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Abstract. We prove quantitative strengthenings of results on polynomials that are weakly
uniformly continuous on the unit ball of a Banach space due to Aron, Lindstrém, Ruess, and
Ryan (Proc. Amer. Math. Soc., 19927, 1119-1125) and to Toma (Aplicacdes holomorfas e
polindmios7-continuos.1993). Our method is based on the uniform factorization of compact
sets of compact operators.
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1. INTRODUCTION

Let X andY be Banach spaces over the same, either real or complexKfield
We denote by (X, Y) the Banach space of all continuous linear operators fkom
toY, and byK(X,Y) its subspace of compact operators.

Let £%("X) denote the Banach space of continuous symmettinear forms
on X and letP("X) denote the Banach space of continueusomogeneous
polynomials onX. Then for eachP? € P("X) there is a uniquelp € L5("X)
satisfyingP(z) = Ap(z,...,z) foreachzr € X.

Recall thatP € P("X) is weakly uniformly continuousn the closed unit ball
Bx of X if for eache > 0 there arex],...,z;; € X* andé > 0 such that if
z,y € Bx, |zj(z —y)| < dfori = 1,...,n, then|P(z) — P(y)| < e. Let
Puwu("X) denote the subspace &f("X) consisting of the polynomials that are
weakly uniformly continuous oBx. The corresponding subspace®f(" X) is
denoted byC? (" X). Notice thatP,,, (" X), with the norm induced fror® (" X),
is a Banach space (s€d,[Proposition 2.4).
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For eachP € P("X) there is a linear operatdfp : X — L£5("1X)
defined by(Tpx1) (22, ..., z,) = Ap(x1, 9, ..., x,). Clearly, the correspondence
Ap — Tp is linear and||Tp| = ||Ap||. According to [], P € Puu("X)
if and only if Tp € K(X,£5("1X)). Moreover, if P € P,,("X), then
Tp € K(X, L3,("1X)).

In 1999, Aron et al. (se€’], Proposition 5) proved the following resuilt.

Theorem 1[?]. Let X be a Banach space and let = 2,3,... . LetC, be
a relatively compact subset of the spacex, £3,, ("1 X)). Then there exists a
compact subset of X* such that for allsS € C,, and allz € X

(S2)(@, o 2)] < sup |a*(z)|"
z*e C

Theorem 1 together with its proof id][gives no information about the size of
the set” corresponding to the size 6f,.

The purpose of this article is to prove the following quantitative strengthening
of Theorem 1. We denot€’| = sup{||z| : x € C}, whereC'is a bounded setin a
Banach space.

Theorem 2.Let X be a Banach space and let= 2, 3, ... . LetC,, be arelatively
compact subset of the spadg X, £5,(""1X)). Then there exists a compact
circled subsetCC of X* with |C| = max{|C,|,1} such that for allS € C,, and
allx e X

[(Sz)(z,...,2)[ < sup |z"(z)|".
z*e C

We use a standard notation. A Banach sp&ceill be regarded as a subspace
of its bidual X** under the canonical embedding. The closure of adset X is
denoted byA. The linear span ofi is denoted by spar and the circled hull by
circA.

2. PROOF OF THEOREM 2
The proof of Theorem 2 will be based on a factorization result that easily
follows from

Lemma 1. Let X and Y be Banach spaces. For every relatively compact
subsetC of K(X,Y), there exist a reflexive Banach spaZe a linear mapping

® : span C — K(X,Z), and a norm one operator € K(Z,Y) such that

S =wvo®(S)forall S € span C. The mappingb restricted toC' is a homeo-
morphism and satisfies

S]] < [ @(S)|] < min{|C|, |C[/26Y2||S||/?},
S € C, whereb =~ 2% is an absolute constant.
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Proof. Sincecirc C is a compact subset &f(X,Y'), by [*], Theorem 6, there exist
a reflexive Banach spacg a linear mappin@ : span C — IC(X, Z), and a norm
one operator € K(Z,Y) such thatS = v o ®(S), for all S € span C. Moreover,
the mappingb restricted tacirc C' is a homeomorphism satisfying

. d ,dy\1/2
18I < o)l <min{ 3, (5) " e2S1M2},

S € circ C, whered = diam circ C.
Since for allS € C

1 1 d
= — = — — (= < —
151 = 51251 = SIS = (=9)] = 5

we get|C| < d/2. On the other hand, for ali, T" € circ C, we haveS = A\S, and
T = uTy, for someSy, Ty € C and for some\, i € K with |A], |u| < 1. Hence

15 =TI < 151 + 1T} = IXSoll + [« Tol
= [AlISoll + [l Toll < [1Soll + I Toll < €] +|C,
S,T € C. Therefored/2 < |C|. Consequentlyl/2 = |C]|. O
The proof of Theorem 2 follows the idea of the proof of Proposition 5jn [

Proof of Theorem 2 We proceed by induction on = 2,3,.... Let (5 be a
relatively compact subset of the spacexX, £5,,(1 X)) = K£(X, X*). By Lemma 1
there exist a Banach spagg a linear mappingp : span Cy — K(X,Z), and a
norm one operator € K(Z, X*) such thatS = v o ®(S) for all S € span Cs.

