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Piret KUUSK*

COVARIANT FORMULATION OF THE N=l, D=lo SUPERPARTICLE

IN A CURVED SUPERSPACE

(Presented by H. Keres)

The action for the Brink-Schwarz superparticle together with the Kallosh-Rahmanov
action for auxiliary (harmonic) variables is considered. A generalized action in a curved

superspace background in proposed and the constraints on the background geometry
are derived.

1. Recently R. Kallosh and M. Rahmanov ['] proposed a spacetime
and world-sheet covariant guantization of the Green-Schwarz heterotic

superstring in a flat superspace background (for alternative approaches
see [2]). The main problem they had to overcome was how to fix Lorentz-

covariantly the Siegel fermionic symmetry. From the geometrical point
of view, their solution is eguivalent to the introducing of a local (spino-

rial) frame of reference E%, a= [—l——š-L, ——š—L], 11 .. 8 a

—=]1, ...,
16, and to the econsidering of eight frame components of the

LDt S
fermiõnic coordirnates of the string, 6. * =Z 2 +0% as physical degrees
of freedom. The local frame of reference is constructed from auxiliary
(harmonic) variables [3] that are pure gauge.

For several reasons it is desirable to generalize the action proposed
in refs. [*] to the case of nontrivial background superfields. Some work
has already been done in this direction. In refs. [+], the o-model approach
has been developed and R-functions have been calculated by means of

the background field method with expansion in normal coordinates. In

[5], the struceture of x-anomalies for the heterotic Green-Schwarz super-

string in the Yang-Mills-Einstein background has been investigated. From
the point of view of the GIKOS-type harmonic superspace [°], the curved

background is briefly discussed also by R. Kallosh [7].
In the present paper the point-particle limit of the Green-Schwarz

heterotic superstring, the Brink-Schwarz superparticle [$°], is considered.
The covariant action containing harmonic variables in a curved back-

ground is proposed. The constraints on the background geometry are

derived. Our main idea is to leave the auxiliary frame of reference its

pure gauge nature. The background geometry will be determined by
another local basis II*m(z) and connection one-forms o042(2). We also

try to maintain the important property of the ordinary (reducible)
theory — the independence of the action firom the background connection

wA2 []. The same ideas can be applied in case of the covariant formula-

tion of the Green-Schwarz heterotic superstring [%].
Our sign convention for the symmetric D=10 Dirac matrices is as

follows:

VaapyoPY” =-—navd!” + (Yab)a". (1)
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We shall also use the D=6 Dirac matrices [°]

: 16— ( —0 (gl)-hl) 1=1, Pa 6,
;

I lo " 9 h h lb l=ilv 4

and D=6 charge conjugation matrix „

°0 C
žc= (

;
) Cr=cA=cC.

2. Following the ideas of ['*°], let us introduce auxiliary (harmonic)
5

variables — two commuting local Majorana-Weyl spinors va *(t),
8i

ä

vzs2d1) and:eighiht lõeak veetõrs üt (t); £LaŽd; .. B From tliese-vartäbles
a local frame of reference in the tangent space of the world line zM(1)=
=(fx"(17), O*(t)] can be constructed, separately in the bosonic part,

Ž
L A K k

U% = iu+a=v SW0 % USD 290 8 uLa) (2)

and.in the fermionic .part (y;=u;aya)
4 + L 1 A — A 1 +3

Pa [E vi eaa a rra ÄRa j A aat vba ZYLY—]s (3)

The duality relations

ut üb=õd, % Bb=õb,
a «a a 02 [0 A i

; '
ž i j i j

(4)

u* Üüs= Öž ; E“aE';“= Ö'ž
b B

determine the dual spinor frame as follows:

= 46
HahsaMIa Ma dst LU. 2 (5)

2 2

In the bosonic part a metric tensor Ggg(r) can be introduced:

G(r)=u%udyn%, GÜGu=602, ü;=Gzsu. (6)
d

Two of its components Gtrt+(1r) and G-—(r) vanish identically as a conse-

guence of the D=10 Fiertz identity:

:tl- ;t.l— ; :t.l. ,—tl—-
(Jtt (r) =( v Zvav 2) ( U vav 2 )T]GÖEO. (7)

This means that two basis vectors uta(t) and u7a(t) are null vectors by
the construction.

We propose the following generalization to the curved background for
the action of harmonic variables given in [']:

Su= [arfpi[ai— Ri (9) ] - ns ) —ToM2(p,))— (8)

k :
Here gi(t) denote the harmonic variables (va ) uLa) and: pi
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' A -Ä
.——(pa:t,—, pLa) are the corresponding conjugate momenta. A

, u and

2

Pa" are the Lagrange multipliers at the constraints piRi%[ (9)50, J=

1.0 hš[(q)zo, Ja21, j.. 53 BD MIDO)AU. Ihe preeme

form of the constraints is as follows.

