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1. Introduction. Let M be an m-dimensional real smooth manifold
and P" the n-dimensional real projective space (i.e. the manifold of
I-dimensional subspaces of R”+! with the projective group GP(n, R)=
=GL(n+l, R)/Z acting on it). Let f: M—P be a smooth immersion.

Identifying M with its image by j we say that a submanifold M in P*

is given.
The geometry of suech submanifold M, invariant with respect to

GP(n, R) by arbitrary n, is the subject of many investigations (see e. g.,
[l—] and references in [s]). In the present paper an important role is

played by the results of Laptev [2] and Ostianu [*] generalizing the
classical Darboux tensor and showing that its vanishing is a necessary
and sufficient condition for a hypersurface tobe a hyperguadrie in P.

A special field is the geometry of normalized submanifolds M in the

projective space P”. A submanifold M in P” is said tobe normalized

(by Norden, [°]), if to every point xcMcP" a pair of (14—m)- and

(m— 1)-dimensional planes in P” is associated so that 1) the (7—m)-
dimensional plane (the «normal of the first species» at x) intersects the

corresponding tangent plane of M only at the point of tangency x, 2) the

(m— 1)-plane (the «normal of the second species» at x) lies in this tan-

gent plane and does not go through x, 3) these «normals» being elements
of the corresponding Grassmann manifolds depend smoothly on x.

It is well known that such a normalization induces on M an affine
connection V without torsion (see [°]). This V is the connection in the

tangent bundle of M, where the normals of the 2nd species play the role
of infinitive planes of tangent planes. In the centroprojective bundle on

M with normals of the lst species as fibres a centroprojective connection
V+ is induced (see [°], 2nd edit.; [7]). A third connection is obtained if

we consider a projective bundle on M, the fibres of which are the

(1— m— 1)-dimensional projective spaces of directions (i.e. of straight
lines going through x) in the normals of the lst species. In this bundle

a projective connection Vt is induced (see [7], $4; about projective
bundles and connections in it see [3]). The pair of connections V and

Vli is the nearest generalization of the van der Waerden-Bortolotti
connection (see [°], Ch. 2, $6); we denote this generalization in the

usual way by V=VOV+4.

The connection V gives a possibility to define the operation of cova-

riant derivation, especially the covariant derivative Vh of the second
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fundamental form h of a submanifold M in P. Note that h can be
intredueced without any normalization (see e.g. [*], where h is denoted

by A). The main aim of our paper is to investigate how the derivative Vh
varies with the change of the field of normals (of the llst or 2nd species).
The results are formulated in Propositions 1, 2 and 3 and show that Vh
is not invariant by such changes (as h is) and in many cases determines

by a fixed field of normals of one species the field of normals of the
other species uniguely.

In the euclidean or noneuclidean geometry of submanifolds, where V

is determined by M itself through the metric of the space, the concept
of parallelism of h is known and has been investigated in many respects
(see e.g. [72]): h is said tobe parallel (and M the symmetric süb-

manifold) if Vh=o. This notion can be now generalized to the case of
normalized submanifolds M in P”. The next problem arises: which are

the submanifolds M having a normalization with Vh=o, and which are

these normalizations? We solve here this problem for the case of the

tangentially nondegenerated hypersurfaces M (i.e. by m=n— l=rankAh)
and show that M is then a hyperguadriec and the normalization is polar
with respect toit (see Theorem in $4). In the affine geometry it means

that such M is a hyperguadrie and the normal straight lines go through
its centre (i.e. are its diameters; Corollary 3). Remind that in the eucli-

dean geométry a tangentially nondegeneratved -hypersurface M with Vh=0
is a hypersphere in 1°]. :

2. Preliminaries. Let (Ao, A1,
--., Ar) be a variable basis in R”*+H!.

A projective frame in P” is a class of eguivalent bases with reifect to
the following eguivalence: (A/O, A/v ai A'nf) x AA Ai

i
n) d

<—there exists a cG RY(0) so that A* =)A=; E, ...=0, 1, ..., n. Here

dAE=AF8FI;„ and dOž:B%A N; the last formulas are the Maurer-Cartan

structure eguations of GL(n+1, R). For a variable projective frame in

Pr only the nonzero differences F =0"— 9%"" play an essential role

(note that 06%=0). For them

do7=oK Ao7, dw% =07 A0 (2.1)

deK=wlkAwž+2õJ(Kw°L)Am'6; Pi
D.

