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ON M-IDEALS OF COMPACT OPERATORS AND LORENTZ
SEOUENCE SPACES

(Presented by G. Vainikko)

1. The Lorentz seguence spaces d(w,p) resemble the /»-spaces in

AUV. FASPECIS 1äeeb e. 1) Lõi B DUI a0 PCL) 6t P

c d(w,g) be infinite dimensional closed subspaces. Recently we have

proved in [2] that the subspace K(E, F) of compact operators is an

uncomplemented M-ideal in the space L(E,F) of the bounded linear ope-
rators, ii £ and F have the compact approximation property and 1<p<<
)9g<boo$. In this note we are interested in the case p>g.

We shall show that in contrast to the case p<g, for p>9g the situation

isdifferent in the cases when FEIA(T) or Ecdi(w;g). Namely, if

PASAA(T9: thör K(E F) ==IA4E E) (this tfäet can be proved Similafky
to the Pitt theorem in [1], p. 76, see also Corollary 1 below), i. e. K(E, F)
is a trivial M-ideal in L(E, F). Ii Fc d(w, 9), then two alternative cases

are presented: (1) K(E, F) is a trivial M-ideal in L(E, F) for all £ and
F (Corollary 2), and (2) X(/p, d(w, 9)) is not an M-ideal in L(/p», d(w, 9))
(cf. Corollary 4). In the second case, K(E, F) is an HB-subspace of

L(E, F) if one of the subspaces £ or F has the compact approximation
property [2], and it may happen that K(E, F)=L(E, F), because /»(T)
and d(w,g) are «saturated» with the subspaces isomorphic to /» and /3,
respectively.

We shall see also that the situation for X(d(v, p)*, d(w, 9)) is similar

to the case X(lpy, d(w, 9)), where p" is defined by 1/p+1/p"'=1.
2. In the seguel all spaces will be either real or complex; X and Y

will denote Banach spaces, and we shall suppose 1<p, 9<o unless
stated otherwise.

Let w(w:i) = (wWi)
š

be a non-increasing seguence of positive numbers

such that w1=1, limise wWi=0 and X)*,wi=oo. The Lorentz seguence

space d(w,g) is the Banach space of all seguences of scalars x=

=>(a1;a3,5.1). Jõr;which the norm is.

| 100 i/q
lel= sup (Žwilaao|) *<oo,

N 1=

where r ranges over all the permutations of the natural numbers N.

Bac[k]ground material on Lorentz seguence spaces can be found e.g.
1411

A subspace Y of X is called an M-ideal [?] if its annihilator Y+ is

complemented in X* by a subspace G such that for each jc X*

lil=llgl4Il, (1)

whenever [=g+h, ge G, he Y:X(0). When (1) is replaced by

lAl>lgl, li

then Y is called an HB-subspace [*]. ;
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Let B(a,r) denote the closed ball in X with center a and radius .

A subspace Y of X is called a semi M-ideal (ci. [5], Section 6) if for

every two balls B(a1,74) and B(a», r2) in X with the properties B(a1, r1) N
NB(a2,r2) AD and B(ai, ri) N YFD for i=1,2, one has for all e>0

B(a1,r1+2e) NB (a2, ra+e) N YEB.

Every M-ideal is a semi M-ideal, but the converse is false in general [5°].
A seguence (x») cX is said to dominate a seguence (y») c Y if there

exists TEL([xn], [yn]) (we denote by [x»] the closed linear subspace
of X spanned by f%1, x2, ...)) such that Txpf/=yn, nEN. In this case we

shall wriie (xn)>(yn) 00.(gn)s la
We have the following simple

Proposition 1. Zet (ex) and (frx) be two seguences in Banach

spaces. Suppose X is reflexive and assume that every seguence (xn) cX
such that xn—0 weakly and llxnll>0 has a subseguence (x, ) <(ex).

Suppose also that every seguence (yn) c Y such that yn —0 weakly and

Ilynll >0 has a subseguence (y, )>(frx). If (ex) dominates all its sub-

seguences, but (fr) is not dominated by (er), then K(X, Y)=L(X, Y).

Proof. Assume that there exists TEL(X, YAK(X, Y). Then there

are (Xn) cX and a>0 such that xn—0 weakly and [[Tx»[|—a, neN.
Then Txn—0 weakly and llx»[[—a/lT]. By passing to subseguences of

(xn), and then ol (Txn), we may assume that (xn)<(en) and (Txn)>
> (fn). This leads us to (e») >(fn), which is a contradiction.

Let (exr) and (frx) be the unit vector bases in /» and /;, respectively.
Then (ekr)>(frx) if and only if p<g. It is well known also (see e. g. [1],
pp. 7, 53) that every seguence (x»)c /» such that xn—0 weakly and

I»0 has a subseguence which is eguivalent to (ex). Therefore, from

Proposition 1 we get

Corollafy 1. Lei E.and F be closed suhspaees 0t IL) aad 0),
respectiveltij. Až pa lhet. K(E, FLIb F.

