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VIK 62—504.6

Heopo ACTPOB *

BbIBOP INOCTOAHHOW JIAFEPPA MNPH ANNPOKCHMAUMHH
HMIIYJIbCHON NMNEPEXOFAHOU PYHKUUHU PA3HOCTHbIMH

MHOTOHUJIEHAMUHM JIATEPPA

(llpeõcragsua 10. Hakcoo)

1. BgezeHne

Pe3yJlbTaT armmpoKkeckMalkk HMIYJbCHOÜ mepexoaHkoü bpykHkuuYw (UIID)
pa3HOCTHbBIMH MHOTroUJIeHaMH Jlareppa B NEpßylO OUEpeAb 3aBHCHT OT BEJIH-

YUHHbI JJAreppoßOÜ MOCTOAHHOÜ E H JJMHHBI JJAreppoßOÜ MOCJEAOBAaTEJIbHO-

crH M. Huco M ornpeaenaer MOpaaoKk MOJYYaeMbIX YpaBHEHKÜ COCTOAHHA,
TaAK KaK B CYIIHOCTH pelllaeTCA 3aZa4Y4a YUaCTHYUHOH peaJH3auuux. llocrosH-

HafA E OMNPeAzeIAaeT XxapaKkKTeEp anNnNpokekMalkku 3azakkož HIID, ko ompeze-
JJEHHE ONTHMAaJIbBHOÜ MOCTOAHHOÜ € — oueHb CJOXHasa s3azgava [']. B [°]
lIOKa3aHO, UTO lIDH MaJIbIX E aNNpoKCHMHpYyeTCA JYYUHIE HaYyaJJO MEpeXxOA-
HOH XaApaKTEpHCTHKH, a MPH ÕOJIbIKHX E — KOHEIL MEpeXxozHOÜ XapaKTEpU-
CTHKH. B [3] mpeaso>xek METOA AJA BbÕ6opa MOCTOAHHOÜ E Mmo 3agaHHblM
lOJIIOCaAM HCXOAHOÜ CHCTEMbI (lIpexJO>*XEHO BblÕHpaTb MOCTOAHHYIO € B

lEHTpe TAXKECTH MOJIIOCOB HCXOAHOÜ CHCTEMBI). CJexyerT OTMETHTb, UTO lIpH
PHKCHpoBaAHHOM M TOUHOCTb AaNNPpOKCHMaIHH CYILECTBEHHO 3AaBHCHT OT

CBO6OAHO BblõÕHpaeMoli nocrosHkKOÜ EEc(O, 1).
IleJblo JaHHOÜ CTATbH ABJIAETCA CHHTE3 aJTrOpUTMAa ONPpeAeNekHHA TIO-

CTOAHHOH Jlareppa, AOCTaABJAKINEÜ MHHUMYM CpeIHEKBAApaTHUEeCKOMY OT-

KJOHEHHIO HIID sazxzaHHOH JUHCKPeTHOÜ CHCTEMBbI OT ee AaNNPoKCHMaIMH
lIDH BblõÕHpaeMOM DHKCHpOBAHHOM UHCJIE UJEHOB pa3;3JOXKEHUA.

2. Anrnpokõnmauna UIID nucKkperHoro OÕbeKTa C MCNOJb30BAHMEM

pa3HOCTHbIX MHOro4yuJeHOB Jlareppa

4 annpokekmMaukku k3BecrHoü MIID aucKkperkoro OÕbeKTA BOCMOJIb-

3YEMCA pa3JJOXKEHHEM ee IO KOHEUHOMY UYUHCJY Ppa3HOCTHBIX MHONOUJIEHOB

Jlareppa x(Z, )
M

Sapprox(/7) z 2)Srhr(t, €). (2.1)
k=0

Koa ppuuueHTtbi pa3NoxeHuka Sk, k=0,1,... , M, onpezeJseM C NOMOILBIO

OHEHKH METOAOM HaAHMEHbIIIHX KBAAPaTOB

ž N M

min E= min 2 [s5(t) — 2I smhr(t, E) ]2, (2.2)
8081 80**"Su t==0 k=0

rae N>M.

