+,eftl iF'ixh) P' (*йЬН {Xh+ 1 xh ) )]A hF (xh ) dt.}. (12)

о
A. On the basis of the remark 1 one gets \\Pk +iF (xk+i ) \\^.ök \\PhF (xh ) 11
where 0/i=BftA! +YA(B)i+---eJX:2L I I|P /iT’(x/{ ) Ц. Supposing it will
be shown that the relation 6a+i^6o holds as well.

Indeed in virtue of the preposition 4° e2
+1

6
;i õ^e2 and

\\Pk+lF{x h+l )\\^Bk \\PhF{xk )\\ the following relations e2
+1 A, 2LiX

il^e2
+I

FL I6/l ||Pfe/7 (x ft) iKe^:2L IHPA/;'(x/l ) II are valid. Sett-
ing now ip*—YftH-W rom the proposition 3° and y it follows that
г});КТо< 1.

Therefore

б/I+l'=фй+l (efe+i) : -|i--- e2
+1 №Li\\Pk+iF {xh+i ) ...

•
•

•

;2 II = Öö-

Further completion of the proof is similar to that in section B.
B. If РЩх) is independent of x, then 6k~yk(eh)A-'-~elL2L l \\P hF (xk ) || and

2 R

Y/i+i (eft+i) =<Pä+i (efe+i) (ek ) h (ел) —yk (e k ).
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If ej бл^B^ +1
or efe+i =Bft, then one concludes by the induction

that 6ft The latter relations with the assumption
while k —oo implies that 6a->O. It is not difficult to see that

(cf. [B])

lUa+i AII {Xh) II 0 ) У]J &i^!k\\PoF (xo) Цбк
,

i=О

lUm xh\\^.ri{8h 6m), (m^>£),
WXk XoW^ri^Q,

x*— lim Xh, lirri \\PhF{xh ) || =O, \\x*-~ Xh\\^fidk
.

ft-)-00 k-xoo

Observing that
lIF' (*) ]*F(x) II ЦЯЦ ЦЯ-i [F (x) ]*F(x) ||:< || Я||: If.^- 1 {Fy {x) £/-*) *F (x) || <

ЦЯЦ || U~ l {F' (x) U~l) *W (x) Ф(x) F ( x ) || <

■<ЦЯ|| II £/-i)*|I II
and under the assumption of Theorem 1 the operator РщХ)Р{х) is conti-
nuous, it is evident that [/^(x*)]*/ =O.

Remark 2. The rate of change for the parameter e is controlled by
the condition 4° of Theorem 1 which guarantees the validity of
or lt is obvious that the condition 4° can be replaced by a less
severe restriction =min (1, Ba-i6~^}.

The condition б=бо<l can be rewritten as

eo( г 1 so№Li\\PoF (Xq) II j
where г|)o =уо+Я and 4)o=yo in the cases A and B, respectively. Thus if
iJ)o<l, then, clearly, by decreasing eo one can accomplish that
г|)о'-Н~ P OF (x 0) II <l.

It means that the condition бо<l can be guaranteed for all JceS.
3. Now consider the case where in extension of Ben-Israel method

instead of the derivative F'(x) a finite-difference approximation AF {x, h)
(h <=Ffi) is used, i. e. Ak=U~l [kF{x h,

hk ) U~ i \+. Let C i, Ci, C 2 and C 3 be
some constants. Assuming R {F'(x) ) R (A/7 {x, h) ), Я([А'(л:)]*) =

R{[\F(x_, h)]*) ([ 9] Section 11. 25, [ 10]) and \\lh\\ = \\[AF{x h, hh)X
X^4 ]+^Ci for all reS, then

[А/7 (л:, Я) ][AA(x, h)]+Pß(F'(x))= [AF{x, h)]+AF {x, h) [AF{x, h)]+,
\\Ph - {Xk)Äk II =|| (AF (,xk, hk)- F' {xh )) U~'ÄhII,
HAftlM•||£/-^fc||<|| :£/- IH£Ji=X.

If, in addition, the AF{x,h) is a «consistent approximation» to F'(x)
([ 9 ] P- 344—352), then, from the assumption 2° of Theorem 1, it follows
that

II A/7 (x, h) AF'(y, h) ||^La ||x y\\, (13)
where LA is a constant (scalar).

Remark 3. If in the capacity of AF(xh , hk ) to put a first order
divided difference F {yh \ xk ) where the basic elements Xu and yh satisfy
the condition \\yu xfe || C2 \\PhF (x k ) || and symmetric second order divi-
ded difference F{yh \ xh \ xh) is bounded with a constant say K', then one
can take yki—Ci\\P hF{xk ) ||.
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Indeed,
llF{yh \ xh ) F'(xh)\\.= \\F{yh -, xh )'—F{xh\ xh ) || < ||Р(*/*; xh \ xk )\\ \\y h xh \\,

||Pft4r (^)Zft||^C3 l|P ft/7 (A: ft ) (I with K'=L A and С.з=К'С2Х.