Let (ex) and (fx) be now the unit vector bases in /» and d(w,9),
respectively, and p>g. Ii w=(wi) Elp/gy=lwp/p-9, then for every
EHGee Ol-sealärs a . An, KENY we have

(ž wilailq)ilqg (Zn wi(p/q)')i/((p/q)'q) (Zn' lajlp)l/p.
i=1 1=1 i=1

Hence (exr)>(fr). I w=(w:) Elep/gyy, then there is (bi)Slp/4, >
—b»>>... >0, so that!Y» w;b:=—00. Corisegüently, thiere is no -C>0 suech
that

"i.žš (br) fa C ")ši (br) Ye||

for all ne N. Hence, (fr) is not dominated by (ex).

Corollary 2. Let E and F be closed subspaces oj l»(T') and d(w, g)
respectiveli. Ij: p>>g-and we lphp-yy then K(E, F) SL(E; F):

For the proof it is sufficient to show that in Proposition 1 the space F

may be taken instead of Y. Consider (yn) cF such that yn—0 weakly
and lly»| > 0. By passing to a subseguence we may assume (ci. [!],
p. 7) that (ym) is eguivalent to a normalized block basis (u») of the

unit vector basis (frx) of d(w, 9g). Let

mnu

li . õilk, HKN (2)
k=m,+1
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If limas=0, then (u») contains a subseguence which is eguivalent
to the unit vector basis of /, (see [*], p. 177). But this basis dominates

(fx). Hence, there exists (yn“)>(fh).
Assume now that ak7>0. Then |a,|Ze for a seguence ji<ja<...

of integers and a positive number e. By passing to the subseguence of

those u» whose expansion (2) contains a, We may assume that

VneN J3k(n)ef(mr+1,...,Man41) |arm|Ze. ;
Since (fx) is an unconditional basis with the unconditional constant

egual to 1, we have for every choice of scalars bi, ..., by, NEN,
N N Mip44 N N

| ,Zibnuf'n":" Zli 4 E+i ahb'nfh",>8“.ž,:b'nfk('n)"/2='5" Äbnfmll/Z
n= n=1 hk=m, — =

Hence, (yn) contains a subseguence (y-h„)>(fk)' This completes the

prooif.
3. To prove that K(/»,d(w,g)) is not an M-ideal for p>g and

Wwe lp/(p-g), We need

Proposition 2. Let X have a basis (e») and let Y have an uncon-

ditional basis (frx) with the unconditional constant egual to 1. Suppose
that there is TEL(X, Y) such that Ter=[jr, keN (i.e. (ex)>(fx)). Jf
there are D K(X,Y) 6>0 and NeEN such that IIDII<IITII<ö and

IP"T+DIl>26 vn2zN,
where Pr is dejined by P'y=2>)*,,ürfrx for y=2)°h€Y, then

K(X, Y) is not a semi M-ideal in L(X,Y).
Prool Lt Pjcz=lvy- P* be the natükal projeetions: "Sjüce

IP»D —DIll|—0, we may suppose that D=PmD for an integer m2>N.
Let Bi=B(P"T-+D, [IT]]) and Bhb=B(P"T—D, |TIl). Then B1n/ 8223
D P"T7, BihDK(X, Y) 3D and B»NK(X, Y) > (—D). Assume for contra-
diction that there is

AEeB(P"T+D, IITIl[/245/2) N B (P"T—D, IITII/24+58/2) n K(X, Y);

we may suppose that A=P,A for some n>m. Then

26<I2(P"T+D)|<
<IIP*T+D — PmAll+IIP”*T+D+PmAll=

= (Pm+P”) (P"T+D — A) ||+ll—P"T+D+PmA] <

<IIT| /24+5/2+l11—P"T+D+All < ;
</ITII-+58<2.

This is a contradiction, so K(X, Y) cannot be a semi M-ideal.

Proposition 2 improves Lemma 2.4 in [*], where X=Y, (exr)= (fr) is

unconditionally monotone, 7T=/x and D has a finite matrix.
Let us mention the following simple conseguence of Proposition 2

which permits to have new examples of spaces K(li, Y) that are not semi
M-ideals in L(b, Y).

Corollary 3. Let Y have an unconditional basis (fr) with the
unconditional constant egual to 1 such that

Sup Ifal < ini Ifa+-fall.