Harmonic constraints hä(q)zo convert the bosonic metric G%(1t)

into a constant [']:

hs (9) = G% (1) — GÖx0),

0—1 : f
NA V

- K= (k, K),
: Gab — (9)

s l jatSÄ

; CM:0

where CXEL is the D=6 charge conjugation mäatrix.

Constraints p,—Riü(q)zO are 11]

piRix)I (9)=(H+-, Hrs, Ho, Fzxy Fr, Krr), (10)

A AA A se .
Hyu=——V 2y4p 1—0 2y4P 1,

». ND +
2 2

HIJ———üéacéh(OIJ)hlpla+üka(EIJ)k'l.pia; š
i ] : l : ;

Ho.—.?üšaChhpka—-?ükaCk'*péa, j
k eo 4 vi

F—K=—'ü—apKa——U Z'Y—Kp 1—-——U+2Y—Kp 21
2

—'žž
2 +'2—

F1'=ü;wcék(91)kžpf,

; ; aa s.
KKL'=——"U+2YKLP 1i——V ŽYykKLP 1.

2 +*E 2
—"-2“ .

Constraints M*% (p, 9) x0 generate the local Lorentz transformations of
the auxiliary variables p,g:

l ] +-i d
Mäy=-> (pr*uty — ülaprs) —

T (vio)a (pr a vjž+peiojž). — (11)
2 4 +-2"

p
—'-2—

p

Let us calculate the algebra of these constraints. We get

; ; o o l
.Ri .Ri — .Ri i

ü

[p1R
° héi]=0v

h3 Hrl)i[
° ?B] 0, :
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: > M
[piR

°
M b]l—'n%[ b h*ž[' ;

[M“b,' hš[]'=0,
[M%, Mta]=f%o%ae!'ME;. (12)

Here jäp“ae? are the structure constants of the Lorentz group and f%SD
are the structure functions of the 59-parameter gauge group; the latter

ones are constant only on the harmonic ceonstraints [1]. pmia%a[ and

';] 2[%91 denote the nonclosure functions for the algebra of constraints

piRigI x0 andM4 x0 if considered off the harmonic constraints.

To clarify the geometrical meaning of the 59-parameter group genera-
ted by the constraints p,—Ri&[(q)zO let us consider the corresponding
transformations for the harmonic variables :

4 1
+ — ž + —

” 2L=——4—šABU ZYAB? ABI: (+—, L—v KL),

õury=EP]opbi =ATi, - (13)

õ=(—, K), CD=(L—, 1, 1, 0).

Instead of explicit expressions for matrices Jcp!'* and ALb we give the

transformation rules for the whole frame of reference u% (1) (2):

õut,=E+ Üa

ÕUa=E+üsra+EÜLa,
š 1 .

vÕUti £ (ÜIJ)lkC„üža +—2'šocklü;a +E* M (14)

. Gi e 1 ° . . .

Öuha=š”(911) l.kCllü'la ——2“*šochlüla+šk—ü—a+šl (gr)khc“'ü;„ :

The fermionic frame of reference (3) transforms as follows:

1 1 1

ÖE*?K„———lšAB( )i?K,„E&.i.(AKN—šKN)G A (15)=

4
VAB

š
NL ,

1 AN
ÕF.i —P Yas)1 “Bo-F(ASE—EXL)GwxB 1 (16)

N) s3 at > 4
and the metric tensor (6) does not transform at all:

ÕGY (1) =0. (17)

The last condition means that 429——4%2 jn õu3=A33üg and that on the

harmonic constraints transformations (14) constitute a subgroup of a

(local) Lorentz group acting on the frame indices a.