* Eesti Teaduste Akadeemia Küberneetika Instituut (MHcruTyr KHÕepHeTHKH ÄKAazeMHH
HayK OJcrTOHHH). 200108 Tallinn, Akadeemia tee, 21. Estonia.
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IIpuMeM cJeAxyRuue 0603HaUueKHA:

j Wo (0) -a (O)z3. 25 Yurd0)

v=|Y(1) 1) - yoe(1)
]

(2.3)

Ybo(XN) Y1(N) .. par(N)

< yT=[S0 $ -+--,
Su],

s7==15(0) S) —.. SINIE

C ytuerom (2.3) BblpaxxeHHe (2.2) MOXHO NEpelNkCaTb TAK:

min E=min [s — Wy]"[s — YWyl. (2.4)
Y Y

,

Xopolo H3BecTHO [*], uro pemeHukeMm (2.4) aBraetrca

' — Nopees [WTWL üFTs, (2.5)

OTMETHM, UTO B CHJY OPTOHOpMaJIbHOCTH MHOFrouJTeHOB Wk(Ž) MmarpHuya
WTYW XxOpollo OoÕycJ0BJeHa H MO9TOMY BbIUHCJJEHHE BEKTOpa KO93hppuHuuek-
TOB y Bcerza ocylllecrBuHMo. Kakr roka3sako B [2], BbIuHkcJeHkke MHOTPOUJIE-

HOB WYh(/) MOXHO OCYHIECTBJATb NO CJEAYOUIHM PpeKyppeHTHbIM POPMy-
JJaM:

Yo(0)=V1—€2,

o(i+1) =Epo(2), „

WPa+1 (0) =—Ewx (0), (2.6)
hi

Yr 21)=54x(7) +(1—8%) „š A 446

3. IlonyueHme ypaBHeHKA JJA HaXOXAEHHA OMNTHMAJbHOÜ MOCTOAHHOÜ

Jlareppa

C yYeTOM XOpOIHIO H3BECTHOrO HEOÕXOAMMOFO IpH3HaKa 9KCTpeMyMa
[5] onTUMaJIbpHYIO MOCTOAHHYIO JIlareppa Eopt (C OHeEeHKOÜ MO MEeTOAy HaH-

MEHbIIIHX KBAAPaATOB) MOXHO HAÜTH H3 YCJIOBHA:

dE l 2

dš š=šopt
k O, (3' l )

rae £ omrpeaenserea (2.2). C yueToM >e XOpolllo H3BECTHOTFO IEpBOro
JHOCTATOUHOFO IIDH3HaAKa 95KCTpeMyMa [°] ONTHMAaJbHYIO MOCTOAHHYO Jla-

reppa Eopt MOXXHO HAÜTH H3 YCJIOBHÜ:
dE

d—š-<0 IpH — E<bŠopt, :
(3.2)

dE

—ä—šo IpH — E>Eopt:

IIpou3BozHylo £ no CKaJApHOMY apryMEeHTY E MOXHO 3AalNHMCaATb TAK:

dE + d(eYTe) [ de ]T T[ de ]LL 2sV okaie — 3
k X lAT PÄART 9

re e=—=Ss—Wy. XOpolllo H3BECTHO, UTO ECJJH € — BEKTOp-CTOJIÕEIL, TO:

de ]T [ de ]ka ia eTL ia ki
3.4[dš ee L “i
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C yuerom (3.4) BblpaxxeHke (3.3) MOXHO NEperNkcCarTb TAaK:

dE [ de ]- M
RL-

. A M
HJIH: : d wdb s — Wy

sd L u gstig la 3.5a Y3
dE

(3.5)

IIpoH3BoaHylo B (3.5) MOXHO 3alNHCaTb TAaK:

A Ha AmA
ž äa£ j

3.6
dE de Jvh'E dE

(3.6)

rae y onpeaenserea k3 (2.5). Ilepenuuem tTenepb (2.5) B TaAKOM BHAe:

Wrs=WTWy. (3.7)

Mubppepenuunpya (3.7) no E, noJyykyM:
°

z la la—— =|
— —— —

1.

8[] =

2]
+ h+rl2 (3.8)

M3 (3.8) HaäneMm [—ž—š—] :

Kn] ta—[= ] — — —
—

;

39[]=rr[[2] «-w-rlk] — 69

YuurbiBaa (3.6) u (3.9), (3.5) MOXHO 3aNHCATb TAKHM OÕpa3oM: +

dE-:: ž ([ dY ]

= []TW]- 1—— — —
W| — 3.10+ [] 6-vm-v[2k]], — 60

rAe y Oonpegenaerca 43 (2.5). CrexoBaTelbHO, AJJA HAXOKAEHUA ONTHMAJIb-

HOTrO 3HAUEHHA E, JOCTABJIAIOUIErO MUHHMYM CpeAXHEKBaApaTHUEeCKOMY oš-
KJOHEHHIO (2.2), HEOÕXOAHMO HAÜTH BCeE KOpPHH ypaBHeHHAa (3.1), rae —Zš-
onpezenaerca (3.10), 3areM IPOBEpUTb BCe MNOJYYUEHHbIe KOpPHH Ha COOT-

BETCTBHE YCJOBHAM (3.2). IIoJyueHHblÜ KOpeHb Eopt H ÕYAET ABJATbCA OII-

THMAaJIbHbIM 3HAYEHHEM €.
TaKk KaK MHOFOUJIEHbBI W(/) YAOBJIETBOpPAIOT YCJOBHAM OPpTOroHaJIbHO-

CTH :

