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A. UNT

TRANSFORMATION RULES FOR BONDI INTEGRATION FUNCTIONS
(Presented by G. Kuzmin)

Introduction
For asymptotically flat space-times in general relativity there are seve-ral possitnhtiestodefmc energy-momentum and angular momentum. Thesedefinitions are mostly equivalent; however, a common difficulty arises if
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their transformation properties under the Bondi-Metzner-bachs (BMS) group, the generally accepted symmetry group for asymp-totically flat space-times. No problems arise in connection with enersjv-momentum but as angular momentum depends on supertranslationsfurther analysis is needed. The usual solution to the problem is obtainedby restricting the BMS group to the Poincare group. It can be easilydone in nonradiative cases, but even then the result is doubtful Г l ]. Inradiative spaces the necessity to eliminate supertranslations has led to theconstruction of complex «heaven spaces» [2 ].Our aim is to examine the possibility of understanding the physical

meaning of transformation properties of angular momentum within theframework of traditional general relativity, retaining the full BMS group.Ihis problem will not be given a final solution in the present paper.When dealing with the problem, we first discover that complete trans-formation rules can be found nowhere, probably because of their ratherlengthy and non-elegant appearance. So the task of the present paperwill be to present the transformation rules as compactly as possible. Thisis done in Sec. 3. In Sec. 4 we shall prove that our transformation formsa representation of the BMS group, using formalism developed in
oGC. Z.

We start by presenting the BMS group in a form convenient for thefurther use.

1. Asymptotic solution and the method of approaching the BMS group
All information concerning total energy, momentum and angularmomentum is contained in the Bondi integration functions M, N and cwhich are introduced when the Einstein equations are integrated in the

coor(tinates; they define the metric tensor in the power series ofr [3J.
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goo =1 2M/r-f o{r-*),
goi =1 — cc/2r2-\-0 (r-3 );

goa =de+2|Af—r+o(r-2), (1.1)
g22+g3s/sin2 d'=—2r 2 4cc-f-0 (r-1 ),

4 cr-j- О(/ .
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Here bar above c denotes the complex conjugate. The definitions and
some properties of edth operators d and d are given in Appendix A. The
index Q is used to combine two angle components of a tensor into a
complex one, defined as A Q =A 2 iAs/sintf, i. e.

We shall use standard notation for generalized Bondi coordinates,
и, г, О, ф standing for retarded time, radial coordinate and angle vari-
ables, respectively. The Bondi coordinates are fixed by the following coor-
dinate conditions

The infinitesimal coordinate transformations 6xl
, leaving conditions (1.2)

satisfied form the Lie algebra of the BMS group. Introducing a complex
notation

the coordinate transformations can be expressed by a real function т and
a complex function to,

where т and со are restricted by

As «-independent part of т, тO (Ф, cp) remains arbitrary, the BMS grqup
includes an infinite parameter subgroup called supertranslations. The
dimensionality of this subgroup may be reduced to four by further rest-
riction on T, cOt=o. The latter, together with restrictions (1.5), defines
exactly the Poincare group.

Let us recur to (1.5) as it stands. The customary next step would be
to find all linearly independent solutions of (1.5), each corresponding to
a one-parameter subgroup of the BMS group and defining a generator.
Contrary to this, we want to retain т and to as basic variables defining
the group via (1.5), for the reason that through them the desired trans-
formation rules for N, M, c may be presented in the most compact form.
Such a formulation is somewhat similar to that of B. S. DeWitt [4 ] with
an important difference that our t and со are not independent real func-
tions as they should be to enable us to define the structure constants of
the group. To deal with the case, in the next section we shall introduce
the basic commutation relation in a new form that enables us to prove
that transformation is a representation without structure constants being
used.