The spinor frame components have the following transformation pro-
perties under rotations (15), (16):
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UL Ka
viii L. kkt B 2 x a3;lL 2

ö%+%K—VK%+—:—L+G+—š p NL PU %—%L,
vlk GA L N

mäkike liinisseM 2õ“—iK—WKL%-iL +
äi

£ 10 LARVJVEO WIa
2 2 2

AA 1 1 - ä
a

ä
60 2 —=DKry 2 ——— E-+v 2yKyyLv 20 2.,

—
(19)

-Z r K s s aati
Õg % äi BKLB 2 —*Ü:š j. Y YI;YLU g

ö

where Vkx=, WxL, DKr, BKE, are certain .matrices. We can see that on the
: 1 1

harmonic constraints the conditions 0+?KEE+?K<IG“=O and NA M
2

=f) 1 %*%=0 are invariant under the 59-parameter transformation
-— K

2

group.
3. The total action for the Brink-Schwarz superparticle in a curved

background can now be considered as a sum of the ordinary action [°]
älid Si (5);

] ;i M A )— siniob õrisiasiid AML KU
ä i

oi i ? h.. SE abMa :S= [ür(—-oomo+pilgi -R(9] — 1 ns (9) -ToM%

; (20)
Here 04(1)=zM(t)II4m(z(t)) is the vector tangent to the world line of
the particle 2M (1), II*xm(2) are the basis vectors of the curved background
superspace and V1 is the Lagrange multiplier at the mass shell const-
raint. The action has five local symmetry groups.

a. The general coordinate transformations of the D=10 curved super-
Späte, 2M3=2M(2N).

b. The local Lorentz transformations of the D=10 superspace basis
one-forms IIŽ(z2) and connection one-forms o42(2). To achieve the inva-
riance of Su at the transformations

' d l l
õura=Lo”(z(t))u"b(t), — õva *=-— — La*(y*o)aFUp ° 21)

the Lagrange multiplier P,? must transform as follows:

ÕVa=Lb — Tobfeg'aabLet. (22)

c. The reparametrization of the world line zM(1):

1. 4 K

õtr=o(t), %
—— 6 )

d KN 41
) z

— l jai 23LN )i (SUFI õu | dr'(u 0), (23)

d
õTV=—— (T'a*0).

dzx

The reparametrization transformation for Si can be considered as gene-
rated by the constraints and trivial transformations.
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d. The constraints piRia[ (9) 50; ha—[(q)zO, M%%(p,9) x0 generate

the following transformations with the local parameters šŠ(t):
w 9 ;

a 1 —— (MS3EB. : Uõgi=Riy (9)5° +3 Mš ,
;

Õ k o ü X d f
i=—Pja—

(Ri
— — (h- —

— (M%)Eo?

% o % BD A
e A 246x =b 1—Xk $ lag» (24)

£ £ N — N S S i

jaiii ! n kbi ab a

;
: Dõp =b —X E Piliag — X Bety% äib

öl-'ab=žab — VetEe8f“aga?. j
Here the parameters E,?(r) determine a local Lorentz transformation
that seems to transform only the harmonic variables and the Lagrange
multiplier T,?. However, since the süperspace where a superparticle can

live, allows an arbitrary redefinition of the connection [], the back-

ground connection along the world line can be considered to coincide
with the Lagrange multiplier P,* and so the E,?-transformations are, in

fact, a part of the local Lorentz transformations:

ZM(t)oma'(z(1))=TIo% EB(1)=L2(7). (25)

e. The local fermionic Siegel symmetry has now eight Lorentiz-

itivariant parämeters X 4 ()95E2 £ % % 1 =;

+—E-L +ok —;L

Uk
õzM=o% WE 2

4x 1 IM,: ;
; +?L

õiju=20, ju0 (26)

õh%[=0, öug['«=0, õl',—=0.
It holds, if the background torsion tensor TAap? satisfies the same const-
raints as in the usual (reducible) formulation [8],

Tpst=[Ty4,, (27)

; TB(adle)d='Y(a|B°|Tõb) (28)

and the transformation rule for V is

1

õ(V4)=2V-(To*+07*)E 2x
» (29)

2

Finally, the closure properties of the eight-parameter group of trans-
formations (26) must be investigated. A direct calculation (using const-

tüäint (27)) gives the-dfollowing result:

1
— dzM

[õu, Öu] ZMi='(l)aYaaBE+ 2M HBM+9 ——z——q—l—-
| Aosi 3+»5L dt

1 4
d+—L +—K

)At | RU
5 8 AL (30)

[1 +'EL 2] +€K
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The first term is a new x-transformation with the parameter x+1L(r),
; 3 "ž'

1
+—K

X | SSD XOd NA O
42 L [1 YK2)t k š ;

: 2 % 2 P A

A
x sm sba

— IO X | % 1 VY+ : 2 =GKL: '(31)
[1 +-2-M 2] +'EN

the second term is a reparametrization of 1 with the parameter o(t),

+i
K
+i

A

Õ) 21a 5 N 41
00 °° (32)

I +E' K 2] +
';

L :

and the last term vanishes on the mass shell. The remaining term 2M can

be written as follows:

