Proc. Estonian Acad. Sci. Phys. Math., 1994, 43, 1, 1—6
https://doi.org/10.3176/phys.math.1994.1.01

H

¥

NECESSARY CONDITIONS FOR EXTREMAL SOLUTIONS
OF A TWO-DIMENSIONAL DIRICHLET PROBLEM

Jaan JANNO

Eesti Teaduste Akadeemia Kiiberneetika Instituut (Institute of Cybernetics, Estonian
Academy of Sciences). EE-0108 Tallinn, Akadeemia tee 21, Eesti (Estonia)

Presented by G. Vainikko
Received March 04, 1993; revised June 09, 1993; accepted Sept. 30, 1993

Abstract. A problem of determining extremums of a set of solutions of a two-dimension-
al Dirichlet probiem is discussed on the assumption that a coefficient of the equation
varies in a given band. Necessary conditions are obtained for the coefficients that
realize the extremums.
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1. Notation and problem formulation. Let Q be an open, bounded, and
connected domain in R? with Lipshitz-continuous boundary, 0Q. We shall
use the following functional spaces: D(Q) — the space of infinitely dif-
ferentiable functions having supports inside Q, D*(Q) — the conjugate
space of D (Q),
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Wi P(Q) — the closure of D(Q) in W7 (Q).

Here Vu= (iu —iu) and "9 are the generalized derivatives.
dys ~ Oye 0y

The space W’ 7(Q) is endowed with the norm

u =V (1.4)
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Suppose that functions f, v, lﬁl; are given and
fel(Q), r>1, yeWtm(Q), m>2, (1.5)
kEEL>(Q), 0<kmn<k(y)<k(y), y=Q. (1.6)

Define the following set
K= {k — measurable || k (y) <k (y) <k (y), y = Q} (1.7)

and the function A, as the solution of the Dirichlet problem
—div(kVhe)=f, he(y) —y(y) Wi s(Q) for some s=>1, ke K. (1.8)

The extremum problem to be studied is the following: find
h(x)= sup he(x), h(x)= inf he(x) (1.9)

keK keK

for some x = Q.

It is known (see [']) that the assumptions (1.5), (1.6) guarantee the
existence and the uniqueness of the solution of the problem (1.8) and

he = Wt s(Q) for some s>2. (1.10)

Since W s(Q)c= C(Q), s>2, in the two-dimensional case, we see that the
localization hy(x) for fixed x=Q is possible and the extremum problem
makes sense.

The posed problem arises in modelling ground water filtration. The
functions &, f, hx stand in this case for the coefficient of permeability,
the function of sources and the piezometric head, respectively. The usual
objective of modelling is to predict changes in h, when f is changed.
The main difficulty occurring here is due to the lack of complete infor-
mation about the coefficient k. Often k& is obtained as a result of solving
an inverse problem, which is ill-posed (see ([?]). However, in most cases
at least some interval for the coefficient £ is known. The result of the
prediction of the head would also be an interval, i.e. [A, &].

In this paper necessary conditions (Theorems 1 and 2) are obtained
for the coefficients k=K that realize the extremums %(x), h(x). The

results are principally cognitive and they may be useful in further in-
vestigations towards effective numerical methods of solving the extre-
mum problem. Let us mention that the well-known interval computing
methods are generally unsuitable here, because the band K is usually
wide.

Eearlier in [®] some theoretical results were obtained and methods of
solution were proposed for a similar one-dimensional problem.

2. Necessary conditions. Let e,(x,y) be the Green's function of the
Dirichlet problem (1.8), i.e.
—div (k(y) Ver(x,y)) =0(y—x) in D*(Q), ex(x,°) € W7 (Q),

(2.1)
for some p=>1, ke K, x = Q.

It is known (see [*]) that if (1.6) holds then the Green’s function
exists and

ee(r,°) € U Whe(Q), xeQ, (2.2)
g<<2
ee(x,°) = Wt2(A), VA cQ:dist(4, x) >0. (2.3)
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It follows from (2.1) that
u(x)= f kVer(x,°) - Vu dy, (2.4)
Q

where ue=D(Q). Since D(Q) is dense in wir(Q), Wie(Q)c=C(Q), -
p>2 and (2.2) holds, the formula (2.4) is valid for
ve W’éP(Q) too.

p>2

Define the following sets:

Qr(x)={ye Q| Ver(x,y):Vhe (y) >0}, k=K, (2.5)
Q (x)={ys Q| Ver(x,y)-Vhe(y) <0}, kK, (2.6)
K (x)={k = K| k(y) =k(y) ae. yeQF(x), k(y)=F(y) ae.
yEQ, (1)}, (2.7)
Ki(x)={ke K| k(y)=k(y) ae yeQ; (x), k(y)=Fk(y) ae.
yeQt(x)}. (2.8)

Theorem 1. Assume that (1.5), (1.6) hold. Let there exists k* = K -
realizing the maximum of he on K, i.e. hy(x)=h(x). If K*(x)+#@, then
ke K[x):

Proof. Suppose to contrary that

k* & K* (x). (2.9)
Then either

3Q = QF, (x):k* (y) >k (y), y = Qo, mes Q>0, (2.10)
or b

1Q <= Q. (%) R (y) <k(y), y = Q, mesQ>0. (2.11)
It follows from (2.10), (2.11) that either

Ane>0, Q=QF (x):k*(y) =k(y)+n0, yEQ, mes >0, (2.12)
& =

Ano>0, Q= Q. (%) - (y) <Kk(y) —mo, y =1, mesQ>0. (2.13)

Here we made use of the fact that distribution functions are continuous
from the left (see [®]). Let r>0 be some number such that
mesV (x, r) <mesQ,. Define