A (2:2)
and

dAE"———e?)AE—l—(DšAF, ng ='0)'(,) A (UOJ (23)

(see [S]); the formulas (2.1) and (2.2) are the Maurer-Cartan structure

eguations for GP(n,R).
If a submanifold M in P” is given, the projective frame can be

adapted to it so that As will represent the point xcMc P and A; will

Bive the points..on the langent plane.t10 M.at xsil j v-rsl; 2se
4

Then mg=0; 6, B, 2 HAMmäasl, A, and duex 16/ (2A); mä Am*š———-o.
Thus by Cartan lemma

ot=htoj, W= (2.4)

where the subscript 0 is omitted. The exterior differentiation gives now

k Ksa k hb j—-(dh'ž,- h(:jwi h?kwj+hijwš) A nisz=0 (2.5)

and thus

a a
L

k
jpe tasl, JÕk-4ay thj —h?jhm ;

(2.6)
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where the leit hand side denotes the first multiplier in (2.5) and hfjh
is symmetric with respect to the subseripts. The same procedure applied
to (2.6) gives” (see' [*])

7

g
AAD p

s
l

:NAH 31 1 PL (1:1)

where
e

V=dhff].h PUD 1wlj—-h o) +hejhm°š : (2.8)

Let us join to tangent vectors X=XiA;, Y= YiA;, i.e. to the elements

of T»M, the element of R”'4/T,M given by

hfžJXiYJ'Aa.
So a symmetric bilinear map h:(T,M)*— R”*M4/T,M is defined inva-

riantly under every change of the adapted frame. This map is called the

second fundamental form of the submanifold M in P.

Let M be a hypersurface in P”, i.e. m=nz—1, and let det lh?jlq&O,
i.e. M is tangentially nondegenerated. Then for every adapted frame a

matrix |[/il| exists so that hikhz,=ö%. For

Dik=h*, MU (2:9)

where hk=hšöh", it is shown by Laptev (2], CH. 5) tliät

dDijh=Dz,ikwli+Dilkwš. +Dijwo! — Dijro? +Disrroo'

and that the invariant condition D;jx=0 characterizes the hyperguadrics
in P”. The invariantly defined trilinear form D:i X'YiZ*A, is called the
Darboux form of the tangentially nondegenerated hypersurface M in P.

Let us return to the general submanifold M in P” and assume that
this M is normalized by Norden [°]. Let the projective frame be adapted
to the normalization so that the points of Am+1, ---,

Arx lie on the normal
of the 1st species and the points of A1,

...,
Am lie on the normal of the

2nd species. Then in a fixed point xcM, i.e. il 0'=0, we have o/=
=0%=0. It follows that there exist functions C| and ai on the bundle

space of adapted frames so that

u); =Cäj 03, (02. = OAiO*. (2:10)

Npw; 42:1) and - (2.2) piye

doi=o0 A wš, d(oj. ='(oš? Ä wi—f—gš, (2.11)

do =o8A 0%+2, dmfš ai * A 07 +9<š, (2:42)

Wwhere — ; ; l
93si N mla,-i—«w(]! AN („:,..l.Öš (0° A ot) SRškzmk Ao

; ] ;

- 9*;=w31 Ä w(: se Tario* A 0

; l
O% =0 A o%+ö% 09 A mk=-—2- Rz,,o Ao!

with i
Ra =208, CaPOD 7 Graeda

Tamt=2C51 u

Rõ =2(Cb1"i — $ %m):
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Formulas (2.11) show, owing to the Cartan-Laptev theorem (see e. g.
[3]), that in the tangent bundle of M an affine connection V without
torsion is given for which RY,, are the components of the curvature tensor

(the result of Norden [°]). With the same argumentation we get the

«normal» connections V+ and V+ explained in $1. The 2-forms O° in

(2.12) are the cotorsion forms for V+. The 2-forms 9% are the curvature

forms for V+ and V+; only the differences Szg—õ% O” play an essential

role for the projective connection %i.