Ordinary formalism may be established at any stage of our treatment
if proper values of t, to are substituted; the required formulae are given
in Appendix B.

goQ —§o2 i Яоз/sin О,
§QQ =§22 —2i §2,3/ sin 'Ö' §2.3/ sin2 fh

gll Žfl2 §"l3 0,
§2zg&3 —l'!t siil2 Ö, (1-2)

O(r-1 ).

6Q = 6tl i sin 0 õtp, (1.3)

бм=т(и,o,<р),
6Q = co ('ö’,'tp).+o (л -1 ) ,

dco ~

—-=d_ito=0,ou

*
-(L5 >

cLi’to-Td+ico=—4 .
ou
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2. The basic commutation relation for a representation of the group

symmetry
5 “maf таП/ГоМ M that poSsesses some

ЭДbd ofrSeh^

where e» are infinitesimal and are some operators
(2.1)%Ä?L t n:brmatLC ° lleCtion ° f » fMlct/ons Ш which

written as
ß<e) °pera ‘ors - In matrix notation it may be

only
I JJfl' n' tes’mal operator S forms a representation of the group if and

68 C °mmU ‘at °r °f *• i the "»ullt of succes-

The commutator q may be easily calculated

is the generator for a scalar.With (2.6) the basic relation (2.5) becomes

As s(e) is linear in its argument, (2.8) is equivalent to

For practical use the last formulation is more suitable as it allows tomake calculations modulo symmetric terms in eb e 2Condition (2.8) or (2.9), for each eb e 2 satisfying (2 2) is eauivalentto customary condition for each pair of generators if eqUlValent

where cmnP are the structure constants of the goup. Instead of these
~

/ c\ c\\ j
e4 ua i 10ns ior group we have only one equa-tion (2.9) to verify. M

S (ei) S(g 2) 1 ч-> 2=5(5o(ei)e2 ) —l-<->2. (2.9)

[5 (ei), 5 (e 2) ]—5 (5 0 (ei) e 2 50 (e 2) ei). (2.8)

[s(e 2 ), s(ei)] —s(^(el ,g2 ))
> /2 5)

6/ —s(e)/. /24)

6/a(*) —S AB [e)fB (x) } /2.З)

i: (2.2)

X'v =x*+Ef(x),
x'"v=x"*~ &S(x"),

<7Ц (ei, e 2) =x""v- xv.
x"v=x/n+e2»{x'),

x""h=x"/
» e2 v(x/

");

9- (e., e 2) = 8l» e 2» - e 2» e,“
= 50 (e2 S o(ei)e (2 6)where '

S,(t,=“4 (2-7)

sn] p,
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3. Transformation rules for Bondi integration functions

Variations of the integration functions öM, õN, бc can be found
directly from variations of metric tensor components õgoo, 6g OQ, 0Q, Sgsm,
respectively, where

To carry out the calculation, power series expansions of coordinate varia-
tions are needed. The result is uniquely determined by (1.1), (1.2), (1.4):

where с. c. denotes the complex conjugate of the preceding expression in
the brackets.

From (1.1), (3.1), (3.2) 6N, öM, öc can be calculated directly and we
may try to give the result in the form (2.3):

(We hope that the use of the same symbols A, В for function as well as for
matrix indices will not cause any confusion.) When we carry out these
calculations, we find that not the whole variations 6N and 6c can be
given in the form of (3.3), (3.4). The outcome is

We see that the formula (3.3) may be retained if we add two more func-
tionsto (3.4), cl and /=l. Then (3.3) will describe the transformation
completely with

The nonvanishing components of the full S AB are the following:

(*) =g'ij {x) gij {x) =
=giköxh,i-}-gjk6xk ,i gi jthöx h

. (3.1)

б и =t,

6й = — cöx/r2 -\-ccdx/2r 3
, (3.2)

6r =~( r+T
~

ddxJr { —\r cbdx~jr W*.+c.c.}/ r,

6Л =S AB {x, о) В, (3.3)
А; В се {N,M,c,c}. (3.4)

1 • dc6N=Snbß (õx)cc where c=-—

7 ou

6 c= Sc.cC-l-i õõx.

