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Nonlinear stochastic programming problems usually contain func-

tions of mathematical expectation u(x)=E[(x,&) and probability v(x)=
=P{f(x, &) <o}, where x= R" is the vector of decision variables andЕ
is an s-dimensional vector of random parameters. Formally these func-
tions are ordinary nonlinear functions of several variables. However, as

they both are defined through muliiple integrals, so the calculation of
their values and values of their derivatives requires voluminous compu-
tational effort, and for this reason direct application of deterministic

optimization methods is possible only in very rare cases. If the distribu-
tion of £ is not known then such methods cannot be applied at all and
realizations of Ё have to be used in some way. One possibility is 10

approximate the unknown distribution function of & basing on k realiza-
tions &, &, ..., &k of & In other words, the functions u(x) and v(x)
are replaced by some statistical estimates (see e.g. [l7%]).

In [s] the solvability of the problem min#h(x,§) was considered and
=R

the distance between its local solution x*(§) and a local solution x* of
the problem minH(x) was estimated under the assumption that

XER"

Eh(x,E)=H (x) for every x&R~. If &, ..., & are k independent reali-
k «

zations of E then E%Zf(x, E;)=Ef(x,E), and the results of [s] were

i=l

applied in [] to the pair of problems minH (x) =an Ef(x, E),
xER"* xER"

в

min h(x,n)=min%2f(x, &), where n=(&, ...,&). It was shown

хе Н" хе Н" I=l

that for sufficiently large & the latter problem has a local solution

xz (&1, ..., E») with positive probability, and ||z —xz(&), ...,
&)l -tends

to 0 in probability where x is a local minimizer of Ef(x,§). i |
For the probability function v(x) a guite natural estimate 1s

0

1 <

(t-—f(x,ši)) :; = — 22227 )dt which corresponds to
v(x, &, , Er)

е s__[o К
ГА

W p

the Parzen kernel-type density estimate [7] and where the function K(-)
and the smoothing parameter h, satisfy certain conditions. Unfortunately,
е(х, & ..., &) 15 only asymptotically unbiased [¥], and the results of

[*] cannot be directly applied to establish relations between optimiza-
tion problems containing probability functions and their estimate respec-

tively. In this paper again the pair of general problems r.nißr}‘H(x) and

min h(x, &) is considered, but the assumption of unbiasedness.is-dsapped.
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In the course of this paper we assume that 1) the conditions for inter-
changing the order of integration and differentiation are fulfilled and
2) all functions of the parameter § are measurable. For the measurability
оЁ х* (Е) зее [?].

To prove the main result we need the following lemma which 15 а

refinement of Lemma 2 in ['°].
Lemma. Let B be a Banach space and A : B— B ап invertible linear

operator, |A-'i<c,, ci=const. Let r: B—~B be a nonlinear Frechet’
differentiable operator such that r(0)=0, |7’(z)l|<<cllzll, co=-const. I]
lall<<l/(4¢%¢;) then the equation

Аг==а-|г(г)

has a unique solution z* in the ball ||z||<<l/(cic2) and s

+
2clllal|| j

|2'| <—— = — -

I+Vl— 4c7 osllal

The proof is analogous 10 that of Lemma 2 in [*].
Corollary. If |а|| <<е/с:— €%y, o<<e<<l/(2¢ic2), then |2*|[[<e.
Let us have two problems

min H (x) (1)
xER"

and

min A(x, §), (2)
xER"

where E is a random parameter.
Let the following conditions be fulfilled.

_

1. The problem (1) has a local solution х*, I.е. Н (х*)<Н (х) @ зоте

neighbourhood /(х*,6) = {х| |х — х*|<<6} оЁ х*.

2. The function H (x) is twice diiferentiable at x".

3. The Hessian H”(x*) is positively definite, i.e. for some т7>o

апа for every u & R* u"H” (x*)u=m||u|>
4. The function h(x, &) is twice differentiable in x for almost every

£ in U(x* 8) and the Lipschitz condition |h” (x',§) —h (¥ E) II <

<c (&) llxt — x2|| is fulfilled, x', x> U(x*6), where с(Е) 1$ а гапйот
variable with finite mean ¢=Ec(§) and variance сосе==o? (§). |

5. For xeU(x*,ö) the central moments lW (x,E)— Eh' (x, 5) |
and Ellh';x (x, g)——Eh;’_x (x, E)|? are finite.

6. The expectations EA’ (x*, &) and Eh” (x*,§) are sufficiently close

10 Н’(х*) апа Н”(х*), гезресНуе\у, I.е. |ЕА”, (х*, 5) — Н” (х*) | < : < т

апа [[ER (х*, 5) — Н’(х*) |<= (т —6)/4с.
Under the conditions 1 — 6 the following theorem holds.

