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1. Introduction. In this paper the problem of maximizing the proba-
bility function

v(x,t)=P[f{x,l)ct] (1)
is considered. Here f{x,l) is a real-valued function defined on a Eucli-
dean space R'X^ S ; s, an s-dimensional random parameter; x, an r-dimen-
sional control parameter; t, a fixed number and P denotes probability.
Optimization problems with probability function (1) arise in optimal
programming, control and identification.

Consider the problem
max P[f (x, £) </]. (2)

By the Heaviside function %{y),
, . /0, 0;

* iy)= 11, y> o.
we can present the problem (2) in the following manner:

max f%{t f{x, l))dP{l).
,teR r E

Thus, the maximization of the probability function is formally a parti-
cular case of that of the mathematical expectation, and a solution of the
problem (2) we can find by some stochastic approximation type method.
However, the derivative in xof the Heaviside function %{t f {x, g)) is
the Dirac б-function, which is not a function in usual sense. Under these
circumstance we cannot use directly the well-known stochastic approxi-
mation methods. It seems quite likely to be a reason for the fact that
there exist only very few methods for solving (2), e. g. in [ l_4]. Referen-
ces in [2 ’ 3 ] deal with a Kiefer-Wolfowitz type algorithm and rely on the
Lipschitz condition of the v' x {x,t). In [ 4 ] the function f{x,l)) is
estimated by a differentiable in x Parzen kernel-type estimate, and in the
n-th iteration n realizations of the random parameter | are used to calcu-
late the estimate to the v'x {x,t). In [ s ] it is shown that the statistical
estimation type methods have no advantages in asymptotic sence com-
pared with methods of random search and at the same time require more
calculating efforts. According to these considerations, in this paper we
propose a random search algorithm based on realizations of Parzen
kernel-type estimation.

2. The algorithm. Let be the n-ih realization of the random
vector £ and let the function f{x,l) be differentiable in x for almost all
Let us determine the algorithm for the maximization of the probability
function (1) in the following way:
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Xn+ lxn \nh n
l f x {%n, t,n) A ({t f {Xn, ) • (3)

To prove the convergence of this algorithm, the following assumptions
are needed:
A 1. The kernel K(y) is a continuous function with

oo
sup I K{y) 1 f \yK{y)\dy<oo,

V

\y\ I А {у) I ->O, \y I -*O.

A2. The function f(x, £) is differentiable in x and £ and ||f'š ix,
£) II Ф0

for almost all g and all x.
A3. Derivatives v'x {x, t) and v"xt {x, t) exist, are bounded and conti-
nuous in x for ||x|| T and all t e Al .

A 4. The random vector g has a density p(|).
If the assumptions A 1 —A 4 hold, then

E{h~ lf' x (*«» f (X„,|„) ) A- 1 ) I *O, ..., x„} =

=h-' f f'x (Xn, g) A ( (/ f (x„, I)) /г; 1 ) p (I) dg=
R 8

oo
=h~l JK{{t v)h-i) f f' x {Xn,l)\\f'i{xn ,l)\\-l =

— oo S
X, v

=h~l 1K{{t v)h-i)v'x {xn,v)dv =

—oo

CO

= / K{z)v'x {xn, t hn z)dz,
—oo

where S x>v= ; f (x, |) =v} and (due to f l ])

v'x(x, t) = f f'x {x,l)\\f'i{x,l)\\-'p{l)dSX ' V .

S
X, V

By A 3
t— hnz)=v'x {Xn,t) hnzu"xt {xn , t QnhnZ)

and now

(*«, g«) A ( {t- f (x„. 6„)) I xO , ..., xn } =

= v'x (x„, t) hn fzK (z) v"xt (xn ,
t BnÄnZ) dz. (4)

■—oo

Under the conditions A 1 and A3, the integral in the last expression is
bounded for and if hn tends to zero then h-l f' x {xn,

|n ) AX
X({t f {xn,

i ) is a stochastic quasigradient of v{x,t) (see [ 6 ]).

Let X* be the set of stationary points, i. e.

X*={x* : v'x (x*, t) =o}.

