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ON THE GEOMETRY OF BRS TRANSFORMATIONS
AND GAUGE FIXING

{Presented by H. Keres)

The geometry of the BRS transformations, gauge fixing and ghost fields for the Yang-
Mills and gravitational fields is investigated in the framework of the infinite dimensio-
nal spaces of all possible field potentials. The correspondence between the BRS trans-
formations and infinitesimal gauge transformations is elucidated. A new criterion for
choosing the effective quantum Lagrangian is proposed.

1. Introduction. Since the pioneering work of J. Thierry-Mieg and
Y. Ne’eman [*] several attempts have been made to find a geometrical
framework for the ghost fields c{x), c{x ) and the Becchi—Rouet —Stora
(BRS) transformations [2 ] in the theory of the quantized Yang-Mills
fields. Three possible interpretations of ghost fields ca {x) have been
proposed: 1) they are the vertical part of the connection form <o of a
principal bundle P (the components of the left invariant 1-form of the
symmetry group G of the Yang-Mills field) [ l>3>4]; 2) they are the com-
ponents of the left invariant 1-form of the infinite dimensional group S
of gauge transformations [5- 6]; 3) they are components of the connection
1-form of some suitably defined finite dimensional superspace [7 ]*.

In the following we shall investigate the geometry of the BRS trans-
formations and gauge fixing in the framework of the second interpreta-
tion from the point of view of the classical field theory. This means that
we consider all the fields (A,c,c,B ) that occur in the effective quantum
Lagrangian L as classical fields. Since the ghost fields c(r), c{x) are of
quantum origin, our approach has only a limited theoretical value. But
we hope it can still explain some properties of the BRS transformations,
gauge fixing and ghost fields.

The other characteristic feature of our approach is that, following
[ s], we consider the parameter of the infinitesimal gauge transformation
not as a vector field, õn(x), but as a field of 1-forms, da(x). This forma-
lism seems to be more suitable for investigation of the geometry of the
BRS transformations.

The paper is organized as follows. In the second section we investi-
gate the correspondence between the BRS transformations and infinites-
imal gauge transformations for the Yang-Mills fields. In the third
section we introduce the gauge fixing conditions and derive the BRS
transformations for antighost fields. In the fourth section we consider
the dual BRS transformations. In the fifth section we propose a new
criterion for choosing the effective quantum Lagrangian of the Yang-
Mills field. In the sixth section we show that exactly the same construc-
tions can be applied in case of the gravitational field.
2. BRS transformations and infinitesimal gauge
transformations. Let us consider a principal bundle P{M, G,ji)

*ln the recent papers [ l7] the operator of the BRS transformations is consideredas a differential operator on an infinite dimensional superspace.
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over the spacetime, M—Vk
, with a compact Lie group G as the structure

group. Let to be a C°° connection 1-form on P. If a:U-+P, U cz M is a
local section, then the pullback map а*со—Л defines a 1-from on Ua M
that can be identified with the potential of the Yang-Mills field in a fixed
gauge. Let us denote the space of all possible potentials A (connections
a*co) by Л. The infinite dimensional group of gauge transformations 8
can globally be defined as a group of equivariant automorphisms of the
principal bundle P [B ], or as the maps a:P-+P that are fiber preser-
ving

a°Rb =Rb°a,

л»а=а»я, Vb(=G; aeß,
{Rb is the right shift in G) . Obviously ae 8! induces a transformation
of the connection to. Locally, for connection a*o), it has the form of an
ordinary gauge transformation for the Yang-Mills potential A [9 ], we
denote it by a- A

a-A=A', A,A'€=A, (1)
(a-A) ll=aAlla- 1 (dlla)a-1

,

a(x) e6, А=Ац e Vk. (2)
Let us consider transformation (1) at a fixed A. Then it defines for

us a map Ф:8->Л and the corresponding map of cotangent spaces,
Ф The explicit form of the latter transformation can be
found'from (2). A straightforward calculation gives

(а+da) -A—a- {A D AQ), (3)
where DA is the covariant derivative, (D A) v d y-\-[Ay,];A y ,]; and 0 is the
left invariant 1-form on 8, 0 = a_l da. From (3) we have

da-A =—аО А йа~l, (4)
or, for Ф*,

Ф*(—£L*o) —da, —DaO eLi, da е Г*B. (5)

If da is a total differential, then d Д da=o and

Ф^ A da) =O, (6)
or, from (4),

0= (d Д da) •A=—a(d d Д 0-f [A , dДO] + [Z) A O Д 0]) a~K (7)
This result can be checked also by a straightforward calculation, taking
into account that the left invariant 1-form 0 satisfies the Maurer-Cartan
equation

d A e =—-[еде]. (8)

Let us consider the significance of the above-given formulae in the
Yang-Mills theory. An infinitesimal gauge transformation (2) for A at
the unit element eeß can be written in two equivalent forms: as a
vector,

бЛ =—D ба (= T* 8,
or as a 1-form,

(L 4 =—Da da, da T,eG;
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where
(М(ба)-=&4.

