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TIME-VARYING INDUCTIVE AND CAPACITIVE ONE-PORTS

(Presented by I. õpik)

The energy balance both for the linear inductor with time-varying turns and for the
corresponding dual time-varying capacitive one-port is examined aind compared with
that of the conventional time-varying inductor and capacitor. It is shown that the
voltage-current relations for time-varying energy-storing elements depend on the contri-
bution of a parameter changing a-gent in the energy flow. The corresponding new
voltage-current relations that take into account the possibility to vary the equivalent
inductance or capacitance by lossless switching without any energy flow from the para-
meter changing agent, are derived and discussed.

I. Introduction
The behaviour of a linear time-varying inductor with the inductance L,
current iL , voltage vL , and a capacitor with the capacitance C, current
ic , voltage vc governed by the classical voltage-current relations

г diL dL
VL=L 4F+,L ~dF’ (1)

and
dvc . dClc=c ~dT+Vc 4F’ (2)

respectively, have been analysed thoroughly in literature [ l-4 ]. How-
ever, as recently shown [s ], the relation (1) holds only for the cases
characterized by the time-varying permeance P and constant turns N,
whereas for the case of time-varying turns and invariant permeance it
was found

diL 1
.

dL
Vb =L ~dF+Y lL 4f- (3)

Nevertheless, there is no contradiction between these two different
relations (1) and (3). They merely correspond to the two different
possible modes of energy flow for the time-varying inductors. The classi-
cal relation (1) corresponds to the energy flow in case of the inductance
varying due to the work of the inductance changing agent. On the other
hand, the relation (3) is related to the cases characterized by the absence
of necessity for work to change the inductance and, consequently, by
the lack of energy flow from the inductance changing agent.

On the basis of the duality principle we can write the dual relation
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r düc , 1 dC Iс=С~+Т (4)

that corresponds to a conceivable linear capacitive one-port dual to the
linear inductor with time-varying turns.

Since generally both the permeance P and turns N may vary in time,
there must also exist a general voltage-current relation for a linear time-
varying inductor, and thus there must be a general dual relation for the
conceivable dual capacitive one-port. Hence, another question arises in
connection with the realization of a capacitive one-port dual to the linear
inductor with time-varying turns.

In this paper general voltage-current relations both for the linear
inductor with time-varying turns and for the corresponding dual time-
varying capacitive one-port are derived and discussed. A possible reali-
zation of such a capacitive one-port using a variable-ratio transformer is
examined. The stepped variation of the turns is taken into account.

2. General voltage-current relation for a linear time-varying inductor

Let us consider a linear inductor with the turns N, permeance P, mag-
netic flux Ф, and flux linkage I—NO connected to an active circuit. The
inductance L of the inductor may be expressed in the form

l=pm=NO/iL . (5)

In accordance with (5), the magnetic flux
Ф=PNib . (6)

Since in the general case both the turns N and permeance P are time-
varying, the derivative of the flux

dO -

dat dih ,D- dN dP
1Г=Ф=™4T+PlTdtfNlL 4t ■ < 7 >

The voltage across the inductor is given by Faraday’s induction law a-s

vl =NO. (8)
Therefore, from (6), (7) and (8) we obtain

—■+PNU Л’ЧЬ—=

dt dt dt
diL dN dL dP

=L KD \-Il ■—-=

dt dt dP dt

_

diL / 1 dL dN dL dP\L dt 2 dN dt +dP dt )’

The general voltage-current relation (9) can also be derived from the
energy balance for the time-varying inductor, taking into account that
the inductor may exchange energy both with the active circuit to which
it is connected and with the inductance changing agent. However, it
must be kept in mind that the energy of the inductance changing agent
is not always involved in changing the inductance work must be done
to change the permeance P, but not to change (switch) the turns N.

