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1. Introduction. This paper deals with the approximation by summa-
tion methods of Fourier expansions in Banach spaces. It is supposed that
in this Banach space is given a sequence of projections, which satisfies
inequalities of Bernstein-type and multiplier type. We shall give a com-
parison theorem between the approximation orders of a pair of summa-
tion methods. Certain novelty is that the constants in this comparison
theorem have an explicit form.

Let P, N be the sets of all non-negative and of all positive integers,
respectively. Let X be an arbitrary (real or complex) Banach space
with norm ||°|| and let [X] be the Banach algebra of all bounded linear
operators of X into itself.. Let {Ph be a total sequence of
mutually orthogonal continuous projections on X, i. e.,

i) P h e [X] for each k^P,
ii) if Phf— o for all then fi=o,
iii) PjPti—ftjhPh, where 6 jh is Kjonecker’s symbol.
Suppose that the space X and the sequence {Pk} are such that the

following conditions are satisfied.
For some non-negative function -cp on P let there exist constants Mi,

M2>o, such that for every f e X and v, n e N the inequalities

II i/9 {kyPufW <Мlф (n)v || ±Phf\\, (B)
h= o h= o

\\Ž'4>{k)-vPkf\\<M 2 \\±Phf\\, (M)
fe=o к=о

are satisfied.
Note that the inequality (B) is an inequality of Bernstein-type and the

inequality (M) is an inequality of multiplier-type.
Example 1. Let X=X2n :=L2Ji\ or :-=С2я be the Banach
space of 2jt-periodic functions with standard norms ll°llx 2jt . Define
{f*} by

Pof(x):i=f(0), PtHx) :i-f(k)ei**+f(-k)e-«(*<=N),(1.1)
Л

where f{k) are the usual Fourier coefficients of f^X2n- Then for cp(&) =

= |&1 the inequality (B) is satisfied as follows (cf. [ d ], n°B4):

|| 2 \k\vf{k)eib°\\ ± f{k)e iho \\x 2n
.

k=—n h=—n
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Example 2. Let us assume that the operator S n defined as

Snf: = 2Pkf {f eA)
k=o

is uniformly bounded, i. e.,

where the constant В is independent of n e P and [gl. Then by the
results of [2 ] (applying the inequality (3.1) and the theorems 2.1, 2.2),
we have for every X>o, feX

\\jtbkPhf\\^2B2 n* WJj 'Pnfl
h—o h=o

Example 3. Let us introduce the n-th Cesäro mean operator (of
order 1)

(C.l)„/:i=i;(l--4T)p(,): (fsX).
h=o

~r
Assume that

\\{C, l)»fll<C||/||, (1.2)
where the constant C>o in independent of neP and (eX Then
according to the results of [3 ] (applying the theorem 3.2), we have for
every Z>o that

|| JjPhfl
k=l h= o

It is well known that if in addition Х\—Х2л and {Pk } are defined by (1.1),
then the condition (1.2) is satisfied with C— 1.

According to these examples both inequalities (B) and (M) are satis-
fied in the trigonometrical case. In general case, the validity of the
inequality (B) is unknown because we demand that the constant Mi
must be independent of vgN [2].

For each one may associate its unique Fourier expansion
oo

f~2Pkf
k=o

and a multiplier operator Ur <= [A] defined by expansion
oo

Urf~ 2 uk {r)Phf (r<=R).
h=o

LeL Vr e [A] be another multiplier operator generated by another
sequence v {r)\= {uh {r) The problem is to find an inequality

\\f — (1.3)
where the constant K> o is independent of /g A and r^R.

Initially this problem was presented by J. Favard f4,5 ]. Since 1968 by
H. S. Shapiro [ 6 ] and R. M. Trigub [7 ], followed by P. L. Butzer,
R. J. Nessel, W. Trebels [3 ], M. Zamansky [B ], etc.; the comparison
theorems of two different approximation processes are discussed very
extensively and quite thoroughly. We shall derive the inequality (1.3)
by a method, which is comparatively simple and practically applicable.
This method enables also to estimate the constant K.
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2. A comparison theorem.. Let ns begin with the definition of
condition A (analyticity) for multiplier sequences и {r) {uk {r)}, v {r)=

{ vh{ r)} having the generated multiplier operators Ur, Рг е[А],
respectively.
Definition. The pair of multiplier sequences {u (r), v (r) ) is said to
satisfy the condition Aif there exists N N, a function on P and
coefficients cv (real or complex) such that for every the
expansion

CO

1 uk {r)=[l Vk{r) ] c v {r)cp(k)v (A)
V==—'oo

holds.
Next we shall introduce the best approximation by elements of sub-

space LU cz X, where
Пn :.= {f<=X: f=Pof+Ptf+ ... +P nf}.

