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In the present paper two nontraditional methods of the linearization of the Klein-'
Gordon equation are considered. It is shown that a generalized Dirac equation obtained

recently by J. P. Gazeau [‘] is equivalent to the Hurley equation f2 ]. Next, such lineari-
zation is made by using the Kemmer-Duffin spin-0 formalism [3 ],

1. According to E.P.Wigner, to every invariant quantum-mechanical sys-
tem of equations corresponds a unitary continuous representation of the
Poincare group i[ 4>s ]. It is known that irreducible representations describe
elementary systems. Every irreducible representation is determined by the
eigenvalues of two invariants the square of the momentum operator P 2
and the square of the Pauli-Lubanski pseudovector w2 — m 2 and s(s-j-
--+ l)m2 , respectively. Let the irreducible representation defined by these
eigenvalues be denoted 64. 3 (m2 , s) [5-B ]. If m2>o, the operator of the
sign of the energy E =P o \P°\~i is also an invariant. Since the representa-
tions of this kind possess a physical meaning, we confine ourselves to
the representations with m2O O. Now, for every element Ф of the space
of a given representation tTi. 3 (m2,>-0, s) one can write

Р 2Ф(р, о) =т2ф{р, о), (1)
ьу2Ф (р, о) =—s (s-[- 1) т2 Ф (р, а), (2)

Ёф{р, а)=еФ(р, а), (3)
' ' \

...

where рц is 4-momentum, о= —s, — s-|-l, ..., s and e=± 1. In case
of m2 >0, the little group is S03 and Ф (p, a) is the spinor of the rank
2s-j-l.

The linearization of equation (1) in a general case leads to an
increase of the dimension. The Ha.rish-Chandra first-order relativistically
invariant equation [ 9 ] of the following form can be considered as a
linearized form of the Klein-Gordon equation:

(P^Pn—|m) aj)=O, (4a)

[ Pn, -44pCT i (gupPa -- SToPp) > (4b)

|3a ■ • • Pv
(P)

Here (4c) is the sum over all the permutations of the indices a, ..., y-
o, a. Well-known equations-of that type are the Kemmer-Duffin equation
for spin 0 and 1, and the Dirac equation for spin 1/2.
2. Recently J. P. Gazeau linearized the Klein-Gordon equation by using
rectangular matrices, obtaining the so-called generalized- Dirac equation
for single mass and for an arbitrary single spin. We add to this lineariza-
tion the requirement that the matrices should be of minimum dimensions.
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Thus, generally rectangular matrices with minimum dimensions
are sought, so that the equation

P^P vZ lx YvO =m2Q (5)
would be equivalent to the Klein-Gordon equation (1). If such matrices
are found, then, defining the new wavefunction

ybi=

one can see that the system
—m^i+P^Y^o— o,

P*Zrf,i m\l)o== 0
is equivalent to equation (5) and can be taken in the form of (4a)

— m)i|s =0, (6)
where

Г
0 YiX (7)

Equation (5) is satisfied by 4sX (2s-j-l)-dimensional matrices

E°e -=n2To(s),

Yi
£

= ea2s~l (—to (s) Mi (s) +b2t (s) Ю (s)) (8a)

and by (2s-j-l) X45-dimensional matrices
Zo=aiT+(s),

Z{= e^s- 1 (—Mi (s)r+ (s) +biKi (s) +/+ (s)),

where aia2 =b lb 2=\, e— ±1 and /—l, 2, 3. The matrices x£(s), AE(s),
t{s) and K j {s) are given in the appendices А, В, C, Indeed, equation
(5) is equivalent to (1) because of the relation

(s) Y* (s) =g^v

If the parameters have the values ai bi=a2=b2= 1, the (6s-f-l)-
dimensional matrices ГУ* take the form fl ]

О
e

I> = ~

8 тц+ 0
e

After the unitary transformation (see App. C)
0 to(s) t(s)
10 0’

one gets easily

0 +(s)t0(s) x*{s)t{s)
0 0 • (1°)

t+ {s)x*{s) 0 0
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Thus we have shown that the linearized form (6) -=-(8) of Second-ordef
equation (1) (or (5)) is the Hurley equation [2 ],

In conclusion, starting with an irreducible representation ÖT.3 (m 2>-

>o,s), using Gazeau’s method of linearization and demanding that the
dimensions of the matrices be minimal, the Hurley relativistically
invariant equation for the single mass m and the single spin s can be
obtained. The latter equation corresponds to the interlocking scheme
(s, 0)'—' (s o3=Po 19,10].I9,10 ].