Therefore, the energy delivered by the active circuit to the permeance
changing agent from time t 0 to t is
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t

10

t

=\j№-ЦгЧ(П(10)
to

At the same time, the energy stored into the magnetic field of the induc-
tor from time t 0 to t is

,E(Ф (0 ,t)-E0 (Ф {to), to) = (i* (0 L {t) - PJJo) L {to)) /2. (11)

Consequently, taking into account both the magnetic field and the
permeance changing agent, from (10) and (11), the total energy delive-
red to the inductor by the active circuit in the time interval from to to t is

W{to,t)=E (Ф {t) ,t)E0 (Ф (/„)
, to) +WP {to, t). (12)

From (10), (11) and (12), the instantaneous power of the linear time-
varying inductor equals

Pl(1) = vL (t)iL (t) =

f лчl-лг- < l3 >

Since from (5)

we get finally from (13) and (14)

Pb =w lr+ (15)

and
. diL , dN dP

vL =pjlL=L~+pmL (16)

i.e. an expression identical with (9).
From the general voltage-current relation (9), we can get the voltage-

current relations (1) and (3) for the two main particular cases characte-
rized by fV=const, P = var, and -A/’=var, P=const, respectively. Indeed,
for the case of invariant turns and time-varying permeance from (9), we
obtain

ПЛГ9 diL . ДГч . dP . diL ,
. dL

Ul ~ dt
+ lL dt

~L
dt +IL dt ’

(

i.e. the classical relation (1). The classical case is characterized by
changing the inductance only due to the work done by the inductance
(permeance) changing agent.

For the recently analyzed case [s ] of time-varying turns and invariant
permeance we get from (5),

i!L= щр\ч2=

1 dZ-

‘

nsidt dt (' ■* 21VP dt ’
(

and now from (9) and (18)
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„„ 0 diL , „.г. dN diL . 1 . dL
/4ЛЧ(J9)

i.e. the relation (3) that differs from the classical relation (1) only by
the additional factor 1/2 in the second term. In this particular case no
work is needed to change the inductance and, consequently, there is no
energy flow from the inductance changing agent.

3. Equivalent circuits

3.1. Equivalent circuit of the linear inductor with time-varying turns.
An ideal linear inductor with time-varying turns may be regarded as a
lossless inductive time-varying one-port characterized by a set of straight
lines through the origin in the XiL plane, where the flux linkage

X=NQ>=Ul . (20)
It can be conceived that there exists a dual capacitive one-port charac-

terized by the same set of straight lines through the origin in the qvc
plane, where the equivalent charge q of the capacitive one-port with the
input voltage vc and input capacitance Cis defined to be equal

q=Cvc. (21)
Since in the case of a single capacitor it is difficult to conceive an

action analogous to the variation of turns involved in the operation, it
will be suitable to replace the ideal inductor by its equivalent circuit
containing an ideal variable-ratio transformer, as shown in Fig. 1.

Fig. 1. Linear time-
varying inductor (a)
with inductance L =

=N2P, and its equiva-
lent circuit ( b ) using an
ideal transformer with
turns ratio njn2 =n=

=A^j/TVjnax; L 2=NmaxP■

According to Fig. 1, the linear inductor with time-varying turns N(t) is
equivalent, as a one-port, to the parallel connection of the same inductor
with the maximal turns N Nmax = const and an ideal transformer with
a time-varying turns ratio

ni/n2 =n=N{t)JNmax . (22)
Indeed, 1 when using the notation in Fig. 1, the input inductance of the
equivalent circuit in Fig. I,b is

L =Ll=(/i 1//i 2 ) 2L2=rc2L2,

• (23)
and voltage-current relations for the elements are as follows:

vlJv2=ni/n2=^n=N/NmaXf (24)
ii/h——iiliLZ——nzlrii=—IJn——Nтах /М, ( 25)

r dIL2 - • dLs2
== VL 2 ==L-2 , (26)
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where
diL 2 d dh dn
_=^Г( П11) (27)

and
dL2 лг2 dP dU dP

, osn
- sr=Vmax—. (28)

Therefore, from (23) (28) we obtain
/ / dh { . 'dn \ . dl2 \п{Ц п +m'-dFГ

=n^+niLU^+n4LN^=
(29)

i.e. an expression identical with (9).
Taking into account that

m'iT2=fr.2Z.2=?iL2, (30)

the relation (29) can be rewritten in the form
diL .

