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Abstract. Nonlinear dynamics of the incommensurate surface layer with a spatialy periodica
structure is investigated analytically. In the framework of the Frenkel-Kontorova model the
nonlinear excitations of the periodic soliton lattice, such as moving additional kinks and gap
solitons, are discussed.
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Nonlinear dynamics of real physical systems has always been the focus of
attention in the theory of nonlinear waves and solitons, particularly periodic
structures with physical parameters modulated in space (“modulated systems’),
such as layered crystals. Spatial periodicity leads to a band-gap structure of the
spectrum of linear waves and to the existence of the so-called gap solitons when
the nonlinearity of the medium is taken into account [*®]. In this paper, we
discuss the existence of other “gap solitons’ in systems with spatially
homogeneous material parameters but spatially periodical ground state, which
can be investigated exactly in the framework of integrable models. The periodic
fluxon lattice in along Josephson junction in an external field is one example of
such a system [*°]. The surface atomic layer in an incommensurate state (see,
e.g., [*¥) is another important example of similar “self-modulated” structures. In
these cases the spectrum of linear excitations also has a gap structure, but
solitons with frequencies within a gap differ from those in the modulated media.
In the present paper one-parametric topological solitons (“kinks”) [°] in the gap
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of the spectrum of incommensurate surface structures are investigated
analytically using the Darboux transforms.

Let us consider, for example, an incommensurate structure of the surface
layer of atoms. We take into account the interaction between surface atoms in
the harmonic approximation and assume that, in the absence of substrate, the
equilibrium distance between these atoms is equal to b and differs from the
interatomic distance a in abulk. The effect of a substrate on surface atoms can
be simulated by a periodical potential landscape with period a. For simplicity,
we approximate this by a trigonometric function and assume the substrate to be
absolutely hard. Then the potential energy of the system is given by

U= ZU (1 cos—2" j+z (Yo = Yn1 = D)% 1)

where vy, isthe position of the nth atom with respect to the surface layer and o
is the elastic constant in the layer. The dynamical equations for the atomic
displacements v, =y, —an in this model (Frenkel-Kontorova mode! ['%]) have
the following form:

2, . 2
0 sm%+a(2vn V-V, ,)=0. )

mv,; +

In the long-wave approximation for dimensionless variables u=2zv/a,

x=n2zU,/(a@?), and t =7 27,/U,/(ma®) we obtain the well-known sine-

Gordon equation (SGE) [¥]:

U, —Uy, +Sinu=0. (3)
In the same approximation the total energy of the system (1) takes the form
E=E,[dq(u’/2) + (uf/2) + (1-cosu) + &u,], (4)

where E, =(a/2r),/U,, and the incommensurability of the surface layer and
substrate is characterized by the dimensionless parameter & =,/a/U,(a—Db).
The last term &u, in (4) is of divergent type and does not alter the form of
Eqg. (3) but changes the potential energy of the system and can change its ground
state. In the case b=a, the ground state corresponds to the trivial solution of
Eq. (3), u=0 with the energy E =0. Under the condition b= a, the problem
becomes more complicated.

Let us consider the case b>a (£<0) where Eg. (3) alows additional
nontrivial static solutionsin the following form [*°]:

Up =7 + 2am(x/k, k), (5)
where am(z, k) is the eliptic amplitude with modulus k, and z=x/k. The
solution (5) describes the “extended” system of a periodical chain of 27-kinks
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(“one-dimensional dislocations’ in a surface layer or fluxon lattice in a long
Josephson junction) separated by the distance L = 2kK (k), where K (k) isthefull
éliptic integral of the first kind. The width of the kink ex in terms of the
initidd dimensional variables is equal to A =(a/27)yaa?/U,. The energy
density of such a periodical structure (per period) ¢=U/L depends on the
parameter of incommensurability &. For small values of this parameter, the
ground state of the system is homogeneous and the periodical solution (5) can
exist only under pressure conditions applied at the infinity. But when the
parameter & exceeds a critical value &, =4/, where b, =a+ (4/7)yJU,/«,
the periodical state (5) with the modulus of elliptic function, derived from the
equation E(k)/k=¢&/&,, corresponds to the minimum of energy.