Then for allS € Cy and allx € X,

|(Sz)(2)] = [0(@(S)x)(2)] = [(v7z)(D(S)z)],

hence
|(Sz)(2)] < [[vz||[|®(S)z]|-
Put

Co = {(CI)(S))*(Z*) : 5 €0y, 2t € Bz*} C X*.

Then C3 is circled. To prove that it is also compact, let us fix an arbitrary
e > 0. Let{®(S1),...,2(Sn)}, Sk € Ca be ane-net in the relatively
compact sef{®(S) : S € Ca}. Since®(Sy) is a compact operatof®(Sy))*
is also a compact operator and therefodd Sy, ))*(Bz-) is a relatively compact
set. SincelJ;_,(®(Sk))*(Bz-) is clearly a relatively compact-net in the set
{(®(9))*(z*) : S € O, 2* € Bz}, this set is relatively compact. Heneéy is a
compact set.

Moreover, we get

[@(S)z| = sup [z(@(S)x)[ = sup [((D(5))"()(z)] < sup [¢"(x)|

z*EB z*EB g z*€Cyp

forall S € Cyand allz € X.
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Denoting

CU = ’U(Bz) C X*,

we have that’, is circled and compact, and

[v*z| = sup [(v*@)(2)| = sup [(vz)(z)| < sup |2"(x)]
z€EBy z2€EBy z*eCly

forallz € X.
Finally, letC = Cg U C,,. ThenC'is circled and compact, and

|(Sz)(@)] < [loz[[@(S)z]] < sup |o"(@)] sup |2"(x)] < sup " ()]

z*eCy z*€Cyp z*eC

forall S € Cyand allz € X.
By the definition of|C|,

|Cl = sup [|z7[| = sup [[z"[| =max{ sup [z7[|, sup [z}
z*eC z*€CHUC, z*€Cq z*€Cy
= max{[Cq|, |Cy}.

Let us first estimate

[Co| = sup [lz"|| = sup [[(®(5))*(z")] = sup [[(2(S5))"]| = sup [[@(S)]].
z*eCyp *Segz SeCy SeCy
2 TEDz*

Using the conclusion of Lemma 1, we have for&lE Cs,

1S < [@(S)[| < sup [|[@(S)] = [Ca|
SeCs

and
[2(9)] < |Cal.

Hence
|Cs] < |Cs| < |Ca,

meaning thatiCs| = |C5|. Let us now compute

|Co| = sup [z%|| = sup |lvz| = [jv]| = 1.
z*eCy z2€By

Consequently,
|C| = max {|Cs|, |Cy|} = max {|Cs|, 1}.

Assume that the result is true fer— 1, wheren € {3,4,...}. LetC, be a
relatively compact subset of the spacex, £3,,(" 1 X)). By Lemma 1 there exist
areflexive Banach spacg, a linear mappin@ : span C,, — K(X, Z), and anorm
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one operator € K(Z, £3,,("1X)) such thatS = v o ®(S) for all S € span C,,.
Then for allS € C,, and for allz € X, considering(z,...,z) € (£, ("1 X))*
(note thatifA € £5 ("1 X), then{(z,...,z),A) = A(x,...,x)),
[(S5z)(z, ..., 2)| = [o(®(S)z)(z, ..., 2)| = [(v* (2, ..., 2))(R(F)z)],
hence
(Sz)(z, ..., 2)| < ¥ (z, ..., 2)[[[2(S)z]|.
Put, as above,

Cop = {(®(5))*(2*) : S € Cp,2* € Bg+} C X*.
ThenCy is circled and compact, and we get

[@(S)z]| = sup [z%(2(S)x)| = sup [((®(5))"(2"))(x)] < sup |z"(x)]

Z2*€EBgx 2*€Bgx z*€Cyp

forall S € C, and for allz € X. Recall that/(By) is a relatively compact subset
of £5,(""1X). Hence