The pair V=V8V+ as a generalization of the van der Waerden-

Bortolotti connection gives a possibility to interpret the expressions thšj
as the components of the covariant differential of h with respect to the

connection V. Denoting h?],k=th<šj in (2.6) we can introduce invariantly

a symmetric trilinear map Vh:(T,M)*— R”+1/T,M which is called the
covariant derivative of the second fundamental form h of M.

3. Transformation rules for Vh. We see from (2:17) äud (2:10) ät

Vh%„k«=h?].klcol,w j

where, by a given normalization, š

st e ssM s-a

This shows that by a given normalization of M the condition ht 7 ja

invariant under the transformation of the frame adapted to the normali-
zation at a fixed point xc M. We will analyse this condition in $4, now

we are interested how its left side depends on the choice of the normali-
zation.

By means of the frame, adapted to a given normalization, a new

normalization can be fixed by points of

Až=Ai+NiA; A*t=Ai+vido, - (3.1)

where

VNi =Ni 60;, Vwiz=inj0%;
A )

the last eguations are eguivalent to the invariant conditions: if wi=0
then dA;=BgLAo+0gA"[;, dAŠ=0kA*. ;

Let us change only the field of the normals of the ]st species. In this

case SE: AA

dA; =9?)Ai+ai;“(05A0+*ü)ZAj-l"h?jü)ij;,

dA;:OgA;+*vw&Ad+*N;J. (Oin+*(1)BaA; ;

where

"co-z, =mf—— h'žkNäco", *mž =smgv-|—Nähš], 05,

*o'=0%+Niayoi, *Ni=Ni+Ci—NNW.
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It follows that by this transformation
V*he Vhe : B |V h?j Vh"i”j„+3h(ühsz p

O

and thus š

A Bha eN+3h01aNL (3.2)

Analogously, if we change only the field of the normals of the 2nd
species then

dAg. = *O%Ao+o'A*,

dA*= *9A*+ *a,-,-—wJ'A'o—i—*wšA;„" +h?jo)5Aa,

dAa=*99Äa—i—*mng—l— C;J.«mJ'A;“;+*mgAB,
where

"09=00—wvioi, *oi =0/+vi0, *oB =08 +õB vio,

*Aij=OAij+Vis — vivj.

By this transformation

V*he =Vh* — 3h% v o
ij ij (ij k)

and thus

h';;?k =h<šjh — 3h'(”,-,-vk)- (3:3)

Proposition 1. The second jundamental form h of a submanifjold
M in P" has by a given normalization of M a covariant derivative Vh,
which in general depends essentially on the choice of the normalization.

Proof follows immediately firom the final part of $2 and from (3.2)
aind 19:3)°C]

In some cases the expression «in general» of the preceding proposi-
tion can be made more precise.

Let M lie in its Ist (i.e. 2nd order) osculating space at an arbitrary
point xEM. In this case we can assume that P” coincides with this

l
space. Analytically this.means that the rank of the system of ——ž—m(mi+l)
vectors H„=h<žjAa is n1—m.