16 4a +2ko
tM—D2o%0x 1 x 1 W° [Tpda“va ei

; j4 % 13 +—2— L

j l Dä +i
—

>Toadya 2 +000 (y) 2 avad| Tlo, (33)

For further investigation of 2M let us use the following background field
redefinitions [°]:

H,aZHG+HaBHB, HIB=HB; (34)

'G)IAB=—0)AB+XAB. (35)

They dö not change action (20) and constraints (27), (28) and they
can be used to derive from eg. (27), (28) all known full sets of const-

raints on the torsion tensor. A direct calculation confirms that on har-
monic constraints transformations (34), (35) do not change the general
structure of commutator (30). In particular, 2M retains its form (33) at
transformation (34) and does not change at all at the redefinition ol
contection (35).

In case of the simplest full set of constraints on the torsion tensor [°]

Tayt=iö! Ta, T„e:iõfaTB), T=d (36)

we have

+iL —iL
šM=DM(Db(Dd7]bd+(Ddeaõ(Ea 2

cA +Ea 2
ä L) HGM (37)

j705 15

with :

1 j A v
X 41 SRTOD N L % d (Doef(vef)+ K:

Ä Sa (38)
4-—5—1. 2 [1+—2-P2]+-ž—l( —?L

The algebra closes on shell, if x 4 vanishes on harmonic eonstraints.
4786

The only nonvanishing nondiagonal frame components of y°; are these
of y7x, so the condition for the closure of the algebra is now ([TIAa, Ip] =

=CasPIlpn)

ÕxZMIIMPCpe! (2(1) ) Z—" (1) uNf(1) 2:0. (39)
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It does not change at transformations (14), (15) of w%, E%* on the har-

monic constraints and imposes an additional condition for the choice of
the basis vectors of the background superspace.

The author is grateful to R. Kallosh for introducing her to the
problem.
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Piretb KUUSK

KOVARIANTNE TEOORIA N=l, D=lo SUPEROSAKESE KOHTA

KÕVERAS SUPERRUUMIS

On uuritud Brinki—Schwarzi superosakese mõjufunktsiooni koos Kalloshi—Rahma-
novi harmooniliste abimuutujate mõjufunktsiooniga, konstrueeritud analoogiline mõju-
funktsioon kõvera superruumi foonil ja tuletatud seosed, mis kitsendavad fooniruumi
geomeetriat.

Iluper KYYCK

KOBAPHAHTHOE OINHCAHHE N=l, D=lo CYMHEPYACTHUDbI
B HCKPHBJIEHHOM CYNEPIIPOCTPAHCTBE

PaccMaTpHßaloTCs CBOÜCTBa CHMMETpHH JeÜCTBHA CyrepuacrHkubi BprHka—lllßapua
BMectTe c JeäerTßHeM Kassour—PaxMaHOßa JJiA NrapMOHHUeCKHX IrepeMeHHblX. llpezxsara-
ETCA OGOÕINEHHOE AEÜCTBHE, OMNHCbIBAONIEE CymepuaCTHUy Ha POHE HCKPHBJIEHHOFO CYyNEp-
MPOCTpaHCTBa, H BbIBOAZAATCA CBA3H Ha POHOBYIO reOMETpHIO,
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	Puc. 3. CHeKTp OTpaxeHHA «HAEaJbHOTrO» MOKPbITHA 72=2,72, yron maaeHya a=76,6°: 1 — KBapuN.
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	PHc. 4. CHeKTpbl OTpaxeHHA peaJbHblX MOKPbITHÄ, yrol maaeHua a=76,6°: A — CMNEKTPbI OTpaxXEHUA JJA S- H P-NOJAPpUH3aUMÜ: ] — MOBEpXHOCTb KBaplla, 2 — MO-Kpßirre Ta»Os (7—2,04) nd=l,l6 2X/4 (78 Hm), 3 — mnokpbrre TiO, (1=2,25) nd=l,o7 Xx/4 (65 HM). 6 — CHEKTpbI OTpaxXEHHA AJA P-NOJAPU3aAUHH TEX XKE MNOKPBITHÜ B MEJKOM MacCllTAa6e.
	Puc. 5. Cxema 9KCMEpHMeHTAJIBHOÜ yCTaHOBKH: ] — 9KCHMEpHbIÜ Ja3ep 9JIU-3, 2 — nasep Ha KpacuTtTenax BJI-10, 3 — H3MEpHTEJIb MOHIHOCTH UMO-2H.
	Puc. 6. CneKkrTp mponyckakua (7) 4-rpH3MeHHOro IpOCBeETJEHHOTrO PpaCUIHpHTEJA MNYYKa.
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