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1. Introduction

Proceeding from a given evolution equation, the group analysis enables
one to open its physical contents and can obtain the laws of conservation
[l2 ]. A more academic problem is to seek for the proper physical equa-
tion. Then the symmetry properties are usually of primary importance
and the problem is reversed. Recently the role of field-space-time sym-
metry (hodograph invariance) was pointed out in that respect [3>4].
Though the space-time is four-dimensional and the isotopic space in
elementary particle physics is usually taken as three-dimensional, for
some reasons, like simplicity, a rich variety of soliton solutions etc.,
simple ordinary-differential equations are paid much attention to by
physicists f5-B ].

The problem of the classification of differential equations by means of
the groups of the Lie point transformations admissible by these equations
was posed and developed by L. V. Ovsyannikov [9 ]. The approach
consists in taking the equation dependent on certain parameters or func-
tions. The group, admissible by this equation, materially depends on the
choice of these parameters or functions.

Here the ordinary differential equations of the form
uxx=a{u) (1)

are considered in this respect. We also investigate the problem of finding
the transformations between differential equations. The transformations
between two particular cases of equation (1);

ttxx== tl (2)
and

o«!=0 (3)
are given. By using these transformations one can find the generators
of the Lie-Bäcklund transformations of equation (2), starting from those
of equation (3). Independently, the Lie-Bäcklund transformations of
equation (2) can be obtained by using suitably chosen power series.

It is interesting that equations (2) and (3) are in one-to-one corre-
spondence with their groups.

2. Classification of equations (1)

We can get the generators X= l{x, u) ^ u)of the point
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transformation group of equations (1) by using the method of Lie and
Ovsyannikov [9 ]. The system of determining equations is

= (4a)
2£зси'=o| (4b)

2tjxu £,xx 3 ==: 0, (4c)
b*:+a (£« - 2gx) - a%= o. (4d)

Equations (4a), (4b) which do not contain the function a{u), have the
solution

l=a{x)u-{-fi{x), (sa)
£=ax{x)u2-\-y{x)u+ö{x), (sb)

where a, (3, у and 6 are functions of x, which, like a {u), can be deter-
mined from equations (4c) and (4d). Equation (4c) leads to

a-a"\=o. (6)
Here one has to consider two possibilities
1) а" ФO.

Equations (4c) and (4b) read now

Px=2y —c, (c=const), (7a)
wyxx-j-öxxd - (2c 3y) a (му-|-б) cl'= o. (7b)

Double differentiation of (7b) with respect to и gives
a" (2c sy) = o'"(му +6). (8)

Starting from these equations one can differ the following cases
a) y= 0, 6=7^o.

In this case the function is restricted to
a{u)=a 0 e^u, {аoфО, ХФO). (9)

The generators, admitted by equation (1), are

у
_

д у d 2 d
1 dx ’ 2 Xдх Ъdu ’

* *

b) уфО, 6= 0,
Here one gets

a{u)=aoun; [аoфО, пфО, 1). (11)
As to the group admitted by equation (1) there are two possibilities
n=—3.

Then Yxx = 0 and there are three group generators

x'=-L’ x*=2xi-‘+u4r •Хз=х {х 4р+и -ж-)’ ‘i2)

пф—3.
2c

Then y=~~ and the generators are

Xl==~dx’ X2== ~n^X ~dx~+2U ~dir г

c) 6^o.
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This case leads to the similar results (11) (13) with the substitution
(x=const 0),

d) y= 0, ö=o.
d

These equations admit only one transformation —the shift X=L

2) a" =O.
This is the only case where the group of the Lie point transforma-

tions, admitted by equation (1), is maximal, having 8 parameters.
For example, equation (2) admits the following generators

X\=——, X2l3—e±x ——, Xi=u~-—i,dx du du .. ..

(14)
х’'B=иН“-Iгтй-

Equation (3) admits the generators
у д_ y_ д Y—i 0 v d .

dt ’ dv ’ Хз Idt ’ 4 dv *

х>=*4г-' x‘=v4f (15)

Both equation (3) and system (15) are hodograph invariants [3>4 ].

In conclusion, in the case of equation (1) the only possible point
transformation groups are of 1,2, 3, and 8 parameters. In effect there
are 6 different groups. As we shall see later, the groups, corresponding
to equations (2) and (3), can be transformed into each other by point
transformations.