Linear excitations on the background of the incommensurate structure (5) are
well known [*]. They represent the high-frequency phonon mode in the layer
(upper band) and the low-frequency Swihart mode of oscillations of kink lattices
(lower band). Let us consider nonlinear excitations on this background. The
elementary nonlinear excitation corresponds to an additional kink (surface
dislocation) which propagates through the kink lattice (5). To obtain the exact
solution for this excitation, we use the Darboux transform which allows us to use
the well-known “dressing” procedure for the initial solution (5) to find more
complicated solutions. This transform is very simple in the case where the initial
solution depends only on one variable as in our case with u, = uy(x), and does
not depend on time. The Darboux transform for SGE (3) that we consider is well
known [*]. To render compact this transform, it is convenient to change over
from the initial field variable u(x,t) to the new variables V and W, connected
with theinitia field u by the relations:

V=i(u, +u,), W =exp(iu), (6)
for which Eq. (3) reads:
Vi=Vi=W-1W)/2, W, +W, =VW. ()

The associated linear problem for two complex functions YW, (x,t) and
¥, (x,t) corresponds to the system (7). For the column function ¥ ={¥,, ¥, }
and an arbitrary solution u(x,t) (or V(x,t) and W(x, t)) we have[*]:

|V AW/ o
“Tla+ywa) o -v | ®)
| v A-WJ/A

4\11_/1_]/(\/%) IVRZ 9)

where 1 is the parameter of the Darboux transform. The initial Eqg. (3) is the
condition of consistency of the system (8), (9). The solution of this system with
the given “seed” (initial) solution uy(x,t) (given functions V,(x,t) and
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W, (x,t)) and an arbitrary value of A allows us to build up the new solution
u(x, t). Naturally, the parameter 4 must be chosen in such a way that the real
solution u(x,t) can be obtained. The final relation between these two solutions
U (%, t) and u(x,t) reads["]

u(Xx,t) =ug(x,t) — 2iIn[ W, (uy, ) /¥, (Ug, A)]. (20)

The main task is to solve the system of linear equations with variable
coefficients (8), (9). In our case the problem is simplified, as the initial solution
u=u,(x) depends only on x, and Eq. (9) becomes an ordinary differential
equation with constant coefficients. For the ground state (5), the functions V,
and W, havetheform

V, = (2i/k)dn(z, k), W, =[sn(z, k) —icn(z, k)] (12)

and the system of linear equations (9) can be easily solved. We can use any
arbitrary real 1 to obtain a new real solution. This parameter characterizes the
average velocity of the additional moving kink. The solution of Eq. (9) reads

¥ = a(x) exp(ut) +b(X) exp(-4),

12)
¥, =a(x) A exp(ut) —b(x) AV exp(—ut),

with A®) = 2(44 +V,) /(A2 ~W,) and u==+\(4+1/1)? —4/k? /4. Positive 4
correspondsto a (0, 27) additional kink, negative oneto a (2z,0) kink.

If we substitute the solution (12) into Eq. (8) and take the coefficients before
exp(£ut) equal to zero, we obtain a(x) and b(x) intheform

a(x)=yW— 2 exp[yj W dx]=—i W-22)/b
0

2 -W

Using (12) we can transform the expression for the ratio¥,/¥; into the
following form:

Ve _ o). E000) =1 -em(9) 13

v, 1+i-explip+9) '

where tang=dn(zk)/2ku, tanp=2sn(z k)cn(z k)/[2sn%(z k) -1- 27],
and 9=2u[t + (x)] with

f(X) :%(f —%jjdx[dnz(yk, K) + (2ku)2] .
0

The function (¢ + p) may berewritten as o+ p =Fam(z, k) + am(ztA/k, k),
where the phase shift of the solution A depends on the parameters k and A in
the following implicit form: k sn(A/k, k) = 2/1/(/12 +1).
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In al above formulas we considered 1, < A <o, where 1, =(1+k’)/k. This
corresponds to a positive value of f, i.e. to the kink motion in the negative
direction. The domain 0< A <1/4, corresponds to the opposite direction of kink
motion. The function f(x) can be expressed as f =x/v+ y(x), where the
average value of the periodical function y(x) is equal to zero. The linear
growing component of f(x) determines the average velocity of a kink
propagating through the incommensurate structure:

KK [K dz N
=V kz(ﬂz—J/zz)Hdnz(z,kH(zky)z} ' (14

Consequently, the phase 9 in Eq. (13), $=2u/v(x+vt)+2uy(X), describes
the kink motion in the negative direction with the average velocity v. Such a
motion is accompanied by periodical oscillations at the moments when the kink
propagates through each kink from the lattice. After substitution of (12) into the
formula (10) we obtain the final solution for the motion of an additional kink:

(15)

u(x,t)=ug(x)—2i |n{ exp(ix,)—iexp($+ix_) ]

exp(—ix,) +iexp(9—ix.)

where k, = p £ o.