As usually, the best approximation of fel by elements e П )г can be
defined by

En {f) : = inf ||f /n||. (2.1)
t n GE П n

An element tn e П )г for which the infimum (2.1) is attained, is called an
element of the best approximation to We shall assume that t* n exists
for each [el

Now we can formulate our main result.
Theorem. Let X, {Pk } satisfy inequalities (B) and (M). Let the pair
of multiplier sequences {u{r),v{r)) satisfy condition A and let Ur, Vr <=

e[A] [r eR) be two families of multiplier operators which are given
by u{r), v (r), respectively. Then for each [el and r <= R

+ \\Ur\\)EN {f) +

-G [u,v\ r, N) { (l +ll VTII) Ejv(f) ~Hlf Vrf\\},
where

oo oo
G{u, v; r, N) : '.= | co {r) \+Mi£ |MO| cp (iV) v+M2 j>J |c_v (r) |. (2.2)

V=l V=l

Proof. Let be the element of the best approximation to [el.
Using the triangle inequality, we have

\\f-Vrf\\<{lfr\\Vr\\)EN {f)+\\r N -Urt'N\l (2.3)
Due to condition A,

t*N Ur t*N.= [1 uk {r) ]Pk t*N = co {r) J£[l vk {r) ]Ph t*N+
oo N oo N

+ J£MO Ц) {k)v[l ~vk {r)]PhtN.+ fE c-v{r) л’[l vh {r)]PhtN .

v=l k=o v=l fe=o

In addition, from the inequalities (B) and (M) it follows that
* * *

o°
* *

jl— Urfjv|| I Co{r) j VrtN \\ -f- Jvf I cv (r) |icp (A/) v IMjvl|-L
v=l

+jt | CMO \M2\\tN~Vrt* N \\ = G{u, v\ r,N) \\t*N —VTtN\\,
V=l

holds.
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where G{u,v\ r, N) is given by (2.2). According to the obvious in-
equality

■II C - VrtsW ( 1■+II Vr \\) En if) +ll VrfW ,

we have

II t*N - Urt* N || < G {u, v; r, N) {(l+ У Vr \\ ) EN (f) +\\f—Vrf\\}.

Therefore, inequality (2.3) proves the Theorem.
Following the proof of the Theorem we may draw some remarks.

i) If in condition A c-v {r) = 0 for every ve N, then the Theorem holds
without inequality (M).
ii) If in condition A instead of infinite series are finite sums, then the
constants Mi, M 2 in inequalities (В), (M), respectively, can depend on
V €E N.

If V r are polynomial (i. e. г:= яеР and еПп for each
then from the inequality E n {f) V nf\\ we immediately have
Corollary 1. If Vn are polynomial, then under the assumptions oj
the Theorem for each f e X and n e N

+ l|tf«ll + G(af o;/i.n) (2+|| V+||)} llf Vnf\\.
3. Applications. The simplest multiplier operators are the Zygmund
typical means Zx

n of order Я.Х) defined by multiplier sequence

\( \
1—( ~тт) > O^k^n,Z* {n) ; = \ n-\- 1 /

0, &>n.
It is known that the approximation order by operators Zx

n essentially
depends on K. Also, the operators Z x

n
can be used to study the order of

approximation as scale-means.
We shall give some applications of the comparison theorem if one of

the multiplier sequences u{r) (or v{r)) is the Zygmund multiplier sequ-
ence zx {n) : ={zK

k
{n)}. If v{n)==zx {n) and u{r) is arbitrary, another

framework was given by the author in [9 ]. In the following examples we
shall give only the function G{u,v\r,N) as defined by (2.2), where
Ф [N)=N. The details we shall give only in examples 4,5, 10, the other
examples can be handled by the same way. Our proofs are based on the
Maclaurin’s series of functions h{k) -c—[\ “+г)]/[1 Uft(r)] or

1/h{k). The definitions of summation methods contained in the next
examples one can find in [ lo ].

Example 4.. It will be shown that the estimation
Mi, |ы<Л,

G (zx
, zl*; n, n) 1, pu= A,

М2(/г+l)и-\

is valid. Indeed, for the multiplier sequences zx {n), z+n) one has
1 zx

k (n) —[l ( n) ] {k/{n-\- 1) ) x~v {o^.k^n).