Equation (3) now indicates that an infinitesimal gauge transformation,
viewed as a 1-form, can be realized in two ways we can take a-j-da
instead of a, or A D AQ instead of A. Let us demonstrate that the trans-
formation aa-j-da can be identified with the BRS transformations.
More precisely, 1 the exterior derivative d (acting on Г*6) and its exten-
sion to ТТЛ can be viewed as the BRS operator. Indeed, if we identify
the components of the left invariant 1-form 0 with the anticommuting
ghost fields ca {x), then Maurer-Cartan equation (8) is just the BRS
transformation for c{x). The action of d on the Yang-Mills potential A
can be defined as the image of da under Ф" 1 (5), dA= — D AQ, and the
action of d Д d on A is given in the same way by (6), (7)

d Д dA=—(d d Д 0+ [Л, OДO]-[сМДO]). (9)
Note that although dA(6a) is a conventional infinitesimal gauge trans-
formation, the action of dД d on A is of course not equivalent to two
subsequent gauge transformations. This is the essential difference
between the BRS transformations for A and infinitesimal gauge transfor-
mations. Note also that, starting from an infinitesimal gauge transfor-
mation for A written as a 1-form, we get Maurer-Cartan equation (8)
as the integrability condition.

Let us identify dA= 6BRsA, d/\0= ÖBRsC. According to (9) we can
apply the ordinary Leibniz rule for the BRS operator, Öbrs (XY)
= (6brsY) У-fA(6brsL), if we formally introduce a constant parameter e
that anticommutes with ghost fields. As a result we get the well-known
formulae

I 6brsA = —D Ace,

6brsc )2 =o. (10)

3. BRS transformations and gauge fixing conditions.
Let the gauge of the Yang-Mills potentials be fixed by means of some
local conditions

Fa {A) =aBa {x), a= 1, ..., dim G, (11)
where F a are sufficiently smooth functionals, a is a numerical constant
and B a {x) are given functions. Conditions (11) define a subspace Scz Л
that is infinitesimally characterized by the following equations for dA,
the allowed infinitesimal gauge transformations

6F a

U dA=o; 02)

where 6/6Л is a variational derivative. The simplest effective quantum
Lagrangian that includes gauge fixing conditions (11), can be written

L=Lci-\-F a yabBb yabBb-\-ca yab~D A c. (13)
Here L ci is the classical Yang-Mills Lagrangian, уа ь is a constant nonsin-
gular metric of the group G and ca {x) are the Lagrange multipliers(antighosts). The equations for ghost fields following from (13) are, in
fact,

6
~&brsA=O. . (14)
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From (12) and (14) we see that the Lagrangian gives us an additional
characteristic of the BRS transformations for A they are the infinites-
imal gauge transformations that do not violate gauge conditions (11)**.
Since Lagrangian (13) describes the Yang-Mills theory in gauge (11),
it makes sense to demand the invariance of L under the gauge transfor-
mations that maintain gauge conditions (11), A ->A-(-6brsA, with their
integrability conditions (8), c->- c-\- 6B rsC. The fixed functions В (x)
obviously do not change at the BRS transformations a-+a-j~da,

6BRS#=O, (15)

so the invariance requirement for the Lagrangian, 6brsL =O, determines
the BRS transformation for c

6brs c=Be. (16)

4. Dual BRS transformations. Let us introduce another set of
the transformation group S, S=S. Obviously, we can re-write all for-
mulae of the second section also for S. The components of the left inva-
riant 1-form 6gLB can be identified with the antighosts ca (x). Formu-
lae (10) then take the form of dual BRS transformations

ÖbrsA =— D Ace,

1 _ _

(17 >

6brsc=—v—»[c,c]e, (6brs) 2=o.
These transformations are independent of the BRS transformations (10).
To consider (10) and (17) together, let us investigate, as in [ s ], infini-
tesimal transformations at the unit element e of the direct product group
BXS. At e-*- e-j-da-fda we have

(e-j-da-f-da) ■ A =A — D AQ D A Q. (18)
This implies

0= (d Д da+d Д da) -A = —(d+d)A (D ao+Z)ao). (19)
Taking into account property (7) and the corresponding formula for S
we see that it is satisfied if

d A o+d Д0 =—[o A o]. (20)

This gives us the remaining dual BRS transformations

ÖBRSc = (— В [c, c] ) e,

6brsB= [c,B]e; (6brs) 2 =o.
In general Lagrangian (13) is not invariant under dual BRS trans-

** We give us account, that the above-mentioned characteristic may be a pure
coincidence. Indeed, the field equations following from Lagrangian (13) determine a
region in the infinite dimensional functional space ( A(x ), c(x), c{x), B{x)), where L
reaches its extremum, or where 6L =0 for an arbitrary 6. We note, that some field
equations (extremals) have a peculiar property: equation (14) for c{x) says that there
exists a special transformation 6brs of A that does not violate field equation (11) for
A(x). In the following we claim that if we demand the invariance of L under these
transformations 6brsT together with their integrability conditions 6brsc everywhere in
the functional space (on the extremals we have 6L = 0 in any case), then we get the
whole set of the BRS transformations.
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formations (17), (21). But we can explore whether there exists some

special gauge condition on which we do have 6brsL =O. The problem is
considered in detail in [ lo,il ], where the necessary condition for the dual
BRS invariance is found the existence of a functional Ф(А) so that