In the affine differential geometry Weise [] constructed an invariant
W on M as an algebraic function of h?J Ostianu showed that this func-

tion is an invariant in the projective space, too (see [+]).A submanifold
M in P” with the rank (Hi;)=n—m and W0 is said to be a Weise
submanifold. For such an M an object hfž, inverse h?j, can be introdu-

ced by means of the function W [%44] using

hii —

o ln W

% Õh%j
so that

hi h?h =(n—m)õi, (3.4)

hiihb =mõe. (3.5)
% 1) L

Proposition 2. Let M be a Weise submanijold in P* and let a

field of the normals of the lst species be given on M. Then the field oj
the normals oj the 2nd species is determined by the covariant derivative

Vh uniguely.
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Proof. Suppose h;*.?h =h*š],k ii (3:39. Ihen

hõvi+hinvi+hriv;=0. (3.6)

If it is convoluted by hiö, we will get due to (3.4)

; m(n— m)vk+ (n — M) vk+ (n— M) vk =0,
thus Vk=0. D]

Remark 1. The assertion of Proposition 2 is true for an arbitrary
m-dimensional submanifold M in P" which is not a part of an m-plane,
i.e. for which at most one of hfšj is nonzero. The proof is more tiresome,
and in case m2>3 is based on the fact that for every value of a and for

every triple (a, b, c) of the values of i, j, k the matrix of the system (3.6) for

Va, Vb, Ve has among its determinants of the 3rd order the following
expressions: 3(A% )?*, hžj—[zl(hj?],)g—h?i h?j], where' i is õne value jreõin

among a, b, or c, and i, j are some two different values from among
a, b, c. If m<2, the argumentation is analogous.

A hypersurface M in P” is a Weise submanifold iff M is tangentially
nondegenerated, i.e. iff det |h';j|;&0. Then [hil is the inverse matrix

for llh?].ll. For this case Proposition 2 can be complemented by

Proposition 3. Let M be a tangentially nondegenerated hyper-
surjace in P” and let a jield of the normals of the 2nd species be given
on M. Then the field of the normals of the 1Ist species is determined by

the covariant derivative Vh uniguely.
PTOöÖoOT. Süppose Ai sei 1 (9:27. Then :

h;?j hgl NÄ +h?kh7illNln+hZi h;„ll N! =0. (3:7)

If we convolute it by hjj, we will get (n—l—l)h;lNili:O, and thus Nž1 ).

Corollary 1. If M is a tangentially nondegenerated hypersurface
in the nr-dimensional affine space then the covariant derivative Vh
determines the field of the normals on M uniguely.

In fact, in this case the normals of the 2nd species are the inter-

sections of the tangent planes of M with the infinitive hyperplane.
Remark 2. Let M be a tangentially degenerated hypersurface with

rank llh;'],||=r<m=n—l. Then M consists of (mh—r)-planes or their

parts which are the characteristics of the family of tangent m-planes.
In case of a given field of the normals of the 2nd species on M the

covariant derivative VAh does not change if and only if the normal of the
lst species at an arbitrary xc M changes in the span of this normal and
the characteristic (m — r)-plane through x. This follows from (3.7) by the

argumentation of Remark 1.

4. Parallelism of h. The second fundamental form h of a normalized

submanifold M in P” is said to be parallel for the given normalization ii

for it Vh=0. The next problem arises: which are the submanifolds M

in P” having a normalization with Vh=0? Below we will solve this
problem for a class of hypersurfaces.

Theorem. A tangentially nondegenerated hvypersurjace M in the

projective space P" has the normalization with Vh=0 ijf M is a hyper-
guadric and the normalization is polar with respect to it.

Proof. We use the result of Laptev [2], cited in $2: Dijx=0 charac-

terizes the hyperguadrics. The other result needed in the following is

given implicitly by Norden (see [°], Ch. VI) and in an explicit form in

[7], $6: if M is a hypersurface with det Ih?j |FF0, then the necessary and
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sufficient condition for a normalization, given by (3.1), to be polar with

respect to the field of osculating Darboux hyperguadrics (which coin-

cide witHi-M' iltseli; il M is a hyperguadrie) is

n—1 4

i=Ni+———— hi, 'Y +
n

h

where N,'=h?],Nfl and h; is defined in connection with (2.9). For the

initial normalization this condition is hi=0.