Next we consider a relativistically invariant equation with the inter-
locking scheme (s, 0) ~ (s-j-1/2, 1/2), which we take in the form of
(6), (7). Since the representation (s-j-1/2, 1/2) can be obtained from
(s — 1/2, 1/2) by the substitution s->s-j-l, the corresponding s are
of greater dimensions. s comprise now the 4(s -j- 1)X (2s + 1)-

dimensional matrices (see App. D)
yo.= a^(s+l),
yi==ea2 (s-l-l)- 1 (/(s+l)Mj(s)+b2T o

e (s-fl)/(j+(s+l))

and the (2s-f 1) X4(s-|-1)-dimensional matrices
Z°e‘=ait+(s+ l),

Z{<=—eal (s+l)-i(MJ(s}t+(s-{-l)+b 1
(llb)

where a 1a 2=b Ibo= I, &= +!.

Since now
Z* Yv

s =g^v-f i(s+l)- (12)

Equation (5) is indeed equivalent to equation (1). At the unitary trans-
formation

0 t{s+ l) t°(s+l)
1 0 0

Г transform in the following way

0 ai (g°v—e (s+l) (s)) —eaqbi/O* (s-f 1)
= a2 (g»>4-e(s+l)-> JMi‘(s)) 0 0

ea2 ö 2/(^
+ (s+ l) 0 0

In case 0.1=122= bi =b 2 = 1 one can see that
0

=

6
=

e * e
Q* 04 8

0 — e(s+l)- 1MtA (s) eA>(s+l)
-1 0 0 • (13a)

—e*>+(s+l) 0 0

It follows from the explicit form of

is a Harish-Chandra equation, and it satisfies minimal equation (4c)
in case (3o3 =(30- After calculating the generators corresponding to equation
(13), one can see that in case 6=l, the equation obtained has the
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Wanted interlocking scheme (s, 0) ~ (s-]-l/2, 1/2) .and in case e= 1
the scheme (0, s) ~ (1/2, s-j-1/2).

One of the varieties of this equation is the Kemmer-Duffin spin-0
equation, but the interlocking scheme (s, 0) ~(s
with the Kemmer-Duffin spin-1 equation.

If the minimal electromagnetic interaction is present, equation (5)
with matrices (8) leads to the Pauli-Waerden equation [']

(Z)2 q(2s) — m2) ФB=0,
'

(14)

where Z)(ii=P(i F VL*=iq~i [D 11,
D v ].

W. J. Hurley has shown in j[2 ] that this equation is causal and equival-
ent to the system of equations which are obtained by introducing the
minimal electromagnetic interaction into linearized equations (6)

In case of interaction, equation (5) with matrices (11) takes the
form 4

{Dz+q (2 (s+1)) m 2) Фе =o. (15)

It is shown in [ и ] that this equation is also causal and equivalent to
the system of equations obtainable from equation (13). Though the
interlocking schemes (s, 0)~(s — 1/2, 1/2) and (s, 0) ~ (s-(- 1/2, 1/2)
are quite similar to each other, the solutions of the corresponding
equations are different, for the interaction terms are different.
3. Secondly, we deal with the linearization of the Klein-Gordon equation
by means of the Kemmer-Duffin spin-0 algebra [ 3 ]. For this purpose
we define the wavefunction

a|?=A ® Ф,
where

/m-fPjx, Л=р =0,1,2,3;Лл== l 1, Л=5.
Now the system

PGfix
Ш 1

= 0 I

arising in the stead of equation (1), can be presented in a matrix form
as a relativistically invariant equation

(P^fH(s) — m)ij)=O, (16)
where (s) i= ® I (s) and generate the Kemmer-Duffin spin-0
algebra [ l2- 13].