4. Let B{x)\=[F'{x)]*F'{x), BK=B(xh ), M (x, a) =B {x) +аЯ, Mh=

=M{xh,ak), L{x, a) =M~l {x, а) [.P (*)]*> where His a symmetric posi-
tive definite operator from //

± into itself and a is a positive-valued scalar
parameter.

For solving (2) one might use Levenberg—Marquardt-type methods
xk +i= xk ehD h [F'{xh )]*F{xk ), (14)

where Dh is an approximation to ЛТг 1 and Ah =Dk [F'(x h ) ]*.

Let
m=\bh/nh, V=\\U\\\\H-q (15)

and fj* and К be some scalars satisfying
(16)

Theorem 2. Let Xo eЯъ s={хеЯl :||х — and let condi-
tions Г— 4° be Julfilled in S.
A. If ||Ф(х)
/(1— 6)ss:q, where 6= 60 = 1 eo-f eO [A-fАIIЯ-М1 (a 0C3rf ы OА||Я-М1) Jrf-
l+hy* ez

o№Li\\P oF {xo ) IL then the sequence {xk } generated by the method
(14) has a limit x* which appears to be a solution of the equation (2)
with ||x* and

\\xk x*\\^r^h .

B. If Рй(х) is independent of x, nlh^.ah^ml h (0 Cm, nC oo), OcgcL
(üh^slk , s^> o, o</<l, then the sequence (14) converges superlinearly
with ll** and

\\xh x*\\^r l ]J&i,
1 „

4=o

where 8i = 1 —-£*'+ eiPCII 1 11 {т€%I \+ 5/</С||ЯуЯ-*Ц) [+ X
XllPiF(x :)

) II as i~>- 00.

Proof. Since
II (S /H-iaAtf)-Jl||!= || (Я-^, ( +аЯ)-I Я-I|| I ||Я-I||,
lIL (xh , ал>|| HM”1 [F' (xh ) ] *|| =|l - i[F '(xft )]*||.=

= ||Я-МЯ^Я,Я^+:аЯ)-1 < lI Я- 1 1| \\[F'{xk )U~q+\\,
then

11Ф(xft ) —UL {xh, .ал) 11= 11Ф {Xh) (T* (xft ) W (xft ) +aft /)-iqp* (xh ) Ц =
=II {W* {xh )Ч(хй )Н-аЯ)“-I аАФ (**) 11=
=Нал (V* (xft ) 4я(Xft)_+aft/) W* (хл ) W*+ (Xft) Ф (x/{ ) || <C

ал || UL (Xft, aft) ll:'l|ClF<taftC3
,

\\L{xk , aft) Aft|| =|| (В^+алЯ) -1 (/ MhD h ) [P(Xft)]*|| <шл/С||Я^||,
IlAftH = ||Ф (Хй);-}-Я{L (Xft, aft) L (Xft, aft) )i-f-Afe Ф (x/t ) ||

{L (Xft, aft) Aft) |||-|-||ЯА (Xft, ад) Ф (Xft) || 3 ,

llPft w(Xft)lftll = \№{xh ) [Ф (Xft) Aft] II =\№ (Xft) [ф (Xft)
—Я(L {xh , aft ) L {xh, aft)) A ft || < ЯП Я-*|| (а/^Н-ы/ДР) .
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In the case of A and B, one can take, respectively,
X== С,|-(~^’оС 3 '4- V)o КV ,

%=C-{-mC3JrsKV,
and

yh =ah C3K\\U^\[+\mKzV\U~4\,
yk=m%h C 3K\\U~ i \\-\-sl hKz V\\U-l \\.

Existence of scalar К such that follows from (7).
Since ||/—and lim M~'[F'(xh ) ]*= U^[F'{xh ) !/-*] +

then Ak==D k [F'{X}t )]* approximates the и~IФ{хи) and one can apply
Theorem 1.

Remark 4. Regularizing properties of method (14) provided D h =
=Л4~1 and its connections with the regularization method by A. N. Tik-
honov are discussed in [lll2 ].

Remark 5. Methods of type (14) can also be called methods «of
two parametric damping» because e as well as a limit the change
Xh+i Xk. It is well known that under certain conditions Levenberg—
Marquardt method is globally convergent [4l3]. There exists sufficiently
large a/t such that е/г can be chosen as &к= 1 for all k. Computational
difficulties arise with these methods when the operator F (x) is badly
nonlinear. Moreover, introducing the damping parameter e enables to
sparse the amount of the arithmetic per iteration step, avoiding the need
for solving repeatedly one linear equation or inverting one linear opera-
tor at an iteration step ([ 4 ] p. 258).