.

dn dl2VL=L ~dF+lL2 ~dF+niL ~dr(3u
which is suitable for writing the dual relation

dv c . dn dC2 /qo .
tc = C—+9c2—+rtf c — (32)

for the conceivable capacitive one-port dual to the linear inductor with
time-varying turns.
3.2. The dual capaqtive one-port. To find the equivalent circuit of the
capacitive one-port dual to the inductor with time-varying turns we may
transform the equivalent circuit shown in Fig. 1,6 into its dual. Firstly,
the ideal transformer T is replaced by its dual ideal transformer T', and
the inductor L 2 —by the dual capacitor C 2. Secondly, the parallel connec-
tion of the inductor L 2 and the secondary winding of the transformer is
replaced by the series connection of the capacitor C 2 and the secondary
winding of the dual transformer. The result is shown in Fig. 2. The
parallel (Fig. 1,6) and series (Fig. 2) connections of the two correspon-
ding elements are stressed, using the common voltage and current, res-
pectively.

To find the dual of the ideal transformer T in Fig. 1,6, characterized
by the relationships

ui = nu2> h = —iž/n, (33)

Fig. 2. Linear capacitive one-port
dual to the linear inductor with
time-varying turns shown in Fig. 1.
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the corresponding dual relationships are found by replacing in (33) v\
by i'i, v2by V 2, Aby v'u and i 2 by v'2, which yields

i\ ni'z=i\ln', v\=—v'2/n=—n'u'2 . (34)
According to (34) the dual of the ideal transformer is the same ideal
transformer with its ports and the reference direction of one winding
interchanged as shown in Fig. 2.

Using the notation in Fig. 2, the input capacitance of the equivalent
circuit in Fig. 2 is

C=Ci= {n'zln'i) 2C2= n2 C%. (35)
Since

r dvC 2 , dC2l2=(C2 =c2 —+«c2— (36)

and
v C2=—v'2=nv'i=nvc, (37)

dvo2 d dvc dn
dt -~dr (nVc) - n ~dF+Vc 4F‘ (38)

then from (34) (38) we obtain
~ Ir ( dvc . dn\ dC2 \

lc = ll=nl2=n l
[ C2 {n-If-+ Vc 4r}+nvc j=

dvc . dn dC2
= 2—+Bc2C 2

—+я%с —=

dvc . dn dC2=C~dr+qc2 ir+nVc ~dT’ (39)

i.e. an expression identical with (32) and dual to (31).
For the particular case of Сг=сопзl characterized by changing the

input capacitance C only due to the variation of turns ratio, we get

ЧГ=~IГ( C/C2) 1/2==(l/2nCa) . (40)
Taking now into account that

——==o and qc2~ C 2 v Cz—vC Cln,

we finally obtain from (39) and (40)

n dvc . 1 dC
1C=C_+T .c —. (4)

i.e. the expression (4) given in the introduction on the basis of the dua-
lity principle.

As in the case of a time-varying inductor, the expressions (4), (32)
and (39) can also be derived from the energy balance. For example, if
C2 =const and n=var, no work is needed to change the input capacitance
of the capacitive one-port given in Fig. 2. Consequently, the energy deli-
vered to the capacitor C 2 in the time interval from to to t, is

W{to, t) = (u2c 2 (0- v*C 2 (to)) C 2/2= (v 2
c (t)- v*c (to)) Cl2. (41)

Since the instantaneous input power
/.4 /.4 • dW(tO, t) duc ,1 ,

dC
Pc (t) =Vc (/ ) <c ( t) = Jt = VcC ■jT +Tvl (42)
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we obtain
ic (0 =Pc (0 lvc (t) =C vc , (43)

i.e. an expression identical with (4).

4. Discussion

The classical voltage-current relations (1) and (2) are used both for
continuous and stepped variations of the parameter [ 1—4]. In case, of
course, if the parameter varies due to the work done by the parameter
changing agent, the stepped variation of the parameter is merely a useful
idealization leading to the infinite rate of energy storage.

On the other hand, the variation of turns is, in principle, always the
stepped one. Therefore, the relations (3), (4) and the rest related to
one-ports with time-varying turns or turns ratio can give the exact result
only in case the steps are taken into account. However, these relations
can also be used as useful approximate design equations if a quasi-
continuous variation of turns or turns ratio is assumed.