Let nõw VA==0, ie h?jh —0 Theh h0 and Di,=0 düe to (2:97.
Thus M is a hyperguadric and its normalization is polar with respect
11t

Conversely, let M be a hyperguadratic, i.e. Dij,=0, and let its norma-

lization be polar with respect to it, i.e. hk=0. From- (2.9) it follows that

h?jh =—0;- thus: :Vhz=0.0] -

Corollary 2. If the normals of the 2nd species of a normalized

tangentially nondegenerated hypersurface with parallel second funda-
mental form lie in a fixed hyperplane in P” then M is a hyperguadric
and the normals of the Ist species go through the pole of this hyperplane
with respect to this hyperguadric.

In fact, the last assertion follows immediately from the polarity of
the normalization.

Corollary 3. A normalized tangentially nondegenerated hyper-
surface M with a parallel seeond fundamental form in the affine space
is a hyperguadric and the normals go through the centre of this hyper-
Guadric, 1.6. are its diameters.

In fact, in this case the normals of the 2nd species are the inter-

sections of the tangent hyperplanes with the infinite hyperplane, but the

pole of this infinite hyperplane in affine geometry is the centre of the

hyperguadric.
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Arto TŠAKMAZJAN, Ulo LUMISTE

NORMALISEERITUD ALAMMUUTKONNA TEISE FUNDAMENTAALVORMI

KOVARIANTNE TULETIS JA PARALLEELSUS PROJEKTIIVSES RUUMIS

On näi.datüd, et teise fundamentaalvormi h kovariantne tuletis Vh sõltub üldjuhul
normaliseeringu valikust, ning eristatud juhud, mil see üht liiki normaalvälja fiksee-

rimisel määrab teist liiki normaalivälja üheselt. On tõestatud, et tangentsiaalselt mitte-

kidunud hüperpinnal M on normaliseering, milles h on paralleelne (s.t. Vh=o) para-
jasti siis,s, kui M on hüperkvadrik ja normaliseering on polaarne selle suhtes. On tehtud
järeldus afiinse ruumi juhu kohta.

Apro HAKMA3JAH, lOnoo JIYMHCTE s

KOBAPHAHTHOE MPOH3BOJIHOE M MAPAJIJTEJIbHOCTb BTOPOH

PYHJIAMEHTAJIbBHOÜ POPMbI HOPMAJIH3SOBAHHOFO MNOAMHOFOOBPA3HA
B lIPOEKTHBHOM INIPOCTPAHCTBE

VcTaHaBJIHBaAeTCA, UTO KOBAPHAHTHOE MPOH3BOAHOe VA BTOpoü PYHAAMEHTAJbHOÜ
PpopMbl h B O6emM cJyyae 3aBHCHT OT Bbl6opa HOpMaJIH3aUHH. BbIAeJAIOTCA CJYyYUak,

korja Vh mlnpu GuKkecauyu MoJA HOpMaJeÜ OAJHOTO Ppoxa OMNpeAzelAaeT Mmole HOpMasedä
Apyroro pozga ONHO3HaAUHO. JIOKA3bIBAeEeTCA, UTO TAHMEHUHAJBHO HEBbIPOXXAEHHaA TIHNEP-

IOBEpXHOCTb M B lIDOeKTHBHOM lIpOCTpaHCTBe P” HMeeT HOpMAaJIH3aLHIO C MapaJNeb-

MOW A (7 B € Vh=o) rorza H TOJbKO TOrJa, KOrja M ABJAETCA NHMEpKBAAPHKOÜ H

HOpPMaJiH3aLHA MOJJAPHA OTHOCHTEJIBHO ee. B clyyae appUuHHOro MPpOCTpaHCTBa MOCJEAHEE

YTBEpXXAEeHHE O3HaAYAeET, UTO HOPMAaJIbHbIe IPAMBIE MPOXOAAT Uepe3 HEHTP NHNEpKBaApHKH,

T. €. ABJIAIOTCA ee JHAMETPaMMN. |
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