Although this solution is somewhat complicated, it admits a simple physical
interpretation. The additional kink propagates through the incommensurate
surface structure, and this propagation is accompanied by the total deformation
with the phase shift 2A. In the limit 4 — o the kink velocity tends to its
maximum value (v —1) and the phase shift tendsto zero (2A — 0): the singular
extra-kink moves through the undeformed periodical structure. In the opposite
limit 2 — 4, the velocity of akink tends to its minimal value s, = k'K (k)/E(K)
coinciding with Swihard velocity, the width of the kink goes to infinity, and the
phase shift tendsto L: the perfect incommensurate structure rehabilitates itself.
The solution (15) develops an evident form in the limit k —1. In this limit the
period of the incommensurate structure tends to infinity (L — o) and Eq. (15)
describes the propagation of a moving kink through another standing kink: the
last term in (15) transforms into the well-known expression for a moving soliton

SU (%, t) = £darctan exp{[x -t —  (t)]/v1- v}, (16)

where y(X) is a localized function which describes the deformation of a kink
during its propagation through the standing kink and depends on functions ¢
and p. (The polarity of the kink and the sign of its velocity depend on the sign
of the parameter 1 and the value of the parameter 1).

The knowledge of the one-soliton solution (15) alows us to find the exact
solution for the envelope two-parametric gap soliton. In addition, we can use the
Backlund transform for SGE (3). This dressing method establishes a link
between different solutions of a nonlinear evolution equation. At the second step
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of the Backlund transform we can link four different solutions by the algebraic
relation [7]:

u=u, + 4arctan[ a7

At 2o tanu(ﬂq)—u(zz)}
Ay = 2 4

where the parameters of the Backlund transform A, are the same as the
parameters 4; in the previous Darboux transformin (8), (9).

In the simplest case of a trivial ground state u, =0 we can choose t\l/—le_sam
tions for a moving kink and anti-kink u(4;)=*4arctan exp[(xivt)/ 1-v?]
with 4, =14, =—/(1-Vv)/(1+Vv) and opposite velocities as u(4;) in (17).
Then it represents a two-soliton solution with an immobile centre of masses.
With iw replacing v (4, =4, =—exp(-iw)), the solution u(x,t) from (17)
transforms into a breather solution with the frequency . In our problem we can
carry out the same procedure taking the incommensurate structure (5) as the
initial solution u, in (17). Then the solution (15), with A =4, and u = u,, may
be taken as u(4,) in (17). Another solution (15), with 4, =1/4, and w, =—u,
may be taken as u(4,). After the substitution v—iw (when A, =4, =exp(in)
and the parameter 4 is purely imaginary) we can obtain the final real solution
for nonlinear excitations of the incommensurate surface structure. This solution
has a very complicated form, but admits a simple physical interpretation. The
frequencies of localized nonlinear excitations of the incommensurate structure
lie in the gap of the spectrum , <@ <w,, where the frequency «, =k'/k
corresponds to the upper boundary of the Swihart band and the frequency
®, =1/k to the lower boundary of the phonon band. At the lower boundary of
the gap this excitation transforms into small-amplitude anti-phase oscillations of
the kinks, which form the incommensurate structure. In the vicinity of the
frequency o,, the localized soliton-like small-amplitude excitations have the
typical form of gap solitons in modulated systems [*], and kinks play the role of
point defects in such a system. But transformation of this gap soliton in the
opposite limit @ — @, is unusual. In modulated systems in this limit the
domains between defects oscillate in opposite directions and a gap soliton
transforms into an algebraic soliton with nonzero amplitude. In our case of the
“self-modulated” structure in the limit @ — @, the gap soliton transformsinto a
small-amplitude soliton with infinitely increasing spatia size. But like in
modulated systems, in this limit kinks are unmovable and domains between them
oscillate in opposite directions. It also followed from the exact solution that, in
contrast to usual gap solitons in modulated systems as discussed above, solitons
are accompanied by nonzero shift of the kink structure at infinity.