It is important to realize and useful to remember that in the case of
constant flux Ф the voltage across an inductor is indentical to zero for
all possible modes of the inductance variations. It follows immediately
from the initial basic expression (8).

Another characteristic feature of the inductive and capacitive one-
ports with time-varying turns ratio is the stepped variation of the port
flux linkage and the port charge. It results from the energy conservation
law for the stepped variation of the , port parameter when the stored
energy remains unchanged.

To illustrate the phenomena stated above, let us consider a simple
example of a short-circuited ideal inductor with time-varying turns and
invariant permeance shown in Fig. 3.

Denote the initial current, turns, and inductance as follows:
II (0) =/o, N{o)=No , L (0) =Lo.

Let us evaluate the time variations of the per unit turns iV*(/) =

=N{t)JNa and per unit inductance L* (/) —L (t) /L 0 in the case of
sinusoidal modulation of the per unit current

i*=iL (0//o=l+W sin iüt, m< 1 (44)
by means of the turns variation.

First we shall consider the quasi-continuous variations of the turns
and the inductance, using relation (3). Since in the case considered vL =O,
we get.

diL X.dL1 dt +' 2 lL dt (45)

and hence
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diL , 1 dL d Lil dWL nlL dt
+,

2 ьdt dt 2 dt°’ (46)

WL =Li2
L /2=const=LQ iy2, (47)

where WL the energy stored in the magnetic field.
From (47) the time variations of the per unit inductance

L*=Vi\ (48)
and, consequently, the per unit turns

.iV*=Li/2=l/f*. (49)

Since the stored energy WL can be expressed via the magnetic flux Ф
and the magnetomotive force F =NiL in the ■ form

Wl=OFJ2=PF2/2= Ф2/2P, (50)
it follows from (47) and (50) that in the case considered

const=F O, Ф=const =Фo. (51)
Therefore, per unit flux linkage

Х л =Мф/ЫоФо=Ы/Мо=Ы*. (52)
The continuous time variations of /*, A/* = 7,*, and L* are shown in Fig. 4
for m 0.5 (dashed lines). '

Let us now consider the stepped variation of the current, turns, flux
linkage and inductance, assuming that the sinusoidal alternating com-
ponent of the current i* is approximated by the 12-pulse waveform shown
in

,
Fig. 4 (solid line).
To evaluate the corresponding values of N* =7,* and L*, the same

expressions (48) and (49) can be used. The resulting stepped variations
of = and L* are plotted in Fig. 4 (solid lines).

The stepped variation of the inductor current by means of the turns
switching is a fast operation, because it can' be performed without any
energy flow from the parameter changing agent. Therefore, the linear
inductor with time-varying turns is a promising element to improve the
waveshapes both of the alternating [6~lß ] and direct [l9-23 ] currents in
various static power converters.

On the basis of the duality, similar tasks can be performed also by
the controlled lossless capacitive one-ports characterized by zero energy
flow from the parameter changing agent.

As shown in this paper, the time-varying inductive and capacitive
one-ports with no energy flow from the parameter changing agent can
be realized by using turns or turns ratio variation. However, it is highly
probable that, in addition, there exist other ways of realizing the induc-
tive and capacitive time-varying one-ports having such a characteristic
energy balance and being governed by the same new voltage-current rela-
tions (3), (4), (9), (31), and (32). For example, some types of switched,
lossless multiinductor or multicapacitor circuits can be used. So, to modu-
late the inductance between the two levels L and L/4 both a single
central-tap inductor with the total inductance L and two separate induc-
tors with the inductance L/2 each switched alternately in series and
parallel, are usable.

Similar alternative realizations are also possible for the capacitive
time-varying one-ports with no energy flow from the parameter changing
agent. '■

However, further investigation is needed to determine the total class
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Fig. 4. Per unit current t*, turns Ы л, flux linkage = and inductance for the
continuous (dashed lines) and stepped (solid lines) variations of the variables in the

circuit Fig. 3.

of circuits governed by the relations derived in the paper, and moreover,
circuits with the time-varying mutual inductance must be taken into
account.