3. Transformations between equations

We pose a problem of finding the transformations which link two given
equations. In particular, the question includes the problem of lineariza-
tion of nonlinear differential equations [loll ].

Here we confine ourselves to ordinary differential equations and point
transformations, although the results can also be generalized to, firstly;
partial differential equations and, secondly, to tangent transformations.

Let us have two ordinary differential equations of second order
<Ol (o, vt ,

v tt )'=o, (16)
!ft)2 (W, tlx, Mxx) —O. (17)

We seek for general conditions under which these equations can be
transformed into each other by a point transformation

x=X{t,v),
tj/ j. v (18)

For that purpose we express the derivatives of и in terms of variables
t, v, v t , v tt

D t U „ ,

Ux= ~LhT^/ (19)
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d*u-d,x-d]x-d,u D/i .
uXx —-*

(D tX) 3
— В (t, v, vt, v tt ), (-^Õ)

d õwhere [-•••, and insert these in equation
dt ' ov - ovt

(17). As a result we get the determining equation for the functions X
and U

<o2 [U{t,v), A{t,v,vt ), B{t,v,v t ,vu)] | Иl=о=o. (21)
The inverse transformations

(22)
v=V{x,u);

can be found analogically.
In the previous section we had two equations, (2) and (3). Different

powers of v t in equation (21) give

x,u„ -utx„=x?u,
xvu„-uvxm =xs

vu,
XVU„ U vXu +2(X t U v,=3 (23)

X,Uvv UtXVv+2{X v Uvt - UVX„) =3XtXIU.
One can easily check that equations (23) have the solution

2 \v— tJ
U—{v* P)-4*.

The corresponding inverse transformations (22) are*

T shx

h

’

(25)
У ch*

и
If one assumes [7 ] that t—T{x), then we get instead of (25)

T=thX> (26)
V=—-

chx
The variables t, a, p introduced in [B] actually correspond to tangent
transformations

t —T(x)
v —V {x,u,u x ch* —Hxsh*, (27)
Vt—Vi (x, и, иж) ==их ch х—иsh х.

Ui{x) U 2 {x)
In general, T= ,

, where u u u 2 are two different solutions of (2).
и и
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Thus, we can see that the only equation of form (1) which can be
taken into form (3) by point transformations, is (2).

4. Lie-Bäcklund algebra

There are lots of equations which admit nontrivial Lie-Bäcklund (L—B)
algebras [*]. Usually, finding point transformations is not difficult, but
the L — В transformations, as a rule, pose a serious problem.

The equation for determining the generators

X=f{t, v, vu (28)

of L— В transformations of equation (3) is simple

0, (29)

a general solution of which is [*]

f=vg{v vft, v t ).+h{v vrt, v t ), (30)
where g and h are arbitrary functions of the arguments indicated. Thus;
there are only contact transformations. A particular choice of g and h
leads ot the generators of point transformations (15).

The equation for determining the generators

Y—y {x, u, ux,
...) -(31)

of the L— В transformations of equation (2) is more complicated

фхх "f" Фи и “f* Pp-j-2Ptyxu -f" 2U(px p“h

-}-2иРфггр - 1- РфР"Т^ф^ —ф == o (P == tlx) (32)

where, taking into account equation (2) together with its differential
consequences, ф depends only on x, и and p.

It is convenient to seek for a solution of this equation in the form of
power series and a Laplace integral

Ф— f JS Ск це кх шрЗ dk. (33)’

In (32) the coefficient of any term ehx umpn has to vanish:

—1) Chmn-\-2k ( tl-\- 1 )

-\-2k (m-f- 1) Ck(m+l)(n— l)~b {ft-1~2) {ft-]- 1) Cft(m—2Xn+2)“f"
+ (m-f-2) {fft'-\- 1) Cft(m-(-2)(n—2)== 0, (34)

where Chmn'=o when m<g o or n<g o. Now for anv chosen integer non-
negative values of m-fn one obtains fixed values for k and the integral
in Ш) turns into a sum.

For example, in the case т-\-п= 1 either m= 1 and n=o or m— 0
and n= I and (34) reads

=O,
2kChw-\- №Cko i ==; 0,



from which £l>2=|=Ь2; k 3—o, and the corresponding solutions are

<p=e±2x (р+и) , <p ~a and ф —p.