Qz=Q:\{V(X, f) ﬂ Qi}

We have
Qs = Qy, mes Q:>0, dist{x, Qz} >0. (2.14)
Let 0<<m<<no. Define
k*(y) —m, yEQ,
ko (y) = { (2.15)
"= k), v

in case (2.12) and

_ [ R@)+n vy
fol )_{ k*(y), y& Q, -
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in case (2.13). Due to (2.12), (2.13) k,= K. From (1.8) we obtain

div (k*Vhe) =div (kqVhe, ). (2.17)
Subtracting div (k*Vhe, ) € D*(Q) from (2.17), we get
—div (k*V (he, — h)) =—div ((k* — kn) Vhe,) in D*(Q), (2.18)

where he—he, €W, °(Q), he, € Wts(Q), s>2, due to (1.10).
Applying (2.18) to u = D(Q), we obtain

fk*V (he, — he) - Vu dy= f (k* — k) Vhe, -V dy. (2.19)
Q Q

Since D(Q) is dense in W} 9(Q) and (2.2) holds, this equation is valid
for u=eg (x,°) too. Considering (2.4) we reach the following expression:

hy . (x) — her (x)= f (k* — ky) Ve th"dy=h+12, (2.20)
Q
where

L= f(k*—-kn)vek“’th'dy, Ir= f (k*—kn)Vsk”V_(hk"—hk')dy-

Q Q
We have
(k* —kn) (y)=m, Ver(x,y)°Vhe(y)>0, y&Q,
in case (2.12) and
(k* —ky) (y) =—n, Ver(x,y) Vhe(y) <0, y&Q,

in case (2.13). Since supp (k*-——kn)=§2, we obtain

Li=n- I fVek"' Vhy dy I s fVew V her dy==0. (2.21)
Q2 Q2
Taking into account (2.14), (2.3) we can estimate I as follows:
|2 <n ° llew (%, ° ) llwe x@) 1A, — hellwe 2. (2.22)
Here

1
3
e, — hallw =<m=[f |V (e, — hw) l?dy] =<
Q
i

el [ Sl =) 1 ] 229)

="pi12 " it y] -
min Q :

Subtracting div (knVhe) from (2.17), we obtain

—div (kqV (he, — her)) =—div ((k* — ky) V hx') in D*(Q).

This equation in the variational representation (multiplied by

he, — he & W 2(Q)) is of the following form:

_/kan(hk" — hy*) |2dy= f (k* — ky) Vhg =V (hkrl — he)dy.

Q Q
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Estimating this equation, we obtain

1

2
fknlv(hk,, —he) |2dy < n e llhellwn 2@y ° (f |V (he, — he) |"-dy) <
2 Q

tvl»

1
< ° e llwe 2a) ° P "(_/‘k,,|V(hk,l — hg) Izdy) 4
a

min

which implies that

i

2 1
(fk,,|V (hk,1 — he) |2dy) <n° hellw. 2 ° A (2.24)
Q

min

The estimate (2.22) together with (2.23), (2.24) yields

[l <n?e ller (x, 2 ) Nlwe 2@y © N Agll we. 2@). (2.25)

min

If n is small enough, then it follows from (2.20), (2.21), (2.25) that
he, (x) — he (x) >0.

Hence, there exists some ky& K such that he (x)>he(x). But this

result contradicts our assumption that k* realizes the maximum of A« (x)
on K. Therefore, the supposition (2.9) does not hold. Theorem is
proved. OJ

Theorem 2. Assume that (1.5), (1.6) hold. Let there exist k. = K
realizing the minimum of he on K, i.e. he. (x)=nh(x). If K.(x)5@ then
k.= K.(x).

Proof. Denote

f=_f» ilk=_hk, §='—V
Then

—div (kVhe) =f, he—ye WLs(Q),

where s is by some numbers greater than 2. The coefficient k. realizes
the maximum of Ag:

}*zk. (¥) =—h, (x)=—min he(x)=—min (—};k(X))= max i;k(x).
keEK keK kekK

Define

QF (x) ={y € QlVer(x, y) » Vi (y) >0},

Q7 (x) = {y = QI Vex(x, y) - Vie(y) <0},

K*(x)={k = Kllk(y) =k(y) ae. y=Q} (x), k(y)=F(y) ae,

y=Q: (1)},



Evidently, Q% (x)=Q; (x), Q3 (x)=Qf (x). Thus, K*(x)=K.(x).

Since the assumptions of Theorem 1 are satisfied for f and K.(x) is not
void, we obtain k. k‘(x) =K,(x). O ‘
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TARVILIKUD TINGIMUSED KAHEDIMENSIOONILISE DIRICHLET"
ULESANDE EKSTREMAALSETE LAHENDITE JAOKS

Jaan JANNO

On uuritud kahedimensioonilise Dirichlet’ iilesande lahendite hulga
ekstreemumite leidmise i{ilesannet eeldusel, et vorrandi kordaja variee-
rub etteantud tokete vahel. On saadud tarvilikud tingimused ekstreemu-
mite jaoks. ’

HEOBXOIAHMMBIE YCJIOBUSA IJis1 3KCTPEMAJIbHbIX PEWIEHUA
ABYXMEPHOW 3AIAYU JUPHUXIJIE

lan AHHO '

HMsyuena npobieMa HaXOKAEHHSI 3KCTPEMYMOB MHOK@CTBA PelHCHHH .5
ABYXMepHOH 3aiaun [lupuxje B NpeanosioKeHHH, uTO Ko3D(GHUHEHT ypaB-
HEHHs BapbHPyeT B 3alaHHbIX mpelenax. ITosyuenbl Heo6X0AHMble yC/IOBHS
J71s1 9KCTPEMYMOB.
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