5. Conclusions

1. The voltage-current relations for linear inductive and capacitive one-
ports with a time-varying parameter depend on the energy flow from the
parameter changing agent.
2. The inductance of a time-varying inductor can be varied, changing
either the permeance or the turns of the inductor, or, simultaneously,
both of them. From the viewpoint of the energy flow in the first case, the
inductance changes due to the work done by the permeance changing
agent, while no work and, therefore, no change in stored energy is needed
to change the inductance via changing'(switching) turns. Due to diffe-
rent modes of energy flow, the voltage component proportional to the
rate of inductance change is twice smaller for a linear inductor with
time-varying turns than the corresponding voltage component for an
inductor with time-varying permeance.
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3. A linear time-varying capacitive one-port dual to the linear inductor
with time-varying turns can be realized by connecting a capacitor to the
port terminals via a transformer or autotransformer with time-varying
turns ratio.
4. Due to the energy conservation law, for the inductive or capacitive
one-ports a stepped parameter change with no stored energy change
leads to a stepped change of the equivalent port flux linkage or port
charge.
5. Various realizations are possible for the inductive and capacitive
linear time-varying one-ports with no energy flow from the parameter
changing agent.
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V. SARV
LINEAARSE AJAS MUUTUVA INDUKTIIVSE JA MAHTUVUSLIKU

KAKSKLEMMI PINGE JA VOOLU SEOSE
NING ENERGIABILANSI VAHELINE SÕLTUVUS

On näidatud, et ajas muutuva induktiivsusega paispooli ja ajas muutuva mahtuvusega
kondensaatori pinge ja voolu seosed sõltuvad oluliselt parameetrit muutva allikaga
toimuvast energiavahetusest. Niisuguse paispooli induktiivsust saab muuta, muutes mag-
netilist juhtivust, keerdude arvu või samaaegselt mõlemaid. Magnetilise juhtivuse muut-
mine on energiavahetuse seisukohalt võimalik ainult täiendava töö arvel, kuna aga keer-
dude arvu muutmiseks (ümberlülitamiseks) pole töö ideaaljuhul vajalik. Erinevate
energiavahetusprotsesside tõttu on induktiivsuse muutumiskiirusega võrdeline pinge-
komponent muutuva keerdude arvuga paispooli korral kaks korda väiksem kui muu-
tuva magnetilise juhtivuse korral. Artiklis on tuletatud ja põhjendatud uus üldine pais-
pooli pinge ja voolu seos (9), mis arvestab magnetilise juhtivuse ja keerdude arvu
samaaegse muutumise võimalust. Ühtlasi on esitatud duaalsusprintsiibi alusel vastavad
uued seosed (4) ja (32) malhtuvusliku kaksklemmi jaoks, mis on duaalne muutuva keer-
dude arvuga paispoolile, ja näidatud, et niisuguse mahtuvusliku kaksklemmi realiseeri-
mise üks võimalusi on kondensaatori ühendamine muutuva transtormatsiooniteguriga
trafo või autotrafo väljundisse. Induktiivsuse ja mahtuvuse energiakuluta muutmise
alusel on võimalik kujundada perspektiivseid filtreerimisskeeme.

В. САРВ
ВЗАИМОСВЯЗЬ СООТНОШЕНИЯ между напряжением и током

и БАЛАНСА ЭНЕРГИИ В ЛИНЕЙНЫХ ИНДУКТИВНОМ И ЕМКОСТНОМ
ДВУХПОЛЮСНИКАХ С ПЕРЕМЕННЫМ ПАРАМЕТРОМ

Показано, что соотношение между напряжением и током в параметрическом дросселе
и конденсаторе зависит существенно от характера энергообмена с источником изменения
параметра. Выведены и энергетически обоснованы новое общее соотношение (9) для
линейного дросселя с одновременным изменением магнитной проводимости и числа
витков, а также соответствующие дуальные соотношения (4) и (32) для емкостного
двухполюсника, дуального линейному дросселю с переменным числом витков. Показана
возможная реализация такого емкостного двухполюсника путем соединения конденса-
тора к выходу трансформатора с переменным коэффициентом трансформации. Измене-
ние параметра дросселя с переменным числом витков и соответствующего дуального
емкостного двухполюсника не требует работы и поэтому является быстродействующим.
Такие реактивные элементы являются перспективными при синтезе фильтрующих
цепей.
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