Cn-1:= {TP : Pe ,Pwu(nilX), Ap € U(Bz)} C ﬁ(X, ﬁs(nizX))

is also relatively compact. According t[C,,_1 C K(X, £L5("2X)). Therefore,
by the induction hypothesis, there is a circled and compact sdlset X* with
|Cy| = max{|Cy_1],1} such that

(Tpa)(@,....,a)| < sup |o(z)"!
z*e Cy

for all P € Puu("1X) with Ap € v(Bz). Sincev(Bz) C L5,("1X), for
all z € By there existsP € P, (" '1X) such thatvz = Ap. By definition,

Ap(z,z,...,z) = (Tpx)(z,...,z), z € X. Hence, for allz € Bz and all
e X,
|(vz)(z, ..., 2)| =|Ap(z,z,...,2)| = |(Tpx)(x,...,2)| < su% \x*(x)|”71
I*e v
Therefore
[v* (2, ..., 2)|| = sup |(v*(z,...,7))(2)]
2€By
= sup |(v2)(x,...,0)| < sup |2*(2)]" .
2€EBy z*eCly

Finally, letC = Cg U C,,. ThenC'is circled and compact, and
[(Sz) (2. .. @) < vz, ..., 2) ||| (S)z|

< sup [z*(2)[""" sup |z*(z)| < sup |z*(x)|"
x*eCy z*€Cyp z*eC

forall S € C,, and allz € X.
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To complete the proof, let us show théat| = max {|C,,|, 1}. Similarly to the
casen = 2, we have

|C| = sup |[z*]| = sup [2"| =max{ sup [z"[|, sup [z"(}
z*eC z*€CapUC, z*eCqp z*€eCy
= max{|Csl, |Cy}

and

[Co| = sup [z = sup [[(@(9))"(z")|| = sup [[(2(S))*|| = sup [|D(I)]|-
z*eCy SeChy, SeCh SeCh,
Z*EBZ*
Using the conclusion of Lemma 1, we have for&le C,,,
151 < 12(9)]] < [|Cal
and
[2(S)]| < |Cnl-

Hence
1Cnl < [Col| < [Chl,

meaning thaiCs| = |C,|. Let us show thatC,| = 1. Recall that|C,| =
max{|Cy_1|,1}. Since

[Crnal = sup [Tl = sup [[Ap| < sup [luz]] = [lof| = 1,
TPGCn71 APEU(Bz) ZEBZ
we clearly haveC,| = 1. O

3. APPLICATION TO POLYNOMIALS

The next theorem is proved by Tont§ (an alternative proof is given irf]).

Theorem 3[*]. Let X be a Banach spagéetn = 2,3,...,and letP € P("X).
The polynomiaP € P, (" X) if and only if there exists a compact sub&edf X *
such that for all: € X

|P(z)| < sup |z*(z)|™
z*e C

The following is a quantitative version of Theorem 3.

Corollary 1. Let X be a Banach spacéetn = 2,3,...,and letP € P("X). The
following are equivalent

(@) P € Pyu("X),

(b) there exists a compact subgebf X* such that for allz € X

|P(z)| < sup |z*(z)|",
z*e C
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(c) there exists a compact circled subsebf X* with
nn

wax{| P, 13 < 0] < max { 171
n:

such that for allz € X

|P(z)] < sup [z*(z)|"
z*e C

Proof. (a)= (c). Let P € P, ("X), then{Tp} c K(X, L5, ("' X)). Applying
Theorem 2 taC,, = {Tp}, we get that there is a compact circled suliSeif X*
with |C| = max{||T,||, 1} such that for al: € X

|P(z)| = |Ap(z,x,...,2)| = |(Tpx)(z,...,2)| < milép0|x*(:n)|"

Applying the polarization formula (see, for exampfg, Theorem 1.7), we have
nn
1Pl < ITpll < —I1P].

Hencemax{||P||, 1} < |C| < max{Z||P||,1}.
(c) = (b). Obvious.
(b) = (a). Follows immediately from Theorem 3. O
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Banachi ruumi uhikkeral noérgalt Uhtlaselt
pidevatest poliinoomidest

Kristel Mikkor
On tBestatud Aroni-Lindstromi-Ruessi-Ryaffi] ja Toma [*] teoreemide
kvantitatiivsed versioonid Banachi ruumi dhikkeral nérgalt Uhtlaselteyate

poliinoomide kohta. Téestusmeetod tugineb kompaktsete operaatorite kostpakts
hulkade Uhtlasele faktorisatsioonile.
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