According to [ 7 ], we can say that the method is convergent if all the
limit points of the sequence (x n ) belong to the set X* with probability 1
(w.p. 1).
3. Theorem of convergence. In order to formulate and prove
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the theorem of convergence, the following additional assumptions are
needed:
A5. E\\f'x {x, I) || 2 is bounded for lUH^T.
A6. y hn -+ 0, ynh- 0,

'OO oo
2Jyn = 00, J£y2

n <oo,
n=l n—l

'OO 'OO

JEynhn <oo, ,2Jy2
n h- 2<oo.

n=l n=l

A7. The function v{x, t) takes no more than a countable number of
values on the set X*.
Theorem. Assume that the conditions AlA 7 are satisfied and
sup ||vn ||<oo w.p. 1. Then all the limit points of the sequence (,xn ) belong
to the set X* w.p. 1.

The proof relies on the following
Lemma [ 7]. Let a random sequence (vn (oo)) and the solution set X*
satisfy the following conditions
1) there exists such a closed and bounded set S that (x„ (oj) )e 5 w.p. 1;
2) for any convergent subsequence (х Пк (®))

a) if lim х Пк (со) eX* w.p. 1, then
/l-xoo

lim i|vnh+l (.(o) — х?гк (со) || = 0 w.p A,
h-yoo

b) if lim Хпк (w) =x'(oo) фX* for иеВ, P{B)^> o, then there exists
/(->•00

such a real-valued random variable eo(oo) that for all k and e(oo),
o<Се(со) the variable Xfe(oo) is bounded for меВ, where

Tfe(to)= min {n : \\xn vn J|>e};
п>пк {ш)

3) there exists such a continuous function W (v) that for all oo eB

lim W ( xXk (oo) ) < lim W {х Пн (oo));
fe-*oo h—roo

4) the function W (v) takes no more than a countable number of values
on the set X*;
then the limit of every convergent subsequence of the sequence ( xn )
belongs to the set X * w.p. 1.
Proof of the theorem. Test the conditions of the Lemma. Suppose that
there is some real T for which ||xn w.p. 1 for all n. The condition
2a) is fulfilled by A 1, A 6 and A 7. If 2b) is not fulfilled, then for
s^nk , \\Xs *nj|<e, ||*n, Jit'll <e and ||xs *'||<||*e *rj|.+
+ ||vn(c x'\\<L2e. Taking W{x) —v [x, t) we get

v (xs, t) v (,х Пн, t) = {v'x {хПк, t), xs хПн ) +o (e)
and

XS Xn H
= y^l~lf' (Xn, Ьп) К ((t f (x n,

|n )) h~l ).
n=nk

Then
V {Xs, t)—V {хпк, t)= ( v'x (XnK , t) ,
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Jžj y-nh (X n , ln)Ki{t—.f (X n , |n) )n) ) “Ь° ( £ ) ■—
~l' {v'x {Хпн, t) ,

n=nK

4- s-1 * . -

2J ynV'x [Xn J))-\-{v'x {XnK> 0 >

n=nK ■ i v , . v. '
• i

s—l oo

2 уn[u' x {Xn, t) hn J zK{z)v" {xn ,
t Q nhnz)dz

П=ПК —oo

nf'x iXn > Šn ) К ( f ( xn, |n) ) h~ l ) ]) 4“ {v 'x (Xn k , t) ,

S—l oo

žynhn JzK{z)v"xt (x n ,
t Q n hnz)dz)+o{e).

n=nh , —OO

By (4) . V . V; .
C ' . ■: Г

OO 4

E{v'x (xn , t) —hnJzK {z) v"t (xn , t o,ihn z) dz
' j| ..

-00 i; - <•

h~l f' x {Xn, ln)K{{t f{xn, ln))h~ l) \xo, ..., *„}=o.

Now consider the sum■ ■, •

■oo oo
2jE\\ynv'x {Xn, t) yn hn JzK{z)v"t ( xn , t Qnhn z)dz

П=П Н —oo

ynh~^f'x (xn, K{ (t. / {xn , En)) 1 ) il 2= , . ;

oo oo oo

=Hy\ il V'x {Xn, t) || 2+ JO y2
n h?n .II /zK (z) v"t (xn ,

t Qn hnz) dzЦ 2+
n=nH n=nh —oo

oo

~h y2
n h^E\\f' x {xn K{{t / {xn, |n)) h~ l ) il 2

n=n H

■oo oo
—2 ž y2

n hn{v'x {xn,t), fzK(z)v"
t (xn,

t Qn hnz)dz)
n=nH -HOO

oo OO

2,J£ Y2
n h~ l {v'x {xn, t), f'x {xn, ln) hn J zK{z) v" xt {xn, t Q n hnz) dz) +

П=ПН нч oo v ;