Theorem. Let the conditions 1 —6 be fulfilled. Then

1) the problem
min Eh(x, §) (3)
хеН"

,a*т— 6 `
has the unique solution x in the ball х — х ||<—-—õ——-—— and

_ 211 (x*) — Ehe(x*, €) |
|z — х ||<—_——___т_(—)т__('—____.__‘________—___' ;

(m— õi) (14+yY1 — A (x*)— Eh, (x*, 5) 1/ (т — 64)?
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2) if for some positive constants 6, 83, 8148y<<m, the expression

—| — Elhe(® 9— Ene @BI oe
RT

2 ö

ВЕ
—

16Е|/;(2,5)—ЕЙ(, Е) Р(2-+-бэ)?

(т—6, — 82)*

is positive then the problem (2) has a solution x*(&) with probability not
less than p;

2

3) # 1' ()— ER, (x", )|- (m— 80)— &, o<<e« (m—6l)/2%,
then P{E| (2) has а solution x*(&) апа |x*(E) —x'l<e} =

o
Elha(®B)—Ehw(@ DI 0. 16Elhe(%,8)—Ehe(®,§) I

—

62 02 e2|2(m—6,—6)— вё}?
—

Proof. Let us consider the problem (3). For a point x 10 be a local
solution of (3) it is necessary that it satisiies the equation

EW (x,E) =0 (4)

which is eguivalent to the eguation

EhY (x*,E) (x— x*) =H'(x*)— Eh'(x*,E)—- r(x— x"), (5)

where

r(x—x*) =EW (x,E)— EW (x*,E)— EhY (x* E)(x— x*). (6)

Due to Assumption 6 |u"Eh”(x*,&)u—u"H"(x*)u|<<lEßT (x*, E)—

—H” (x*) | llullP<<84llwli?, which implies üTEh” (x*,E)u>(m—6) Ла
1

and therefore, Eh" ~'(x*,§) exists and [ER] (, Й< п°
From the expression (6) it is easy to see that r(0)=0 and |lr'(x—x*) | <

<éllx—х*|. Choosing ¢;=l/(m—&) and c,=¢ it is clear that the

assumptions of the Lemma are fulfilled, and so the equation (4) has a

unique solution & in the ball х — х*|| << (т — 81)¢ and

_
.

2IH (x*) — Ehx x*,E) |“x—x*llš—————'T————(Tl.——l—('———i)———;.————;——--
(m — õi) (14+VT— 201 (x*) —Ек(,5)l/ (т — d1)“)

We have proved that the necessary condition for ¥ to be a local solution
of (3) is fulfilled. Next let us show that a sufficient condition is fulfilled
at the point z as well. We have

uTEh” (xz,E)u > (m—õi)|lull? апа |uER” (z,&)u—uTER” (x*,E)u| =

=|u"'(zž— x*)u| <llr'(x— x*) | lul?<õllxz — х*| а<

201 H" (x*)
— Ehx(x*š—————i—(x—)—h—(xš—)—ll—————l

(т—6) 14н1 — 4еН”(х")— EW'(x*, E) I/ (m — 81)?)
ВЕ пАа<_—____Ш’_7_l_._бі_________”и„2___

46 (т —6,) (1-+-У1 — 4с(т— 61)?/ [4с (т — 61)2])
1

=——(т —

2 .
>

(т— õ1) []
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and therefore, W'Eh” (%,&)u = u"Eh” (x* &)u + u"Eh” (%, E)u—-
-1 1 ,

— WTEW, (x*, E)u> (m—B) lull — =(m —8)l= — (m—õi)lull*.

In the second part of the proof consider the solvability of the problem
(2) and the distance between the local solutions of the problems (2) and

(3). As the problem (2) depends on the random parameter §, so it may

happen that for some values of g it has a solution x*(g), yet for some

other values of § it has not. In other words, we can speek that (2) is

solvable with certain probability. Let us estimate this probability. We
start again from the equation '

’ (х, &) ==o.
|

(7)

If for some value of E the point x*(E) is a local solution of (2), then the

eguation (7) is satisfied at x*(E). Analogously to the first part of the

proof we transform (7) and obtain

hi Ax,E(x—x)=EW (7, E)— И/ (, 5)— о(х — , 5), (8)

where

Q(x—F,&) =N, (x,E)— I, (%,E)— h"_(%,E) (x—F).

