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Ülle KOTTA

DETERMINATION CF THE STÄTE-SPACE MODEL OF 2-D SYSTEM
FROM ITS INPUT-OUTPUT REPRESENTATION

(Presented by N. Alumäe)

1. Introduction

In recent years several authors have discussed the two-dimensional (2-D)
realization problem of the 2-D transfer function by Roesser’s state space
model. For a general 2-D transfer function, at this moment there is no
technique available for constructing realizations with minimal dimension
[*]. In [2 ~4 ] the procedures are given which obtain state space models
with low order. For the important special case of 2-D systems with
separable denominator transfer function, Sontag [4 ] presented an algo-
rithm for obtaining the realization with minimal dimension.

In this paper we also consider the minimal realization problem of
separable denominator transfer function by RoesseFs model. linlike [ 4 ],
an algorithm is proposed that yields a state space model in the canoni-
eal form. The algorithm relies on the fact that the parameters of the
transfer function and these of the state space model in the canonical form
are connected in a simple way (this has been shown in the paper). From
the parametric standpoint the denominator of the transfer function and
the matrices F 1 and F 4 in the RoesseFs model are equivalent. Also, the
veetors /г 1 and h2 can be explicitly given (they contain only zeros and
ones). То obtain the matrix F3 and veetors gl

, g2 , three linear equations
must be formed and solved. Therefore, in addition to yielding a canonical
form realization, the proposed proeedure has the advantage of requiring
a relatively small amount of computation.

2. Statement of the problem

Consider the 2-D LSI system with separable denominator transfer func-
tion. The state space model of such system consists of equations

(1)

(2)
(3)

where xh {i, j) = [xk h {i, /)] is an nX 1 horizontal state vector, x v {i, j)=
=[xn v (t , /)] is an mXI vertical state vector, u{i, j) is a scalar input,
y{i, j) is a scalar output, and F\ F3 , F 4

, gl, g2
, h\ h2 are real matrices

of proper dimensions. The polynomial input-output model of such system
is the following:

(4)
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In (4), B{z, w) is a polynomial in two variables horizontal forward
shift operator г and vertical forward shift operator w:

A\{z) and A 2 {w) are polynomials in 2 and w, respectively

Our purpose here will be to find a link between descriptions (1) (3)
and (4) under the assumptions that

(sa)
(sb)

The assumption (sa) is somewhat more strict than the corresponding
assumption of local observability:

3. Main result

As shown in [s ], the 2-D LSI locally observable system under the assump-
tion (sa) can be transformed into the following canonical form

The matrices /r3 =[/3fts ], gl =[gb}] and g2
— [gk2 ] have no special strue-

ture in this canonical form.
Making use of the canonical structure of the matrices F {

, F 4 , h\ h2
,

it is easy to derive from equations (1) (3) the following expressions:

(6)

(?)

The substitution of (6) into (1) yields

zu{i, j)=u{i+ l, j), wu{i, j) =u{i, /+ 1),
N M

В {z, w) = b k izk wl .
u=o . г=о

h+l^N+M

N M
А 1 iz ) 2J a\ z\ A 2 (w) a\w', ai

N
=a*

M
= 1 .

A=o I—o

ränk [ {hl )T , {¥{F^)n-i )т]= п,

ränk [ {h2 ) T
, (/№)T (/l2(f4)m-l)T] ==m-

ränk [Hn, ( HmF l ) T
, (Hm {Fl ) n ~l ) T ] =n,

where (Л2Я»)Г
. (№/73 )т (/^(/^m-iЯ)т].

fl =Г° '-1
lfi fi J

nXn ' 1 n

p = f° '-O
Lf* ~, f* J

mXm 1 m

/i1 =[ 1 0 ... o],
1 Xn

h2 ==[ 1 0 ... 0]
iXm

xh {i, j)= V(z)y(i, j)—Wl V{z)u{i, /) V(z)x*(i,j),

xv {i, j)= V{w)y{i, j)— W2V{w)u{i, j)—V{w)xb{i, /)

-ŽFsV{w)xb {i, j),
S= l

where F(z) = [l; z, ..., zn- 1 ] T
, У(да) = [l, w, ...,

wm~l ] T
,

n— l m—l
Wi=y;g[Sb, w2=y;gisb ,°hn ° k TV

h= l A=l

т-l ч ьFs== fhsS-m, - S n = , Sij==Öi,j+l.
ft=i nXn
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(8)

and the substitution of (7) into (2) yields

(9)

where

In the system of n equations (8), however, only the n-ih equation is
significant, the remaining ones are simple identities. Similarly, in (9),
only the m-th equation is significant. Defining f*n+i = f4m+i = —l, we
have from the m-th equation of (9)