By changing m-\-n, one can get an infinite set of generators (31), the
first ones being given by the functions;

<pi,2=e±x
,

фз =P,

ф4=u,
Фs,б=е 2̂х («н=р),
ф7,8=e± xw(w=Fp),
ф9,lо==е±хр(р=Рм),

Фп.l2=е±3х (и=Рр) г
,

Фlз=р(р2 м2 );

фl4 =u{tfi р2 ),

ФISД6= ±4SС («=РРO 3
,

ф17,18= ±2:С (W2 Р2) (W^p),
ф19,20= 6*2* ( «=FР ) 3

,

Неге фl, ..., ф 8 leads to the generators of point transformations in the
canonical form obtained above. All other ф* give nontrivial contact trans-
formations.

We can see that и and p are symmetrically involved. This proves
natural if equation (2) is taken in its equivalent form ux =p, p x=u.
The L— В algebras of these equations are isomorphic [2 ].

There is also another possibility to find the L— В transformations.
Let equations (16) and (17) be connected by point transformations (18)
and let L— В transformations (28) of one of these, (16), be known. Then
we can also find the generators (31) of the L—В transformations of the
other equation, (17), as

ф(х, и; ux, v, vt , ...)(Uv uxX v) |
(22) . (36)

In the given example with transformations (24) and (25) we get

Ф {x, u, p) = {pshx uch x) (ch g (£, ri) + u-h (|, q)), (37)
where

£= {u ch x p sh x)- 1
,

и sh x p ch a:
uchx pshx

In a particular case we can also obtain the known generators (35) by
this method. For example, if pi=o and h= —2, then one gets <р=|ф7+фB-
- problem is also investigated in [7 ], where transformations (26)

are used. At that, (36) gives

Ф= (38)
I

where |=«ch* pshx, «sh*.
6
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5. Correspondence between equations and groups

An equation uniquely determines the group of point transformations, i.e.
the corresponding generators. But, in principle, different equations may
admit the same group.

Still, it is known that there are equations that are uniquely determi-
ned by their groups and order. Such is, for instance, the Monge-Ampere
equation [ l2 ].

In order to examine our equations in this respect, we make use of the
M

second extensions Xi of generators (14) and (15). The identities [ l3 ]

Xi<a{x,u,p; гЛ ш=о = 0 p =ux, r==u xx ) (39)

following from generators (15) lead to <o!=r, but for (14) one gets <o =
=r u. Thus, we can see that equations (2) and (3) are uniquely deter-
mined by their symmetry groups.

Conclusions and acknowledgements

Considering different equations with isomorphic point groups, one can
make use of the point transformations between these equations. Knowing
the generators of the L— В transformations of one of the equations, one
can obtain that of the other ones.

A generalization to tangent transformations is complicated by the
fact that inverse transformations must be used there, perhaps nonlocal
variables f l4] have to be introduced in the L— В transformations.

The authors are grateful to M. Kõiv and V. Rosenhaus for fruitful dis-
cussions.
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A. AINSAAR, К. KHRANEN
MÕNEDE HARILIKE DIFERENTSIAALVÕRRANDITE RÜHMAANALÜÜS

Artiklis on käsitletud harilike diferentsiaalvõrrandite u xx a(u) näitel järgmisi küsimusi;
võrrandite poolt lubatud punktteisenduste rühmade leidmist, võrrandite spetsialisatsiooni
nende abil, kahe antud võrrandi vaheliste teisenduste leidmist ning nende võrrandite
Lie-Bäcklundi teisenduste vahelist seost, samuti võrrandite ja rühmade üksühese vas-
tavuse probleemi.

А. АИНСААР, К. КИИРАНЕН
ГРУППОВОЙ АНАЛИЗ НЕКОТОРЫХ ОБЫКНОВЕННЫХ ДИФФЕРЕНЦИАЛЬНЫХ

УРАВНЕНИЙ

На примере обычных дифференциальных уравнений типа u xx a{u) рассматриваются
следующие вопросы: нахождение групп точечных преобразований, допускающихся
этими уравнениями, специализация этих уравнений, нахождение преобразований между
двумя уравнениями и связи между преобразованиями Ли—Беклунда этих уравнений,
а также проблема однозначного соответствия между уравнениями и группами.
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