Equation (16) follows from a scalar Lagrangian. Indeed, since the
representation tT 1,3 (m 2^>o, o) 0Te is equivalent to the representation
tri.3 (m 2>o,o)<B)7Ne due to relation [B ]

Г+(Л)3(Лр)Г.(Л)=5(р),
the quantity

iP) S (P) Фв(p) = lfte iP) Фе (p)

f pw) e= iproves to be a scalar. Here T s= j _

’ ’

t IV’k>, B= 1,
is an irreducible representation of the Lorentz group and S(p) is the
Hermitian matrix, by which the inner product, with respect to which the
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representation Тl.з(^2 >0, 0) 0Te is unitary, is constructed. The Lag-
rangian mentioned above has the form

£-e = 2 4p—gfH (s) (P|xlpg)— 2 1 (P^lp—e) (■s) lpe ITity— g\|)g,

where яре= (s), ip_B=S (P)ip 8 and g(s) =g 0 1(s). The representations
of the Lorentz group corresponding to equation (16) are

Ij+= ( (1/2, 1/2) 0 (0, 0)) 0 (s, 0) = (s+ l/2, 1/2) 0(s
■б!= (( 1/2, 1/2) 0 (0, 0)) 0 (0, s) = (1/2, s+ l/2) 0 (1/2, s

The relativistically invariant equations with these interlocking schemes
have been treated in detail by W. J. Hurley [ l4 ].

For the linearization of the Pauli-Wäerden equation it is convenient
to define a new wavefunction

l|)e=T) 0 ФB,

where
j tn~ iD l x, A = p;=o, 1,2, 3;

®A= ll, Л — 5.

The system corresponding to (14) or (15)
{bF^p s 0 g= 0,

ij^£ — m-lDv-\jp5 =0

can be presented by the use of the matrices in the form

(АхИs) 0 Mv£>— m)ipe=o. (17)

This is a relativistically invariant equation with the interlocking scheme
,^ e.

Equation (17) can be obtained from the Lagrangian

C= {2 b|)_g(T l (s) (Z)[x\j) e ) —2 1 (TJuip— £ ) pH (s) ips“Fhip—gogip ß Шlр_еlр£} .
e=±l

(18)
Here we have denoted гре=др+£( 5 ) , Лц=Рм,+<7Л(А and oе=Е^р s 0 .

Indeed, varying C with respect to ipe , ip_e as independent co-ordinates,
the Euler-Lagrange equations will be

(pi*(s)ZVhh0e m)ipg=o,

(Л (хlр-е)р»А(s) Ölp_gog+mip_e=O. (19)
The respective Hamiltonian takes the form

je= |3j(s)DJ+^po(s)/l 0 hoe m)ip8. (20)
8

As was shown in [ls ], one can separate from ip8 its «physical» part ip (+ )
=

=IT+)(s)ip8 by making use of the projection operator II(3) (s) = ITS ) 0 7(s)
(see App. E). The remaining part of ip8 may be expressed from (17)
(19) through the «physical» part as follows

y-)=m-I pi(s)Diip (+),

Т (Ге=— m_l Pi (S) •
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After eliminating superfluous eigenvalues, the Hamiltonian will contain
only the «physical» part

J>J -фИ-) (__ m-ipo (5) (s) (3i (s) (s) p° (s) A 0
bp°{s)0 e+mp°(s) ) iil) (+) .

On account of the relation П(+) (Зг|3./П(+>= g'ijPs, the eigenvalues X of X
can be calculated from the equation

{ ( qA° X) 2 Я2+2m6 ( —te£+S)Af (s) m2 }<p e=o,

where £ and 5 are the electric and magnetic fields, respectively.
It is a pleasure to thank M. Kõiv for several useful discussions.