The substitution of (z, /) into the n-ih equation of (8) and multiplica-
tion by —fi 4 yields

(10)

Letus deal with the right händ side of (10). From equation (1) we
obtain

[zl n F l ] 1/(z) у {i, j)= {[zln Z 7l ]WiV(z) +g*} и {i, j)+
+ \zln ~F l]V{z)xv{i, j),

[wlm T74*] V{w)y{i, j) = {[wlm Z74*] W2V(w) -j-g2}u(i, /) +

4-[wlm F^]V{w)x h
i

(i, j)+ [wlm Z 74*] jj>JF SV(w)X* {i, /) +

s=l

+F**xv{i; j) -\-F3xh {i, j),

/74* —Г® Im-i 1 /74** __Lo/*., f4 J ’

•

'2 ' m
0UJ

f m

i) y{i> /)] +

ž=l

То—l 171— il Г П 1"J
+ 2 И ft+r+i L g2r WIU (*’ /) +.2 f3

rs Wlxhs i l ’ /) J j
r=l s=l

n m n m— 1 m—Z

2 2fl
k+ Jk

l+i D—2 -S 2:l'к^I+г+l 82
ггк^и ( 1. /)

k=o l—o ft=<o Z=o r=l

ft=o r=l

n Г n m—1 ?n—l m
= l-S lS D+ЛПн w‘xl ') J

Z=o s=l Z=o r=l Z=l

n—l
(i; /) (h /) + 2J gl

k
z^+s-iU(i t У) =

fc=s

= n^fl
t+l ZS~lxht (h /) + 2ё^-к+^I и{l, /) =

Z=o fe=s

n—l s—il s—l
= /J+,(i. /) + S i\,B\ («, /) -

z=o D=l Z=r

-iiz;+l g; г”- (+“-1к(г,/), s=i n,
u=s Z=s
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which implies that the right händ side of equation (10) may readily be
expressed interms of inputs, Finally, we get:

(И)

or more compactly

(12)

where

(13)

So, häving eliminated the state vectors xh and x v from equations (1)
(3), we have reached the polynomial input-output representation.

4. Algorithm description

Examining the representation (12) and the system of linear equations
(13), one can get the following algorithm for computation of the state
space representation from the polynomial input-output representation.
Step 1. n—N

,
m=M.

Step 2. Construct the matrices

n m

2 2ll
k+l ftM^wly(i,j) =

fr=o /=0

n m—l m—l
= 2 2 2 f\J\+r+i s\ zkwlu ( i’ /)+

h=o I=o r= 1

+ f\2 j)
h=o r= 1

n s—2 m—l m—l h

-2 2 2 2 2 lUr+ Jl^lgl+.-I.JI,zkw‘u ( i ’
/)+

s=l h= o I=o r= 1 v=o
n n—il m—l m—l n

+ H JJ U JJ f4 f 1 g1 f3 z h wl u(i, /)-)-I 1 I+r+l 1 г>+l sv+s—h—l 'ts ' 1 '

s=l h= s—l /=0 r= l v=h+l

n—l m n

+2 2 2 /).

fe=o /=1 r=fc+l

пт пт

2J 2J {i, j)= bh izh j),
h—О /—0 h= o I=o

й+г^о
k=0,....n,

b k i= triki, rs • f3
s -\-rikl,

ft k= 0, .... s 2
f v+s-h-1 ’ t =O, tn 1

v—o r= 1, ..., m l
fflhl, rs 1— < n k=S—l,. . .

, Я 1
fl+r+i 1 I=o, ..., tn 1

v=k+l r =l, ..., m l
0, k= n or l=m or r>m —l,

m—l n—ih
nhl== fA

l+r+i§2r+f\+l
r= 1 r=l

fi = Г ° n“ 1 1 /Г4= [ ° m_l 1
L —а* ... —al J ’ L — а2 ... —а2

4
J

0 n—l 0 m— 1
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Step 3. Construct the matrices

Step 4. gi=N~lbi, g2 =N'-i b 2 .

Note that and Nz are always nonsingular beeause of their
strueture, in fact det N 1 det Nz= 1.

Step 5. Construct the matrices

where

ks

Step 6. wec rF 3=M~i {b —n), where уес г^3= ... /*
n ... f3

m 1...f3
mn

] .

Step 7. Construct the matrix 7 73 from veerF 3
.
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Ülle KOTTA
2-D-SÜSTEEMI OLEKUMUDELI MÄÄRAMINE SÜSTEEMI

SISEND—VÄLJUND KIRJELDUSE PÕHJAL

Töös on vaadeldud kahedimensioonilise (2-D) eralduva nimetajaga ülekandefunktsiooni
B(z, (jj)/Ai{z)A2 {(ü) realiseerimist minimaalmõõtmelise Roesseri olekumudeli abil:

Erinevalt teadaolevast algoritmist annab töös leitud algoritm olekumudeli kanoonilisel
kujul. Algoritm põhineb töös tõestatud lihtsal seosel kanoonilise kujuga olekumudeli ja
ülekandefunktsiooni parameetrite vahel.