šIPh(t)Wm(t)=õkm,
TAE ÕÖkm — CHMBOJI KpoHekepa, TO IIpH ÕoJlbllIOM uHcJle orcueroB N HIID
MOXHO CUHTATb, UTO

V 2ET. (3.11)

IloacragBnssa (2.5) B (2.4) u c yyerom (3.11), noryyum:

E x s?"[1—WWY7T]s. (3.12)

IIpoauppepenunpoBaB (3.12) ro E, no yuumM:
dE [[ dY ] [dW ]T]tiiii 1L* i £ vjodiivi pallisas Ti jaai ÄO

=
š

dE
S

dE
WIT+W

de
S (3.13)

3amerTHM, uTO (3.13) umeer GÕosee mpocrok BrHAa, 4em (3.10), uro 3HayMH-

TEJIbHO OÕJIeTUaeT BbIYUCJIEHHA.,
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4. BbluncneHye aJeMEHTOB MarTpuuk W x %
PacCMOTpHM TEIIEPb BOINPOC O TOM, KaK MOXHO BbIUHCJHTb 3J1EMEHTBI

dY
MarTpHu W 13 (2.3) u —d? TAKOFo BHJa:

—

d[o(0)] — d[x:(0)] d[x(0)]
7

de de
s

de

ay |H()] dl:()] — dlyx(1)]

a dž dt
n

(4.1)

d[yo(N)] > d[%:(N)] d[bxu (N)]
r de

ü

de :

PopMy/ibl (2.6) MOXXHO NEperNkCaTb TAaK:

Yo(0)=y1—22, (4.2)

po (2)=Epo(0), (4.3)

A6 l <i<N:

x (0) = (—1)*E*po(0), n (4.4)

e 14M. :
hi

pr(tT1)=šEyx(2) +3 (0) 27 (—õ)*pi(t), (4.5)
i=0

rne I<k<M, O<I/<N—1.
CJeA0BaTEJIbHO, MOXHO MIPEAJJOXHTb CJEAYOHHÜ MOPAAOK BbIUHCJEHHA

9JJEMEHTOB MaTpuHUbl W x3 (2.3): cHauana BbrykczseMm wWo(0) u3 (4.2),
3aTEM — IJIEMEHTbI IEpBOro CTOJÕHA (HAUMHaAA CO BTOPpOro aJNEMEHTA) HM3

(4.3), 3aTeM — IJEMEHTbI MNEpBOÜ CTPOKH (HAUHHAA CO BTOPOro JNEMEHTA)
H3 (4.4), 3arem — aJEMEHTEI (HAUHHAA CO BTOPbIX 9JEMEHTOB) BCEX

CTOJÕUOB, HaAUHHaA CO BTOPOro H JO MOCJEAHero H3 (4.5). =
IIpozauppepenunpogapB (4.2)— (4.5), nosryyuum:

d[xo(0)] +ibi hiii , 4.6
dE o —00

—

dlo(2)] — 5—4[2— (2+1)E2]
=

:
4.7dE 4o(0) vi

ene 1 </<N.

dž Yo(0)
:

rae I<k<M.

d[x(2+1)] d[x(t)] ., (—25) [Yx(4+1) — 5x (5)]

4
: j

dlNpi (t

wo žcore[e-i-no TEDL], — 49
i=0

rne I<k<M, O<i<N—1.
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dY
ITopaaoKk BbIUHCJEHHA JJEMEHTOB MATPHIIGI ,g u 3 (4.1) anuaroruyeH

NOpAAKY BbIUHCJEHHA SJEMEHTOB MAaTpHIIbBI W, a BIUHCJEHHA MPOH3BOAAT-
ca no popmytsam (4.6)—(4.9).

5. AJTOpuTM BbIUMCJEHHA ONTMMAJbHOÜ mrocroakkoü Jlareppa

IIpakrHueckoe HCNOJb30BAHHE AaJNOpHTMA BbIYHCJEHHA ONTHMAaJIbHOÜ
IOCTOAHHOH JIareppa JOJIKHO IPOH3BOAHUTbCA B CJEAYONEM MNOPAAKE:

l. sazaem uucno M (Haungaa c M=0);
2. BblÕHpaeM lar 2Z H3MEHEHHA E H BbIUHCJAEM 3HAUEHHA PDYHKUHUH

dE ; ;
y(š)'=—dš— B. TOGKAX: pÜi2) Fa sYK

1.