5. Consider now variants Levenberg—Marquardt-type methods where
D h is generated recurrently by the following prescription

Dk+i—Dk S (I Mk+iDh) 1
, k=o, 1, ... . (17)

2=o

In addition to the quantities рь, yu, M, M and co ft given by (5), (11),
(15), (16) let us define Oh as follows

\\l-Mk+lDh\\^ah , k=o, 1, ..., (18)
and put

po=max {Ц/ MqDq\\, rß}> max (po, no} max {сг г , (19)

ri = (Ij+Ot-h • ..Ч-оТЧЬ, L=lo^C+a^3+QK\\U\\\\H-l l (20)
г

fi =max (ро/ао, h*/n\}, /г=тах po+A}, (21)
A= {2eoKL lX\\P oF{xo) || +{m nl) ЦЯЦ) \\D o \\. (22)

Theorem 3. Let хo еЯь S={x^Hi :\\x and let, in
addition to the conditions 1° —4° of Theorem 1, the following conditions
be fulfilled:

1° г] and rj, Я, gc 1;
2° nlk^.ak^ml k (o<m, n<oo).

A. If the condition (7) holds, ri=U\\PoF (x 0) ||/(1 —Õ) where 6=

■=бо=l-^+ е„р+/с||г/-ч| (теракт I|Я”‘|l)]+
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then the sequence {xh} generated by (14), (17) has a limit x* which
appears to be solution of the equation (2) with И*' and

—**H<;riö*.
В. If Pr(X) is independent of x, then the sequence {xh} converges super-
linearly with \\x* *o||s£Ai and

1 \\xh x*\\^rl ]Jöi,
I

where
6.i=l u+e.MU-l\\[mCa %\+QKW\\ 11Я-<|l (riVS)‘] +

!+-i- e?.Щ L IIP tF(xi) li oas 00.

Proof. From (17), (18) it follows

11/ - MhD h У Ц/ - МЛ-!«в, НАЛ HAH П ,

г=o I— °г

and from the definition of Bh and Mh one concludes that
|| {Мы - Mh ) D h-i j|< H { (xk ) ] * {F' (x*-i) -F'(Xk)) i+

+ {[F' {Xh-i)]* — [F' {xh )]'*)F' (Xh-i) + {ah-i ah ) H}Dh-i\\^

< (2u-Ak-iKL l \\Ph- lF(x h- i )|l +(m-n|) 11ЯЦ) UDoll П (!Zn.~ ’

г=o 1

||/ _AltOft-ill <|| / - Af ft_,Z)ft_i|li+|| (Мы - Мк )Dull<o^l+An6- 1
.

According to (12), one gets
\\Pk+iF{xh+i )\\^Bk\\PkF{xh)l

where

(me»|*|+Q/CV') (l |«/l)*]+- -eJ4 i ‘l|P ‘f ( JC'1 ) 11
and

6ft=l -е/.+ей/СИЯ-М! (ч’/ЮЧ-Ае^^.ЦP„F(x h )\\

in the cases of A and B, respectively.
Setting

A = q+iao£+£2 /С F,

Yftl= m№Al|Ai||+sWF||^- I H,
and making use of (21) (24), one has

|Xi— coi= pi/ai

In the remainder the proof is similar to proofs corresponding to
Theorems in [15,8 ].

Remark 6. In a similar way as in ([ 14 ] Theorem 2) it can be shown
that in the case and Рщ Х) being independent of x the sequence
{Xk} generated by the formulas (14) and (17) converges quadratically
to a solution of (2).

The author would like tq thank Prof. G. Vainikko for very helpful
discussions.
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О. VAARMANN
MITTELINEAARSETE VÄHIMRUUTUDE ÜLESANNETE LAHENDAMINE

LEVENBERG—MARQüARDTI TÜÜPI MEETODITEGA

Mittelineaarse operaatorvõrrandi üldistatud lahendi arvutamiseks on välja töötatud
üks üldistatud pseudopöördoperaatori aproksimeerimisel baseeruv iteratsioonimeetodite
pere, mis erijuhul sisaldab Gauss—Newtoni, Ben —Israeli, Levenberg—Marquardti mee-
todid, aga ka üldistatud pseudopöördoperaatori järkjärgulisel aproksimeerimisel põhine-
vad meetodid. Iteratsioonimeetodite koonduvusomaduste parandamiseks, sealhulgas
koonduvuspiirkonna laiendamiseks, on kasutusele võetud iteratsioonisammu pikkust regu-
leerivad nn. relaksatsiooniparameetrid. On tõestatud koonduvusteoreemid selle iterat-
sioonimeetodite pere jaoks.

О. ВААРМАНН
РЕШЕНИЕ НЕЛИНЕЙНЫХ ЗАДАЧ НАИМЕНЬШИХ КВАДРАТОВ

МЕТОДАМИ ТИПА ЛЕВЕНБЕРГА—МАРКВАРДТА
Понятие псевдообратного оператора позволяет укладывать в: единые рамки

различные итерационные методы. В случае гильбертова пространства рассматрива-
ются методы решения задач определения обобщенного решения нелинейного опера-
торного уравнения в терминах обобщенной псевдоинверсии. Доказаны теоремы о
сходимости для одного семейства итерационных методов, включающих в себя как
частные случаи методы Гаусса —Ньютона, Бен-Израэля, Левенберга —Марквардта, а
также методы с последовательной аппроксимацией обобщенной псевдоинверсии. Уста-
новлена область допустимых значений релаксационного (шагового) параметра, позво-
ляющего ослаблять ограничения на выбор начального приближения.
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