Then K(li, Y) is not a semi M-ideal in L(li, Y).
For the proof one can take De K(li, Y) defined by D(a1, a2, -. .) =

=2)*;arf1 (4, 2, ...) EL, õe (sup lfall; inf llfi+fall] and N=1.
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The conditions of Corollary 3 are satisfied e.g. for Y=/» and Y=

=d(w,p), I<p<o. Letus note that the example K(l,/p») is due to

Saatkamp [°]. For the real case of the examples K(l, Y) that are not semi

M-ideals, ci. [7].
Corollary 4. Jf p>g and wElp/p-g» then K(I»(T) d(w,g)) is

MOt - semitM-ideat ia “LA(T), d(0;g)); R(EILE), d(w, g)) s: dn

uncomplemented HB-subspace of L(»(T), d(w,9)).
Proof. Let (ex) and (fx) be the unit vector bases in /» and d(w, 9),

respectively. Let T be the operator which sends ex to fr, k S N. Above we

have seen that TeL(l»,d(w,g)). Since ea—o weakly and |[jzxllo,
T is not compact. Since K(/p»,d(w,9))E=L(lp»,d(w,9)), d(w,9g) has an

unconditional basis and /» is complemented in /»(T'), we have according
to [].and % that KL/ (T'); d(w. g3)) is not cõmplemented jn EAHA(T),
d(w,g)). It is an HB-subspace according to ['°] or [2].

Since /» is 1-complemented in /»(T'), it follows from the definition of

semi M-ideal that XK(»(T),d(w,g)) is not a semi M-ideal, if K(/»,
d(w,g)) is not a semi M-ideal (in the corresponding spaces of the bound-

ed linear operators). Letus prove that X(/p»,d(w,9)) is not a semi

M-ideal.
We have |7T|l-=Wr>-0/09, where W;=Eg°=l„ w;P“p-, Define DE

eK(l»p,d(w,g9)) by Der=llTlljli, Desc=Des=...=o. Then |Dl=]7].
Let

X0 IL.
O) 2) wkLD) AEN

Nn jaaa õ

and let a> WP. Then z

llaei++x»/ =(a24+W—1)Y7=b

in /», |
I (P*T+4+D) (ael+%n) = (a 1 Wir-D/P4AW —1) Va=c

in d(w,9), and for 6õ=c/b, we have ö> ITI| and |lP”T+D|>ö, neN.
We conclude by applying Proposition 2.

4. Let d(v,p) and d(w, g) be two Lorentz seguence spaces. Note that
the dual space d(v,p)* is canonically identified with a seguence space
(see e.g. [l]) but we do not need the explicit representation of d(v, p)*
in the seguel. If we suppose p'<g, i.e p< (p— 1)g, then we have simi-

larly to the case K(/lp», d(w, 9)) the following result.

Proõposition 3. LetEc d(v, p)* and Fa d(w, g) be infinite dimen-

sional closed subspaces having the compact approximation property. If
p=< (p-—l)g, then K(E, F)-iš"ah uneomplemented' M-ideat'in L(E, F).

Proof. Since £ and F have complemented subspaces isomorphic to

Ipr and 1;, respectively (ef. [] and ILjnp. 127). K(2 F) is not comple:
mented in L(E, F) by [2]. To prove that X(E, F) is an M-ideal we apply
Theorem 3 in [2] (or Theorem 4 in [*B]) to the seguences of natural pro-
jections (associated to the unit vector bases) and to the functions

Ni(a,b)= (aP?'+bpr')!!>" and Na(a, b)= (a244+bl9)*/9, a, b>o, using also the

following simple lemma in the case N(a, b) = (a?+b?)"/».
Eemma, Zet Nbe a [ürction on 10 60) X10; ö0) sueh thgt N(a, b) <

=NIC; d) [or dZc and bZdA. Let N" be the function on [O, 0))XI0; 00)
defined by N*(c,d)=sup fac+bd:N(a, b)<1). Let PEL(X,X) be a

projection such that WPl|=|[O]=2l, where O=lx —P. If

IPx+Oyll N(llxll, lyll), x,yEX,
then

N*(llP*x*l, lO*y*l) < lP*x*+Oo*y'l, x*,y'eX.
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Proof. Let ee (0,1). Pick x=Px and y=Oy so that [lx|l, Ilyl/<1
and (P*x*) (x)>(l—e)[[P*x*]ll, (o*y*) (9) >(l—ez) [[O*y*]ll. Then

IP*x*+o*y*]| >sup [] (P*x*+o*y*) (ax+by) |: a,b>o, llax+byll<l) >
> sup (a(P*x*) (x) +b (O*y*) (y): N(a, b) <1)>
> (I—e)N*(lP*x*|l, lO*y*|).

Remark. The special case of Proposition 3 that XK(E, F) is an

M-ideal in L(E, F) for real space E=d(v, p)* and F=d(w, g) was proved
in [*] by Banach lattices methods.