,
(1/2—1); Hexonu js

(3.10) (uru (3.13)), (2.5), (4.2)?—(4.5) u (4.6)—(4.9);
3. IIPOH3BOAHM IOJHOE OTAeEJNEHHE BCex KOpHeÜ ypaeBHeHKHAa (3.1) Ha

HHTepBaJle EE (0, 1) B COOTBETCTBHH C YCJOBHAMH (3.2), B pe3yJbTaTe IpH-
XOZHM K OTpe3Ky [0, b], B KOTOpOM COAEepXXUTCA Eopt;

4. 3azgaeM TOUHOCTb € OIPexgeNekuA Eopt Y YTOUHAEM 3HAUEHHE OTAENEKH-

Horo Ha [2,b] KOpHA Šopt METOAOM MOJOBHHHOFo JeleHMHAa [°] 20 Tex mop,
IIOKa He ÕYAET BbINOJIHEHO YCJIOBHE:

b—a
bn — an*=—27;—<8,

Tze M — YUHCJO, NOKASbIBalOlee, CKOJIBKO pa3 HYXXHO MNPOH3BECTH MOJIOBHH-

HOE JEIEHHE; IPU ITOM Eopt ONPEAEJAETCA TAK:

an+b; šom:k—n;š—r„;
5. BblyHcCJAeM Sapprox.(/) H3 (2.1) rpu s3azaHHOM M H NOJYYEHHOM

Eopt H CpaBHHBaeM HX C HCXOZAHbBIMH 3HaUyeHHAMH S(/) HIID: B cryyae,
ECJJH KaUECTBO alNpoKCHMaIHH (OHeHMBaeM H3 (2.2)) Hac He YAOBJIETBO-
PAT, TO yBeHYUHBaeM M Ha EAUHHIY H INOBTOpPAEM BCe BbIUHCJEHHA CHAYaJIA

JO JOCTMXKEHHA XEJIAEMOTO KaUYueCTBA AaMNPOKCHMAIHH; B MIPOTHBHOM CJY-
gae MNPoHecc BbIUHCJEHHA Eopt 3AKAHUHBAeTCA.

IIpumMep IpuMeHeHHA MPeAJJOXKEHHOTO BblIIe aJrOpuTMAa (BbÕpaHbl:
N=10, M=1]1, e=1072, Eopt=0,4515164619367) unrmocrpupyer rTaõ6nuua.

t l S(t) l Sapprox. (t)

0 2,5 2,500006859916
1 1,1118571 1,111823126003
Ž 0,49430762 0,4943437012937
3 0,2197193 0,2197444644446
4 0,09766275 0,0976560618336
5 0,04341443 0,0433879689601
6 0,019303093 0,0192719048436
7 0,008585022 0,0085577845046
8 0,0038194751 0,0037990535143
9 0,0016999384 0,0016860195618

10 0,00075690925 0,0007480290934

3HayueHHa S(7) u Sapprox.(t)
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; 6. 3aksoueHne

llpeasoxeH AaJrOpHTM, MO3BOJAIONIHÜ HaXOAUTb OMNTUMaJbHOE 3Haye-

HHE lOCTOAHHOÜ Jlareppa c 3agzaHHOÜ CTENEHbIO TOYHOCTH IPH AaNNPpoKCH-
mauHu HMIID c nomombio pa3HOCTHBIX MHOrouJIeHOB Jlareppa, HCXOAA M3
H3BECTHOH MOCJIEAOBATEJIBHOCTH PpaBHOYAaJeHHbIix OTCYeTOB UIID sanan-

HOH JZHCKpeTHOÜ CHCTEMbI. lIpH 9TOM HCMNOJIb3YETCA ONEHKa MO METOAY HaH-

MEHbIIHX KBaAApaTOB lIPH BbIÕpaHHON KOHEUHOH AJIUMHEe JJAreppoßOH MOCJIe-

NOBaATEJIBHOCTH.
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Igor ASTROV ; ;

LAGUERRE'I KONSTANDI VALIMINE IMPULSSFUNKTSIOONI

APROKSIMEERIMISEL DISKREETSETE LAGUERRE'I POLÜNOOMIDEGA

On esitatud algoritm, mis võimaldab leida Laguerre'i optimaalset konstanti. Kui
Laguerre'i jada lõplik pikkus on valitud, kasutatakse vähimruutude meetodit.

Igor ASTROV

CHOICE OF LAGUERRE CONSTANT WHEN IMPULSE RESPONSE IS

APPROXIMATED BY DISCRETE LAGUERRE POLYNOMIALS

The algorithm proposed in this paper permits finding optimal Laguerre constant
with the accuraey which we want to obtain. The initial data of this al%orithm are given
by the meaning for the impulse nresponse of a diserete system. This algorithm is based
on a solution of eguation (3.1), when conditions (3.2) are executed. The numerical

method for finding optimal Laguerre constant from (3.1) and (3.10) is defined as a

least-sguares method.
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