Appendix A

The generators M»(s) =M»+(s) (Af° =0) of the irreducible representation
03 (s) of the rotation group 03 are defined as

(s) q t= !/2{}/(2s q) {q-\-1)(2s q-j- 1 )q
,

M 2 (5) qt = iJ2 {У (2s -q)(q-1-1) B q+l ,t У (2s q+ l) q 6q-i,t} , (A. 1)
M3 (s) qt =—(s q)ö qt {q,t= o, 1,2s),

which satisfy the commutation rule
{M\ Mi]= ie°^Mk

(80123=!).
The generators of the irreducible representation of the Lorentz group
08=

\ 1,3^’ 6 *

1 can be expressed through the generators (A.l).
1 Oi)3 (0, s), 8= —1

—ei (g°^M v (s) (s)) -j-eo£ vMa(s).

Appendix В

Let us have 2(2s+l)-dimensional one-column matrices
gag(s) =e 9 (s)® (1/2) , (B.l)

where the (2s-fl)-dimensional one-column matrices have the form

i e q ( S ) )t= Õqri, q,t —O, 1, ..., 2s.

By means of (B.l) one can define 4sX(2s+l)-dimensional matrices

К ( s )h = (2s)^(y7^lg+y2s qbq),

(t l
e (s) )q=e(2s)-'h (—■y2s q£i,q+i -ifq Ь.д-i) ,

_

(8.2)
(T2 (s) ) q=B (2s) -V. (—y2s q &l9+l + ~/q >g-i) ,

(t3
e (s) ) q = e(2s)-'h (Уд Ši q—]/2s q &q)

(e=±l),
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which satisfy the relations

Tfx+Tv =g^v is_I M,AV
,e e . ° e ’

(8.3)

= —26S-1 (g°M4 v gov e°^vM“.
s - a

Here =xlX an d guv denotes the metric tensor of the Minkowski
space with g=diag(-| ).

Let it be noted here that the 4sX (2s+l)-dimensional matrix
corresponds to w(P) in [*] if in (B.l) the matrices ea (l/2) are replaced
by larger ones

! /2s l\
’

/ 1 ic)\ i ' <7 — 1' /2s\
q-*eo {\/2)-+ *

M J0 /2s-l\ v 4

6 j '

4 '

and
9 | /2s—l\
О l/2s\
! /2s-n v q

1 j *

я '

with suitable normalizing factor.

\ Appendix C

In order to get the unitary transformation, one needs the following
4sX (2s —1) -dimensional matrix

t (S) = {to, ti, . . .

, /2(s-l)) ,

where
tA(s) = (2s) -1/2 (Y2s Л-f 1 £liA+ i - YÄ+l b,A+i) (C.l)

and A=o, 1, ..., 2(s —1).
The matrix t is a solution of the equations

x°+/ =0,
t+t=l{2s 1), (C.2)

Tot(>+-f//+=/(4s).

In addition to (8.3), the following relations are valid
(s) iW(s —l)/+T i

s=i
,

8 l
ft
j/+t fe

e , (C.3a)
t+ (x4j+—tJV+)/=—i(2s4-l)s-26^‘Mft (s —1), (C.3b)

— (g +(s +l ) §-1e^vt“). (C.3c)
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The relations (В.З), (C.3) show that Нт»*=—/01
, where К ** are thee s

matrices introduced by W. J. Hurley p], which, in turn, can be expressed
by the Clebsch-Gordan coefficients as follows

K l== s{ (s l ll/2) ( — l/2 1s)+(s —ll —l/2) ( 1/2 1s»,
K*=is{-{s- 11 1/2) (-1/2 \s)+{s- 1 1-1/2) ( 1/2 j s>),
K 3=s{ (s l ll/2) ( l/2|s)-(s- 11-1/2) (—l/2|s)}.

Here (oj j)dp == (1 /2, s— l/2; oa\jp) are the Clebsch-Gordan coefficients
and (T=±l/2, j=s,s —l, a=o, 1, ..., 2s—l, p=o, 1, ..., 2/.

