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1. Let (Q.õL P) be a probability space with a nondecreasing' family of
о-fields Sf, e õr

. Let x=x (to) : QRn— i?n .X ■-- X#
be a tF-measurable vector function. Denote by X the set of functions jc(<ö)
and let McX be the subset of all nonanticipative functions, i. e. x M
if v(w) = {-Vi(co), ..., vw(o))}, oeQ and x*(to) is FVmeasurable, k=
=l, .... N. Let f.X-^R 1 and g(co, *(ю)) be a vector function, g(tö, -) =

Let us consider the following jV-stage stochastic programming problem
(the exact formulation will be given below):

f(x)-> min, (1)
g(«,x(w))^//0 (ca), у0 («)еУ, (2)
x eM. (3)

In the statement of such an optimization problem it is frequently required
that jc(fe)) must be a P-essentially bounded measurable function (for
example, in addition to (2) and (3) it is required that x(<ö)e C where
Cc= Rm is a bounded set). It seems then natural to choose X=Y,=
=L°°(Q,3r

, P; Rn). The restriction (3) can also be treated as the functional
restriction [••*], and under certain conditions the saddle-point theorem
can be proved. The Lagrange multiplier which removes the constraint
(3) belongs to the space L 1 c= (L°°)*.

The space L°° has the important property that the cone of his positive
elements has nonempty interior. In the present note the problem is
studied without this restriction, which makes it possible to handle the
problem in the spaces L?, lor example. We consider the
linear problem and we make the hypothesis that the minimum point
exists. The necessary and sufficient conditions for the minimum in
abstract linear programming problems are obtained in [3 ]. Our aim is
to examine these conditions, taking into consideration the information
constraint (3), typical in multistage stochastic programming problems.
2. Let X, T be the Banach spaces of certain functions and
let X* t Г* be their conjugate spaces. Denote by the closed convex
cone of positive elements in T and let Ky be the conjugate cone. Let
EkX=E^hx be the conditional expectation of with respect to
tFft. Suppose that Ек : X-*■ A' is the continuous linear operator (as it is
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for X=Lp P; R n)) and denote A tx= (xi ExXi, ..., XN ENxN ).
Let A 2 be the continuous linear operator and Ax={AiX, A 2x ).
Denote

f , Oel Let yo={o,y 0 )(=Y be fixed
and let [gT.

The following extremal problem will be studied:

f{x)-+ min, (4)
Ax^y0 . (5)

The inequality Ax^y0 means that and A 2x^y0 . The constraint
AiX= o is typical in the sequential optimization problems. This emphasizes
the fact that the decisions at every stage must depend only upon the
past observations and not on the future ones.
3. Let x 0 e X be the minimum point. Let us fix the element z
and denote (cf. [ 3 ]) K{zo ) = {Xz O : +Ky= {hzo ; —oo<A,<oo} +/Cr
and P(z0) = {y*: y* Ky*, y* (zo) =o}. Let cl Вbe the strong closure of
the set B.
Lemma 1. P{z o) (cl K{zo))*.
Let yi yA-IZo <= K{zo), where у<= Ky, z И y*^P{z0 ),
then y*{yi)=y*{y)+hy*{z0 i. e. у* ее{К{2o))*. Conversely,
if y* (г/i) =y* (y) -\-hy* (z 0) for all Äe^ 1

, then j/*(z0 )=0, i. e.
y*<=P{z 0). It remains to notice that (/C(z0 ) )*= (cl K(z 0 ) )*.

Let A* be the adjoint of A. Let us introduce the following conditions.
M (z„): d- 1 (cl К {го) ) =cl
N(z 0): A*P{zo ) is weakly* closed in X*\
F{zo): (Л-1/С(2о))*=Л*(/С(2о))*.
The conditions M{zo ) and N(z0 ) were introduced in [3 ]. It was shown
that when they are satisfied, then x 0 is the minimum point iff there
exists y0

*
<= У* such that {xo,y0*) is the saddle-point of the Lagrangian

H {x, y*) —f (x) — y* {Ax y 0). If only M{zv) holds, then only the
generalized saddle-point theorem can be proved [3 ].

Frequently [4 ] the necessary conditions for the minimum, are proved
under the condition F{z 0 ) (the Parkas’ condition). We shall prove that
the conditions M{zo) and N{z0 ) are equivalent to the condition F{z o).
The importance of dividing the Farkas’ condition into two parts lies
in the fact that this enables to separate the case when only the
generalized saddle-point theorem is valid.
Theorem 1. F(zo) is satisfied iff M{zo) and N (zo) are satisfied.