A,B^{N,M,c~ct c,c,l}. (3.5)

S
NN ==Ss> -~ i^,^f

SN,c 1c
=-&)>

SNc =T <*)«• .

sn-c =-4 W".
= 3> 0 ’ 03 ) »

s =—L(dt)a— h Y -Me 2 da 4 ou
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Here we have introduced the convention

Our next task will be to employ the formalism of the previous section
to prove that (3.6) forms a representation of the BMS group defined
by (1.5).

4. The proof that (3.6) forms a BMS representation

We have to verify the basic commutation relation (2.9) in the case

of (3 6) The procedure is straightforward and the outcome is positive,
(3.6) in fact satisfies (2.9). Here we only refer to some peculiarities,
and outline the main stages of the treatment.

First, westate that the use of complex function to and edth operators ö, d
instead of Ф, <p and derivatives with respect to them, considerably simp-

lifies the presentation (3.6) of the matrix 5, but at the same time requires

some additional care. Direct calculation shows that despite the fa
со does not transform according to any BMS representation, (2.6) still

holds with

s=— l, 0, 1 when S 0 acts on 0, тor 0, respectively. Now for (3.8) it may
be directly checked that

where the effect of the term ~(3© —3©) exactly compensates the term

arising due to the noncommutativity of ös and ds .

The expression (4.2) verifies the basic commutational relation (2.9)
for diagonal elements of transformation matrix (3.6). Much more effort
is needed to do the same for other elements. As an auxiliary quantity, it

is useful to define (no summation over repeated indices)

5 {dx)d~~ ~r (ddt) ——■;
Me 2 da 4 v du

S • S 3)o(t, to), (3.6)
cc, cc

S со) ,c, c

s =i-(ädT);
S_

_

=Si)+2 (t,co),
c, c

sc
_=T(^).

s„, s (T,<o)=-t—+Y®as+-i-«3s -D{-—-),+-j-(a» л»). (37)

50 (т, (О) —
—T f! | : (41 )

SU)S(Ti,5 U)S (Ti, toi)SUiS (T2, co2 )—1 —

=Si>,s(So(ti, ooi)x2, sо(тl, (01) 0)2) l 2, v• )

Кав(Тl,Шl;Т2,<o2)—sаа(Тl,<йl)sав(Т2) l +sав(Тl)sвв(Т2,(o2)
*—sлв (5о (fi, iCoi)t2) 1 ч—>~ 2. (• )
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A rather lengthy expression may be deduced for K; containing commil-
tators which are dealt in Appendix A, and then the desired result will
be obtained:

The outcome (4.2), (4.4) verifies the basic commutation relation (2.9)
for the transformation (3.6), thus proving it to form a representation.

APPENDIX A

Here s is an integer determined by the spin weight of the function on
which d or ö acts. The complex conjugate of a function has the spin
weight of the opposite sign. The spin weights for functions used in this
paper are the following: —2 for c, —1 for N, 0 for M and t. Function to

has no strictly defined spin weight, but in integrity with <5, d it may be
treated as if its spin weight were —l. The product of two functions has
spin weight equal to the sum of their spin weights. Thus the Leibnitz
rule for õ, d is derived from (A.l);

and analogically for <3.
The operator d raises and d lowers the spin weight of the function by

one. Thus their commutator must be defined as follows:

Taking into account (A.l),

With the help of (A. 2), commutators of any д, d combinations may be
calculated, with some extra care for spin weight. For example

K NM K N, cc A Me K cl, c K c, °> U-4)

V
1 2}'=o-

-V <V V
+ <S iVM<V S№ M**#. clScl. c- l~ 2> =°-

Edth operators d, õ
д dDefinitions: ds = —+ s cot Ф (i/sin 0) ,

a'

s==~‘^“SCot#i+ (АЛ)

d,+s-(AB) = (дSЛ)Д+Л (д,'В)

[d,d]s=3 s+ids — öB-id8 .