Relation (C.3a) may be generalized to arbitrary values of n:

/G(s —n, s)AF(s) AF(s —n) (s —n,s) = ieoi£Kk (s —n, s),
where K l are given for n= 2,3, ..., s —l by the recursive relation

K* (s —n, s) =B°i K j {s n,s n+\)Kk {s /I+l, s).
JR

Actually one can see that beginning with n— 2
K i+ (s —2,s)/С(s —2, s) =O,
/С (s —2, s) /C j+(s —2, s) =0

and relation (C.3c) cannot be generalized any more.

Appendix D

For the linearization of the interlocking scheme (s, 0) ~ (s-|- 1/2, 1/2),
one needs the following 4(s+l) X (2s+l)-dimensional matrices

(Q° e (s))*=tg (s+ l),

(Qe ( S ) )g=e (2 ( s+l) )“1/2 ( +y2s <7+l Ъ-q ( S+f )).

(Pg (s))g=te(2(s+l) )~'/2 (У<7+ 1 Ei, 9+2 ($+ 1) +y2s 2 g (s+l)) >

(P'e ( S ) )9—B (2 (S+l) )~ 1/2(y2s <7+l|l,g+l ( S "Ь О +УI Я~\~ 1 ( S+l) )

(<7 =O, 1,
•••, 2s),

which obey the relation

P^+Pv
e

Appendix E

The Kemmer-Duffin spin-0 algebra [ l2- 13 ], determined by the relations
(+(3v(3(j+ (Зст(3\>(+ =

can be realized by the matrices

(Mb =< gßb+gftßVL,
= P- +V.
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Here the metrics

{§№,\,A=B =%

(3, АфВ

has been used.
The projection operators are

IT H)= (l-j-S|) /2, S=±l
and they satisfy the relations

П(в)==П( в)ро=(l-НВ)Р°/2>

pfcn( s>=n<-ä )p^,
p sn( s)=n( a)ps =(i-[-s)(W2,

s)=n< s)g=sn<s ).
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R. SAAR, R.-K. LOIDE

KLEIN-GORDIONI VÕRRANDI LI NEARISEERIMISEST
MITTETRADITSIOONILISTE MEETODITEGA

On vaadeldud kaht mittetraditsioonilist meetodit Klein-Gordoni võrrandi lineariseeri-
miseks, kusjuures on lähtutud nendest Poincare rühma taandumatutest esitustest, mis
kirjeldavad nullist erineva seisumassi ja suvalise spinniga osakesi. Esimesena on vaa-
deldud lineariseerimist üldiselt ristkülikukujuliste, võimalikult minimaalse dimensiooniga
maatriksitega. On näidatud, et sel juhul on Gazeau tuletatud nn. üldistatud Diraci
võrrand ekvivalentne Hurley võrrandiga.
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Teine meetod põhineb Kemmer-Duffini Ö-spinniga (3-algebra omaduste kasutamisel.
On konstrueeritud invariantne lagranžiaan ja esitatud võrrand energia operaatori oma-
väärtuste leidmiseks minimaalse elektromagnetilise interaktsiooni korral.

Р. СААР, P.-К. ЛОЙДЕ

ЛИНЕАРИЗАЦИЯ УРАВНЕНИЯ КЛЕЙНА—ГОРДОНА НЕТРАДИЦИОННЫМИ
МЕТОДАМИ

Рассмотрены два нетрадиционных метода линеаризации уравнения Клейна —Гордона.
За исходные приняты те неприводимые представления группы Пуанкаре, которые опи-
сывают частицы с ненулевой массой покоя и произвольным спином. Первый метод
реализуется с помощью прямоугольных матриц наименьших размерностей. Показано,
что в этом случае т. н. обобщенное уравнение Дирака, выведенное Дж. П. Газо,
эквивалентно уравнению Хэли. Второй метод линеаризации основывается на (3-алгебре
Кеммера—-Дэффина с нулевым спином. При наличии минимального электромагнитного
взаимодействия сконструирован инвариантный лагранжиан и выведено уравнение для
собственных значений оператора энергии.
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