Let M{zo) and N(z0) be satisfied. By M{zo) we have (Л~ 1/С(20 ) )*=

= (cl A~IK{zq))* ■= (Л -I сl K{zq))*. From Lemma 1 Л*(сl K{zo) )* =

=A*P{z o) and by N (z 0 ) this cone is weakly* closed. Therefore ([ 5 ]

p. 118) (Л_I сl /C(z 0 ) )*= Л*(сl /((zo))*. Thus we have (Л~ 1/С(г0 ) )
*
=

=A* (cl K{zo)) *= A* (K{zo) )*, i. e. the condition F {zo) holds.
Now let F{z o) be satisfied. {А~IК{г o))* is weakly* closed and there-

fore the cone Л*(/C(z 0 ) )*=A*P{z o) is also weakly* closed, i. e. N(z 0)
holds. From the preceding paragraph and F(z 0 ) we have
(cl A~lK.{z0 ) )*= (Л -1/С (z0 ) )*=A*{K(zo) )*=Л*(сl /C(z o))*=

= (Л~lсl/((2о))*. (6)

Suppose that Af(zo) is not satisfied, i. e. Л-1 cl К (zo) zd cl A~ IK (2Го) . Then
exists Xi e Л-1 cl K{zo) such that Xi ecl Л-1/С(г 0 ). This element Xi can
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be strictly separated from the cone cM_1/C(z 0 ), i. e. there exists
such that g{x)^Q>g{Xi), for all xgcl А~IК{г 0 ), contrary to (6).
4. Consider now the condition M{zo) for the operator Л= {Ai, A 2). If
Zq = (0, zo), Oel, then K{zQ ) = {O}X üT(zõ), R{zo) =
== {Xzo: Ä,^o} :+/Cy and cl K{z o ) = {o}Xc Denote by int В and
ri В interior and relative interior [6 ] of the set В and let AiX—XczX.
Lemma 2. Let Ki and Кг be convex cones in X and let

Ki{]riKz¥=o, с\К2+пКг=пКг. (7)
Then

cl (/Ci П K 2) =cl iCi Лcl /C2- (8)

Note [4 ] that (8) (and also (7)) are satisfied when K\ П int К2 ФO. The
lemma can be proved in the same manner.
Example. Let Kz be the cone of polynomials of degree in ZA
Then int K2=o but пКг=К2 and cl /C 2+ri K 2=ri Кг- If Кг is the
cone of all polynomials in L 2, then int/C2=o, riK2=K2 but c\K2=L2

and cl /Сг+ri КгФп Кг-
Theorem 2. Let M(zo) be satisfied for A 2. If the convex cones Ki=

ker Ai= {x eX : AiX =o} and Кг=Аг л cl R{zo) satisfy (7), then M{zq)
holds for A.

Clearly, A~ l dK{zo)= ker Aif) cl and ker A t= cl ker Ai.
By M{zo) Lemma 2 cl Л-1/((го) = cl[ker (zo)] =

=ker Ai П АгГ 1 cl R(z 0) •

Consider now the condition N{zo). Note that A*=\A* t A 2 ) _and
Kt*'=R*XKt *. Therefore P{zo )=X*XP{zo) and A*P{zo)

А~Аг P (zo) .
The range of Ai is closed and therefore Ai*X* is weakly* closed. If

fV(zo) holds for A 2, then the second term is also weakly* closed, but
the sum of two weakly * closed sets need not necessarily be weakly *

closed.
Lemma 3. Let Z be a Banach space, — its subspace and
Кc= Z the cone with nonempty interior. Let Zif|int/(=AO, Then
Zt+K=Z.

Let x 0 e Zi П intК and ScZ be such sphere with the centre at zero
that Xo+S c= K. Then S=(x o+S) xQ czK —Zx=K-\~Zb For every

therefore, K-\~Z I=Z.
Now it is easy to state the following sufficient condition for N{zo):

if ATX* П int A2*P{z0 ) ФO, then_./V(2o) holds. By Lemma 3 it is im-
mediate that Ai*X*+A2*P{žo) =Jt*XT* and N{zo) holds.

Note that if for the operator A 2 some Slater-type assumption holds, i. e.

A 2 (ker Ai) П int К (z 0 ) ФO,
then F(zo) holds [4 ] and by Theorem 1 also M{zo) and N(z0 ).
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Т. TOBIAS

LAGRANGE ! KORDAJAD LINEAARSETES MITMEETAPILISTES
STOHHASTILISE PROGRAMMEERIMISE ÜLESANNETES

Lõpmatumõõtmelise programmeerimise meetodite abil on tuletatud tarvilikud tingimused
lineaarsetele mitmeetapilistele stohhastilise programmeerimise ülesannetele ning uuritud
informatsiooniliste kitsenduste mõju neile.

Т. ТОБИАС

МНОЖИТЕЛИ ЛАГРАНЖА В ЛИНЕЙНЫХ МНОГОЭТАПНЫХ ЗАДАЧАХ
СТОХАСТИЧЕСКОГО ПРОГРАММИРОВАНИЯ

Методами бесконечномерного программирования выводятся необходимые условия
экстремума в линейных многоэтапных задачах стохастического программирования.
Рассматриваются пространства, где конус положительных элементов не имеет внут-
ренних точек. Исследуется влияние информационных ограничений на эти условия и
выделяется случай, когда множители Лагранжа существуют в обобщенном смысле.
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