/Олле KOTTA
ОПРЕДЕЛЕНИЕ МОДЕЛИ СОСТОЯНИЯ ДВУМЕРНОЙ СИСТЕМЫ

ПО ЕЕ ВХОД—ВЫХОД ОПИСАНИЮ

Исследуется проблема минимальной реализации двумерной передаточной функции с
отделимым знаменателем B{z, со)//4 j (2)A 2(tü) с помощью модели состояния Роессера,

Предлагаемый алгоритм в отличие от существующего дает модель состояния в кано-
нической форме. Алгоритм основан на доказанном в статье обстоятельстве, что пара-
метры модели состояния в канонической форме и параметры передаточной функции
связаны простым способом.

x* (t+l, /) =F l ** (i, j) +gl u(i, /) ,

x v (t, /+1 ) =F3x h (t, /) (t, /) +g2 w (i, /),

y{i,j)=h lx h {i,j)+h*x'{i,j).

x h (t+l, /) F'x h (t, j) +g'u(i, /) ,

x v (t, /+ 1)=F 3x h (i, j) +Р*х” (t, /)+g2u {i, j),
у (I, /) =hl x h (t, j) +h2 x*(i, j).
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	PiHC. 1. Экспериментальные (@) и расчетные (—) спектры свечения центров R2* в кристаллах инертных элементов [6l вместе с соответствующими кривыми потенциальной энергии. Экспериментальный спектр Ne2* заимствован из [•], ГЛ Аг2* и Хе2* выделена пунктиром. Для сравнения приведен соответствующий спектр люминесценции газового Ne ( ) [lЭ].
	Рис. 2. Двухэтапная модель колебательной релаксации: 1 туннелирование между адиабатическими поверхностями (п, Но) {п —l, Н); 2 релаксация фононной подсистемы.
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	Рис. 1. Зависимость спонтанного искажения решетки от температуры при различных значениях а: 1 а = 0,1; 2 а = 0,2; 3 а = 0,5; 4 а 0,8; 5 а== 0,94. Использованные значения параметров теории; V = 0,2 эВ/Ä, А = 0,02 эВ, Мсо,02 = = 3,62 эВ/Ä2. Рис. 2. Область значений параметров а и (3, при которых сегнетофаза (СФ) устойчива; то = 1,1. I область реализации СФП второго рода, II СФП первого рода.
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	Fig. 1. The positions of singularides described by Eqs (13) and (14) as functions of the EFG tensor asymmetry parameter r| in the halfinteger spin Central transition centerband lineshape. The experimental lineshape is that of 23Na (1 = = 3/2) in natrolite (оз<з/2л: = = 1.76 MHz, rj = 0.643). The Larmor frequency cox, istaken as the zero point.
	Fig. 2. Numerically calculated (lower) and experimental (upper) MAS-NMR Central transition spectra of nB (1 = = 3/2) in solid B 203, о)р/2я = = 2.76 MHz, r) =O. Dashed line represents the theoretical powder pattern lineshape determined by formula (13), solid line the same when first two sidebands are included, assuming Gaussian line broadening.
	Fig. 3. Numerically calculated (left) and experimental (right) Central transition lineshapes of halfinteger spins. Dashed lines calculated from Eq. (13), solid lines—-with additional Gaussian broadening. Upper row: 23Na (1 = 3/2) in sodium nitrite NaN02 (оу/2л=1.1 MHz, r] = 0.109. Lower row; 27A1 (1 = 5/2) in spodumene ol>q/2jc = = 2.95 MHz, r) = 0.94.
	Fig. 4. Experimental NMR-MAS spectra of яНа (1 = 3/2) in sodium nitrate NaN03 = 0.334 MHz, rj =O. The spinning sidebands enable to determine the frequency shift between the non-central (±3/2-<->-±l/2) and Central (1/2-*-+-—H/2) transitions.
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	Рис. 1. Векторы, участвующие в формировании выходного напряжения выпрямителя.
	Рис. 2. Эпюра обобщенной помехи.
	Рис. 3. Относительная пульсация нагруженного неуправляемого мостового выпрями теля.
	Рис. 4. Составляющая 300 Гц в системе выпрямителей с общей диодной группой.
	Расположение векторов, характеризующих центральные компоненты падающего, отраженного и преломленного пучков света.
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