Let p>(p—l)g now. We have two alternative cases: d(v,p)*c
cd(w,g), and d(v,p)*Zd(w,g). Letus see now that they both may
OELUTr.

Denote by (ekx), (e>) and (fx) the unit vector bases in d(v, p), d(v, p)*
and d(w, 9g), respectively. For any choice of scalars bl,

...,
b» and permu-

tation 73: N>N, we get by Hõlder:s fmeguality

L |oi|avtipes IP < |b:| »a (3)
i=zl i=l

f we lwp'/gy, then similarly to Section 2 we have for some c>o and

RVEIV LIIOIGE OI SCalafa Õi —o ük

S mi]a]|)% < (X |a|”)!<
i=l i=l

<sup(|(jae') 2M) ]: 13 Mõ
i=l j=l j=l

< Da:e*|.
i=l

Conseguently, d(v,p)*c d(w,9).
Ii (v%fpw,-)gél(p'/qy, then there exists a seguence (bi)e€e/»'/y such

that b4>b»>... >0 and DjbivtPw;=oo. Therefore x= (bilav'iP) E
Ed(w,g). But xed(v,p)* according to (3). Thus, d(v,p)*£d(w, 9).

Letus deduce from Proposition 1

Corollary 5. Let E and F be closed subspätes p| d4O, p)* - and

d(w,g), respectively. 1 p>>(p-—l)g and : d(v; p)* Ed(Wg)» then

Ki Pi L[E:F).
Proof. Since every subseguence of (ekx) is eguivalent to (ek), every

subseguence of (e;) is eguivalent to (e>). By hypothesis, (ja) is not

dominated by (e*). And in the proof of Corollary 2 we have seen that the

space F may be taken instead of Y in Proposition 1. ;
Consider (xr) c E such that xn—o weakly and ||xnl| >O. By passing

to a subseguence we may assume that (x») is eguivalent to a normalized
block basis (u*) of (e*). Let (un) be a normalized block basis of (ex)
such that I>u*(un)>l/2, and u*(um)=o for nfEm. Substituting
(u*) by the eguivalent seguence (u*/(u*(un))) we may assume that

u* (Um)=Önm. Asin the proof of Corollary 2, we have (un“)>(ek) for

some subseguence (u, ). But then (u* )<(ež) and therefore (xn')<«
<(e).

We conelude by:.applying Propoöšition 1.

LEtollarvy, 6 £ r äld —la 000 . MOD ALDSAO
K(d(v,p)*, d(w,g)) is not a semi M-ideal in L(d(v,p)*, d(w,9));
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K(d(v,p)*, d(w,9g)) is an uncomplemented HB-subspace ofj L(d(v,p)*,
d(w,9)).

Proof. Since d(v,p)*cd(w,g), by the closed graph theorem, the
formal identity map T:d(v,p)*—d(w,g) is continuous. Therefore, the
second statement may be proved similarly to that of Corollary 4. Letus

now prove the first statement using Proposition 2.

Define De K(d(v, p)*, d(w,9)) by Dež=llTlll, Dež=Dež=... =O.
Then |[|[D]l|=]l/TIl. Denote B=B(0, 1) of /p/y. For all ne N and b=(bi) €

Eeß, we put

xnö=(]bi]%2, 0, --., 0, |ba ]V4vUP, |bs]VaviP, .. ).
mf

By (3), we have xn» € B(0, 1) of d(u, p)* and theréfore
lIP*T+DI| > sup,»I (P*T+D) xnoll >

> sup, -(ITl|bl]+27wi|bi|vt/P)Va=
i=2

= (lITII4 žvgrlpw; )War'—6ö, neN,
i=2

where r=(p'/9g)". Since 6> ||Tl|,; it suffices to apply Proposition 2.
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KOMPAKTSETE OPERAATORITE M-IDEAALIDEST

JA LORENTZI JADARUUMIDEST

On kindlaks tehtud, millal kompaktsete operaatorite alamruumid K(/»(T), d(w, 9))
ja K(d(v, p)*, d(w, g)) kujutavad endast M-ideaale vastavates kõigi pidevate lineaar-
sete operaatorite ruumides ning millal mitte.

Ige OAN
;

OB M-MAEAJIAX KOMIIAKTHbIX ONEPATOPOB H JIOPEHUOBbIX
INIPOCTPAHCTBAX MNOCJTEAXOBATEJIbHOCTEH

BbIascHAIOT, KOrga mopampocrpakerßa K(/»(T), d(w,g9)) n K(d(v,p)*, d(w,g)) kKomM-

NAKTHbIX ONEpPaTOpoB ABJAIOTCA MJU HE ABJIAIOTCA M-HzeaJaMH B COOTBETCTBYONIHX

lIPOCTPaHCTBaAX BCEX HENPEPbIBHbIX JJHHEÜHBIX OMEpPpaTOpoB.
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