The dynamics of gap solitons in the small-amplitude limit @ — @, alows
a simple analysis in the approach of a collective-variable method. In this
approach the isolated kinks of the incommensurate structure with a large
period L>>1(k'<<1) may be treated as a lattice of weakly interacting quasi-
particles. The coordinates of these particles play the role of collective variables.
From the well-known expression [’] for the energy of the moving SGE-kink
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E=8E0/1/1—v2/c2 (where c=,/aa®/m is the limiting velocity of linear

waves), it is easy to calculate the effective mass of akink:

M = my16U,/aa’z?.

An effective potential energy of the interaction of two kinks with the same signs
can be found from the exact two-kink solution and was calculated in [*]. Two
kinks repel _each other and the energy of this repulsion is U(L)~
32E, exp (- L/A), where L is the distance between the kinks and A is their
width. If we define the coordinate of the Nth kink as y, =LN + ¢, where L
is the equilibrium distance between the kinks and ¢ are their small
displacements from the equilibrium positions, the total energy of the system
approximately reads as

e o )

(18)

where the last term appears due to the incommensurability of the structure and is
connected with the last term in (4). This energy corresponds to the exactly-
integrable Toda model [?]. It is well known that the Toda lattice admits exact
solutions only for one-parameter nonlinear excitations which correspond to the
above-discussed kinks propagating through the kink lattice. But it is possible to
find approximate solutions for small-amplitude periodical (in time) nonlinear
excitations using an asymptotical procedure. We restrict ourselves to the small-
amplitude approximation in which ¢’y —¢'y_; <<A. Itisthen possible to expand
the exponential function in (18) up to nonlinear term of the fourth power in its
argument. In this approach the dynamical equations for the effective chain of
kinks have the form

G(d*¢y /at?) + (24 ~ g =) L= G —$na)/2A
+ (éﬁ + éﬁﬂ + glgl—l — NG N — S NS N _§N+l§N—l)/6A2] =0, (19)

where G =(MA?/32E,)exp(L/A) ~ 4/w?. Near the lower boundary of the gap
(w=w;) the neighbouring kinks oscillate in opposite phases, and it is
convenient to introduce the new variables ¢ =¢, for even sites N=2n and
{n =xn for N=2n+1. In the long-wave approximation in terms of relative
displacements of neighbouring kinks P =¢ — y, displacements of their centres
of masses Q=¢+ yand continuous coordinate Z=NL, Eq.(19) may be
reduced to the following system of equations:

GPR, +4P+ L?P, +(2/3A%)P® — (2L/A)PQ, =0, (20)
GQ,, - L’Q,, + (2L/A)PP, =0. (21)
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Near the lower boundary of the gap where the value of parameter Gw? — 4 is
small (o &2, & <<1), we have in the main approximation P~&, Q~¢, and
Lo/0Z ~&. So, in “the rotating phase approximation” P~ p(Z)sin(awt) it
follows from Eq. (21) that Q, ~ p? (Z)/(2LA) and the equation for p(Z) reads

L?p,, =4l(w/e)? 1 p+ p°/2A%. (22)

Under the gap, nonlinear excitations have the form of “dark anti-phase

solitons’
P ~ 24240’/ 0f —1tanh (V2\/0?/&? —1Z /L) sin(at), (23)

which is accompanied with an extension of the kink lattice: Q(xo)—
4A (0’ wf ~1)Z/L. These “near-gap solitons” have a structure different from
that for near-gap solitons in modulated structures.

In the gap, the soliton solution has another form:

P~4Assinh™(2sZ/L),  Q=~-4Ascoth(2:Z/L), (24)

where &=+/1-w?/w?. As predicted by the exact solution of the problem, the
soliton-like excitations in the gap of the spectrum are accompanied by the total
shift of the kinks displacements at infinity. Taking into account the discreteness
of EqQ.(19) and the initial problem for the kink lattice, we must take
Z/L=N+1/2 toavoid asingularity in the centre of this gap soliton.

We hope that the above-discussed nonlinear excitations of incommensurate
surface structures may be detected experimentally if the wave with frequency in
the gap of the spectrum is excited near the surface.
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Uhism&dduta pinnastruktuuride mittelineaar sed
hairitused

Aleksander S. Kovaljov, Igor V. GerassmtSuk ja Gérard A. Maugin
Analtdtiliselt on uuritud ruumiliselt perioodilise struktuuriga thismddduta
pinnakihi diinaamikat. Frenkeli—K ontorova mudeli raamides on kirjeldatud Ule-

minekusolitonidest ja vahesolitonidest koosneva solitonvore mittelineaarseid
héiritusi.
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