■OO OO J

-I■ 2 2J Y2
„

(l f zE(z)v" t (Xn,
t —QnhnZ)dz, v'x {Xn, t)

71=71 H —OO

.oo

—hnJzK (z) v"
t {xn, t Qnh nz) dz) <oo

—(OO

due to
£||/M*n, E.) К(((-f(fc.En))l«) II 2

J / [ : : • *4 •I .

and assumptions A6, sup |/C (у) |^/C.
у

Hence, ' ' ! к
■oo oo

■2 уn[v' x (Xn, t ) —hn f zK (2) u"
xt (Xn, t QnhnZ) dz 4^

n=nk —oo



~^nf'x{xn, in)K{{t f(xn, |n) )■&“*) ]<OÖ W. p. i.
OO oo

Similarly J£ynhn f zK{z) v" f (xn , t Qn hnz)dz< 00. Since x' ф X*, then
n=nh —'OO

\\v'x{x', t) || 2 >6>>o and as v'x {x,t) is continuous in x we can find a num-
ber k such that {v'x {xnH,t),v'x {xn,t))> 6/2 for every n^nh .

Hence

(Xa, t) (Xn K, t) 6/2 Уп~|~ {V x {Xn*, t) ,УYn —

71=71 H n=7lH

100

—/i„ fzK{z)v" xt {xn, t—Q nhnz)dz—h-if'x {xn, |n ) f {xn , In) )Jhn ) ]) +

—oo
**

-jfcatk...-

+ (O'* (Jfn„ o, JŠ ynhn fzK {z) v"t {xn , t Q nhn z) dz) +o (6). (6)
n=nK -^OO

Going over to the limit by s, we reach a contradiction with the bounded-
ness of v (xs, t).

So 2b) is proved.
Prove 3). Let xu = min [n : \\xn *njl>e}. By the definition of Xh,n>nK

\\XxK XnJli>e (7)
and lUT*-i —*rJKe. Since ynh-l -+0 and f'x (xn , ln)K{{t f{xn , ln))h~ l)

is bounded w. p. 1, so we can find such an index k that
\\XxK ХпЛ \\XxH xXK-i\[ + ||x T*-i xnh \ I <2e.

Therefore, the inequality (6) holds for s=xu as well, i. e.
Tft—1 Tjj—l

V {Ххю 0 о {х Пн, t) 6/2 Yn~b {XnH , t) , Уп [V'x {Xn, t)
n—nk n==nK

CO

—An / z/C(z)t>" (*n, t —Qn hn z) dz
—oo

* x i Xn > £n ) / (*«> l«) ) ]) +

XK-i oo

2 ynhn J zK{z)v''xt {xn ,
t Q n hn z) dz) +o(e).

П=ПК —oo

From (7) we obtain

e<C Цх-гк Jžj xn || =

n=nK

*= 27 (*«. gn)^((<-/ (*«. 6») ) 1 ) II
n=nK

and according to (5)
oo

ynh~ l \\f'x i Xn> n ) / ( xn , )h~l ) II <d oo w. p. 1.
n=nK

154
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So hni\\f' x {Xn, ln)K{{t f{xn, ln))h-')W js bounded with some M w. p. 1.
Tjc-1

Therefore and from (8) we get
n=nK

T —1
{Xx*, t) v 0 6e/2M-|-|| и x{XnK > Oil II У п [ v'x{Xn, 0

п=пк

oo
—hn fzK {z) v" f {xn , t Q nhn z ) dz

—'OO

hnf'* ( Xn »
£n ) К ( f (*«» ) ]ll ~b

T*— 1 oo

+ oil II 2J \nhn JzK{z)v"t {xn, t Qnhn z)dz\\-\-o{e).
n=nH '“Oo

From (5) iwe obtain
m oo

lim || J>J7П [v'x{xn , 0— hn fzK {z) v" ( xn , t Q nhn z ) dz
n=ftm-voo

- h~l f'x {Xn, ln)K{{t-f {Xn, In)) h-') ]||=o
and

m oo
tim\\JEyn hn f zK{z)v" (xn , t— Qnh n z)dzll=o. (10)
h~*OQ ,

- n=k r-ooШ-ИХ)

The limits (9) and (10) are also true for m\=Xh —1 and k =nh, and
hence,

lim v {xXk, 0 lim v {хПн, 0 öe/2-M.
ft-*oo ft—>-oo

So 3) is proved.
The proof with the assumption sup [|xn ll <oo w. p. 1 instead of the

boundedness of T proceeds similarly. We repeat about the proof, but
stop the iteration ( xn ) at the first moment when ||*n ||>-7. Then we con-
clude that with a probability P[sup ||xn Since T is

П
arbitrary, the theorem holds as stated. Q. E. D.