F“yabCb=—
. -“~-е= бврsФ. (22)

бв õe

This result is quite natural from our (classical) viewpoint, since, in
general, the equation for c does not coincide with that for ghost field
(14) and the reasons given in the third section for demanding the BRS
invariance of L do not hold for the dual BRS transformations.
5. Further remarks. We have analysed in detail the simplest
Lagrangian (13), but our considerations can be applied also in the case
where the group metric depends on the Yang-Mills potential, уаь =Уаь (A) ■
Then the effective Lagrangian can be written [ l2]

L=Lcl+B“ya bFb
- Л t

B

fl' ) B\ (23)

or, more generally [и],

L=Lcl+-2-[c“Fa(A,c,c,8)].(24)
Õ8

The BRS transformations describe gauge transformations that do not
violate gauge conditions if the equation for the ghost field coincides with
the infinitesimal gauge transformation of the gauge condition

6L õ 6L
бс бе бВ

A straightforward calculation confirms that this equation is satisfied
for (23) and (24). For further generalizations [lo] of the type

c c

L =Ld-\——■- F{A,c,c,B) (26)
õe Õ8

equation (25) can be considered as an additional restrictive condition.
6. The case of gravitational field. Let us consider the space
Ji> of all the metrics of the space-time F4. The infinite dimensional
group 2) of gauge transformations of the space ЛС is the group of diffeo-
morphisms (coordinate transformations). The coordinate transformation
x'=f{x) in Vk induces the transformation for the metric that locally
has the following form

l-g=g', S'"' , (f)=Y^^ga4x), fe», g,g'^Jtc, (27)

or, infinitesimally, for = g e Т*Ъ,
gv.v'=gv.v+DW'l\ ■

D^.^=g^d
It is well known that the group of diffeomorphisms 2) differs in some
essential points from the gauge group S of the Yang-Mills field [ l4].
So it is 3 nontrivial fact that all considerations that we have in the
previous sections are true also in case of the gravitational field. As a
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result of a straightforward calculation we get from (27) an analogue of
(3) -

(f+äf)-g=f-(g+Dö). (28)

Here differential operator D is given by (27a) and 0 is the left invariant
1-form on 3), 0 =f-I d/, which satisfies the Maurer-Cartan equation

d Д op=o* Ддooр. (29)

Quite in analogy with the Yang-Mills case we can identify the infini-
tesimal co-ordinate transformation on the right hand side of (28) and
Maurer-Cartan equation (29) with the BRS transformations [ls ] for the
gravitational field gpv and the corresponding ghost field cp =0p

6brsgP v =Z>v-c 4
õbrsC*- =ca da e, (6brs)2=o.

The BRS transformation for the anti-ghost field cp can be derived from
the invariance requirement for the Lagrangian L,

L L ci-{-BpFp{g)-\-cp——-D-c. (31)
Qg

If the Lagrangian multipliers Bp {x) do not change,
6brsß = 0, (32)

then from 6brsL = 0 follows
6BRSC =Be, (33)

At the unit element of the group of diffeomorphisms 2) the left inva-
riant 1-form 0p coincides with the basis of the cotangent space of the
spacetime, d*p gГJ 4, and the Maurer-Cartan equation (29) takes the
form

=^(?xti p —r]^ip
=dxp([|,ri]); V g,Tj e

We can see that the identification of the ghost field cp{x) with the basis
dхр еГТ4 proposed by us in [l6 ] is a special case of the theory consi-
dered in this paper.
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Piret KUUSK
BRS TEISENDUSTE JA KALIBRATSIOONI FIKSEERIMISE GEOMEETRIAST

On uuritud Becchi-Rouet-Stora teisenduste [2 > 15J, kalibratsiooni fikseerimise ja vaimu
väljade geomeetriat Yang-Millsi välja ning gravitatsioonivälja korral väljapotentsiaalide
lõpmatumõõtmelistes ruumides. On selgitatud BRS teisenduste ja infinitesimaalsete
kalibratsiooniteisenduste omavahelist seost ja esitatud uus kriteerium efektiivse kvant-
lagranžiaani valikuks.

Пирет КУУСК
О ГЕОМЕТРИИ ПРЕОБРАЗОВАНИЙ БРС И ФИКСИРОВАНИЯ КАЛИБРОВКИ
Геометрия преобразований БРС [2> 16], фиксирования калибровки и гостов для полей
Янга—Миллса и гравитации исследована в рамках бесконечномерных пространств по-
тенциалов полей. Проанализировано соответствие между преобразованиями БРС и
инфинитезимальными калибровочными преобразованиями. Предложен новрш критерий
для выбора эффективного квантового лагранжиана.
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