According to the Lemma, the equation (8) depending on the random

parameter £ has a solution x*(§) Н ЕЕ = AN AN As, where 90—
={§|n”71(Z, ) exists and ||n” (%, &)ll<di}, o= {E|lle) (x—Z,§) I

<dllx—zl} апа W={g|llr (z,&)— En’ (z,E)I<I/(4d>d>)}, where

dy, dy are some constants. Following the scheme used already in the first

part of the proof, we obtain that h’;x—‘(f, ©) exists jf llh:x (7, E)—
—Eh” (r,E)]| õ 6< т— 6‚ which implies [A7 , E)I <
<< 1/(т —6; — 65). Therefore, using Tchebycheff ineguality and choosing
di=l/(m—6il—62:), we have

P{E|E A}=P{E|IIN (Z,E)I<I/(m—81—&)}=
, ‚

(9)

v MlO Ellhxx (X, 5) — Ehxx (Z,E) II?
2AUsyß,st <LST ) &POye

Analogously we obtain ;

Р{&|Е©%}—Р(Ео(х— ® 5) I== (õ+s;) 1х — 7ll)>
22Р{Е| 107 (x, )— K" (%, 5) I <(6465)x—F)>

>PfE|c(E) <õ+B:) 21—0./62, (10)

and

m—3&; — õ2)*

P(šlš e As} =P{ EIIA (x,B)— ERW_(7,B) | g“—(‘——_—l—‘—z)'—} =
x x +(c+63)

(11)

j
16(6+õ32E]h (7,)— Ehx(7, ) |

—
(т — 6 — 62)*

;

As P{E|eed}=P{E|teWsNWNUs}=1—vl— 2—ys if PEEESN)>
>l—vy; i=1,2,3, then from the inequalities (9), (10) and (11) it

follows that
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| Elhes (%, &) — Ehve (%, 5) 1
Pilsed}=p, p=l— eE)I2

=

ОР

. ‚ 6;

—

% 16tB)Elhe(7, 8)— Ehs (7, 8) I

Öš (m —6; — 62)4
`

We have proved that with probability not less than p there exists a point
x"(§) where the necessary condition A’ (x*(§),§)=o of a local minimum

of (2) is fulfilled. Analogously to the first part of the proof it can be
shown that for § = the sufticient condition «'h” (x*(§),&)u=Mlul*
with some constant M holds for every u & R", and so the second state-
nient of the theorem has been proved.

The third statement follows from the Corollary of the Lemma. Indeed,
according to the Corollary, the inequality |Н’(х*)—Е (х*, 5) 1 <

2

g—%(m—õl)———i—õ implies |r— x*ll<e/2. Similarly, if "h; (x, E) —

2
€

— EW,(%,8) |<s (m— 81— 8)—= (¢+os), then |lx* (&) —ZI<~ and,

therefore, P{&| the problem (2) has a solution x*(§) апа |х* () — х*|<
<e}>=P{&| the problem (2) has a solution x*(§), and [lx*(§)—Zl<

Ellhex (Z,B)— Ehyx (T, E) I
< 2/2) > PEIESUN™LNT =l— — I —

2

(z, t)— Ehx(z, ) |?
-—t -NN(E— BDDD eg,Ly(a 0 —

6; e2[2(m—6, — 62) — e(c+o3)] ®

A
W@Bl < (m— 8—) — S(+d) |

х 2 4
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KITSENDUSTETA MIINIMUMULESANDE APROKSIMEERIMINE

SIHIFUNKTSIOONI NIHUTATUD HINNANGU ABIL

On vaadeldud diferentseeruva funktsiooni H(x) minimeerimist eukleidilises ruu-

mis R". On eeldatud, et juhuslikust parameetrist § s6ltuva funktsiooni h(x,§) gra-
Феп@ ’ (х, &) ja teiste tuletiste maatriksi h';x(x,š) matemaatilised ootused on üles-

ande minH(x) lokaalse lahendi x* kohal üsna lähedal vastavalt funktsiooni H(x)
хеЕН"

gradiendile ja teiste tuletiste maatriksitele selles punktis. On leitud tingimused, millal

tlesandel minh(x, &) eksisteerib positiivse toendosusega lokaalne lahend x*(§) 1а оп

xER"

hinnatud tõenäosust Pfllx*(E)— х*|< #}.

Эбу ТАММ

АППРОКСИМАЦИЯ БЕЗУСЛОВНОГО МИНИМУМА С ПОМОЩЬЮ
СМЕЩЕННОЙ ОЦЕНКИ ЦЕЛЕВОЙ ФУНКЦИИ

Рассматривается минимизация дифференцируемой — функции Н(х) в евклидовом

пространстве В. Пусть, кроме того, дана функция Й (х, Е), зависящая от случайного
параметра Е. Предполагается, что задача min H(x) имеет точку локального миниму-

мееН"

ма х* и математические ожидания rpzauenta A (x*,E) u гессиана AY (x*,E) отли-
х хх

чаются от Н’(х*) и Н” (х*) соответственно достаточно мало. Найдены условия, при

которых задача min A(x,§) с положительной вероятностью имеет точку локально-

хеВ^

го минимума х* (Ё) и оценена вероятность Р{|х*()— х*||<<е}. :
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