4. Numerical example. Consider the problem

Table 1

Y„ = 100/n4 /5, hn= lIn 1'* \n = 100/n6 / 7 , h n =\Jtl l 'b

n %2 n X\ n %2 n

25 4,3700 3,4960 4,3535 3,4828
50 3,8564 3,0850 3,9835 3,1868
75 3,3437 2,6750 3,6864 2,9492

100 2,6680 2,1344 3,4302 2,7442
125 1,7800 1,4240 3,1760 2,5408
150 6,4830 • 10-4 5,1863 • IO- 4 2,8330 2,2663
175 —2,5653 • 10-5 —2,0523 ■ IO- 5 2,3060 1,8447
200 —2,2580 • 10-9 —1,8064 • IO-9 1,5992 1,2794
225 — — — 1,0348 • 10-2 —8,2787 • IO-3
250 — — — 1,0380 • 10-6 —8,3040 • 10~7
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max P[li (x2 -fx2 )/ ( 1 +x2 ) < |2 ],
xl' x2

where | b and l 2 are uniformly in [O, 1] distributed random parameters,

К (у) = (2я) -1 /2 exp (—y2/2), xo (5; 4).

The solution of the problem is (0, 0). The results of computing are presented in
f OO

Tables 1 and 2. In Tabl. 2a the assumption 2 /Л~ 2<°° is not fulfilled. Since
n I я n

the function v(x, t) is quite aslant, we need large values for y n at the beginning.
Tabl. 2b shows that for smaller values of y n the convergence of (x n ) is com-
paratively slow.
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R. LEPP

TÕENÄOSUSFUNKTSIOONI MAKSIMEERIMINE
STOHHASTILISE APROKSIMATSIOONI TÜÜPI MEETODI ABIL

Tõenäosusfunktsiooni v(x, t) P[f(x, g) <f] maksimeerimiseks on kasutatud stohhasti-
lise aproksimatsiooni tüüpi meetodit, kus tõenäosusfunktsiooni v{x,t) gradient asen-
datakse igal iteratsioonisammul Parzeni tuuma tüüpi hinnangu realisatsiooniga. On
näidatud, et viimane on funktsiooni u' x {x,t) kvaasigradient, ja tõestatud meetodi
koonduvust. i

Р. ЛЕПП
МЕТОД ТИПА СТОХАСТИЧЕСКОЙ АППРОКСИМАЦИИ

ДЛЯ МАКСИМИЗАЦИИ ФУНКЦИИ ВЕРОЯТНОСТИ

Для максимизации | функции вероятности v{x,t) = P[f{x, ||) <t] предлагается метод
типа стохастической аппроксимации. На каждом итерационном шаге v' x (x,t) заме-
няется одной реализацией ее парзеновской оценки. Показывается, что метод является
квазиградиентным, й доказывается его сходимость.

Table 2

° y n —\00/n 3 / 4 , hn =\Jn Ь y n = 10//I2 /4 , hn==llnW
n X\ n %2n Xl n %2 n

25 2,6221 2,0977 4,9185 3,9348
50 3,1425 2,5140 4,8703 3,9035
75 1,9844 1,5875 4,8585 3,8868

100 3,8810 • 10-2 3,1047 • 10-2 4,8370 3,8696
125 —3,7310 • 10-4 —2,9847 • 10- 4 4,8181 3,8545
150 —0,2640 —0,2112 4,8000 3,8400
175 4,8093 • IQ- 2 3,8474 • 10-2 4,7818 3,8254
200 3,1122 2,4898 4,7690 3,8095

725 —2,1288 • 10-2 — 1,7031 • 10~2 4,5687 3,6550
750 2,5470 2,3376 4,5580 3,6464
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