[д,д],=2 s. (A. 2)

tS,õd] s^ds [S, a] s+ [<э, a] s+las= 2(i,+2s)<s S .
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APPENDIX В

T and со for Poincare transformations

1. The Lorentz-transformations.
(tij, c Oij denoting rotation in ij-plain of the Minkowski space)

2. Translations.
(tft, сод denoting translation in the direction of &-axis)

The rest of «-independent т(o,ф) describes supertranslations.
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A. UNT
BONDI INTEGREERIMISFUNKTSIOONIDE TEISENEMISEESKIRJAD

On leitud Bondi integreerimisfunktsioonide teisenemiseeskirjad (3.6) infinitesimaal-
setel BMS teisendustel ja tuletatud tingimus (2.9), mille abil tõestatakse, et kujul (3.6)
kirjapandud teisendus moodustab BMS rühma esituse.

А. УНТ
ТРАНСФОРМАЦИОННЫЕ ПРАВИЛА ДЛЯ ФУНКЦИЙ ИНТЕГРИРОВАНИЯ

БОНДИ

Найдены трансформационные правила (3.6) для функций интегрирования Бонди
при инфинитезимальных преобразованиях БМС. Выведено условие (2.9), с помощью
которого доказано, что преобразование, написанное в форме (3.6), является представ-
лением группы БМС. .

toi =u sin ft cos cp,
Тог = и sin Ф sin ф,
Тоз=« cos ft,
Taß:== o >'

cool =—cos ft cos ф i sin ф,
o)o2 = —cos t) sin ф -f- i cos ф,
о)оз= sintt
0)«ß= Baßcr iü)O(T-

To=l,
Ti—sin d cosip,
t2=sin ft sin up,-
r3=cos ft.

<öft=o,
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	Рис. 2. Временные срезы пространственного распределения изменения поглощения при импульсном нагреве кристалла KCI-NO2-.
	Рис. 1. Принципиальная схема установки эпитаксии. 1 баллон с водородом, 2 редуктор, 3 очиститель водорода, 4 регулирующие вентили, 5 ротаметры, 6 вентили, 7 испаритель триметилгаллия, 8 испаритель триэтиларсина, 9 мановакуумметр, 10 реактор, 11 вакуумный насос.
	Рис., 2... Спектры фотолюминесценции слоев GaAs, выращенных при температурах 580°С (а),, 620°С (б) и 710°С (в).,.
	Рис. 1. Зависимость дозы облучения от времени для объектов с начальным пропуска нием 1, 10-1, 10~2 (кривые /, 2, 3 соответственно).
	Рис. 2. Зависимость полуширины провала от относительного изменения пропускания для объектов с начальным пропусканием: 1 1,32-10~4, 2 1,15* 10~2, 3 1,075-10-1, 4 0,37 (е-1).
	Спектры люминесценции кристаллов РЬВг2 при 4,2 К и при двух- (/) и однофотонном {3, 4,5) возбуждении. Энергия возбуждающих фотонов при однофотонном возбуждении: £возб. 4,05 (5); 3,64 (4) и 4,674 эВ (5). Кривая 2 спектр туннельной люминесценции после двухфотонного лазерного возбуждения. Стрелкой отмечена возбуждающая линия лазера.
	Рис. 1. 'Зависимость обратного коэффициента диффузии D~l от энергии накачки \КЦ при различных концентрациях примесей: 1 Nd = No= 3-1019 см-3, 2 Nd = =-0,86 NO, 3 = 0,30 NO, 4 Nd = 0,20N0. Кружками отмечены экспериментальные значения, сплошными линиями модельные зависимости. Пунктиром показаны резонансная (2.1) и релеевская (2.2) составляющие обратного коэффициента диффузии (кривая 2).
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