Then, according to (A), the function (2.2) is bounded. We need the
following
Lemma. If the inequality (1.2) holds, then

||Z*H<(2a._l)C (ÄeN).
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Proof. Apply Abel’s transformation twice to Z x
n and use (1.2). In the

trigonometrical case Mi=l (example 1) and M2 =4 (example 3). Now
by Corollary 1 we have
Corollary 2. for each f e Х2я , l, ц,пе N

l/-zifUx„<W-zS,|| Xfc x
Example 5. The Bernstein-Rogosinski method $n is defined by multi-
plier bh(n) :=cos(kn/(2n-fl) ) for and :=0 for £>/г. Then for

and
_ , ч я2 / n-f-1 \2 / n-\- 1 W пл 1 / мя \2

,
\

0(Ь.г2;я,„)=т(:¥ГрГ ) ‘I ■'!.(-„ )<

4»'+«,(ch--y-l) «2.18+1.16Ж,.

On the contrary
i n/ \ . j . , ~2/ 2/I+l Vf, . “Bv(2v-l)Z far \^l1 -*• («) =[ 1 - bh («) j [ Irf£ -

(2v) , { 2^+T ) J ’

where the coefficients Bv are the Bernoulli numbers. Then from (2.2)
it follows that

G(*.M n. n) 1 2—у]
<8(1 Mi)M2+Mi^O,Bl-fO,I9Mi.

Example 6. The Jackson-de La Vallee Poussin method V n is given
by vk {n)=\—{3/2) {k/n)2-{-{3J4) (£/tt) 3 for :=(l/4)(2 kjn) 2 for

— 1 and 0 for kd>2n — 1. Then we have

G{u,z2 \ n,n)=<— -j' (2+Mi) <6,+3Mi,

G(^;^)=y(—-) (I+Мl )<А(l|+мl ).

Example 7. The Jackson method Jn is given by

3k 3k2 3k3 n
2n{2n2-\-l) 2n2+ l'+ 2n(2n2+l) ’

jh{n):= n n л
k(\2n2—\) 3k 2 k* ...П ~

2m(2m 2+l) +
2n2+l 2n{2n2-\-\)

’ n < n >

0, k~>2n—2.

We obtain that ../•
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V»'=Slf(^+2)<2.(2+*.+*).

To find G{z2,j-,n,n), let us apply decomposition into partial fractions.
Hence

1— zh (/г) 2(2n2+l) kn
_

1 —jk{n)
~ 3(n-j-l) 2 I+2kn~k 2

~

_

2ft2+l n / kо 1 V
3++l) 2 У/г2+ l 'ko k Ц+l

where 6 0=^+Уя-2+l • Since it follows that

G{z2,j; n,n)^-^±'——l ) <
3(n+l) 2 У++ l v Уя2+ l м+у/г 2+ l —1 7

<(2+2Mi'+y2M2 )/3.

Example 8. The Abel-Cartwright method An is given by alk {n):=
= exp(— {kj{n-\- 1)+) for A,>o. We can show that

oo 1 In +v
G(a\zHnAy=l+M =

-'+*тЫ4т)ЧsrH<
<l+Mi(e —2),

“1АЛ “'“)-|+^(тг!Т )’+,!; ТКУг(дтГ ~

< 1 +Mi (3 cot 2- 1 ) /2 » 1+0,59Mi,

where Яу are the Bernoulli numbers.
Example 9. The Woronoi-Nörlund method Wn (special case) is defi-
ned by Wk{n) ;•= {n k-\-\) {n £+2)/( (м+l) (/г+2) ) for
and : =0 for k>n. Therefore, it follows that

G(». zt; n) .= 2^±3+Mi _!L_<2+Mu

Example 10. The Riesz means are defined by r^- 6 (n) :■= (1
(/e/(n+l)+) 6 +>o, 6,>0) for and : =0 for &>*n. In this

example we treat separately three special cases of the Riesz means.
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a) Setting л= (kJ{n-\-\) )*■ the expansion

■

| - (1
;

,)| 4нг(
>
; 1 ). (6>o)

V=o 1

gives
1 -rt*(n). “ / s
1 —z\(n) ' Vv+l /\пГ+l /

This result implies
00 / л \I / n Uv

G(^jZv n,„)=6+yMl 2 ( v+l )Kmt)
V=l 1 1

where {6} : = inf {& e P : k^ö} .

b) Let ö=2, 3,4, 5, be fixed. Now we consider the Lagrangian interpola-
tion formula

x 1
I_(l_*)6 6 -

where b v : =cos(2vjt/6) -\-i sin(2vjt/6). From direct calculation it follows
that |1 —frv|:=2 sin(vjt/6),> 1 for all v=^6 —1, Due to the geo-
metric series we have

Setting x= (k/{n-\-\) ) K
, we get

тsвд-тO -Щ-i -Ш1k 4 7 n=l V=l 1
and thus

G(2\rW;n,n)i= (l+Mt J(2 sin <

M-=l V=l 1

4( 1+M‘2(2sinf-l)H ) =

(A=l

(I+ЛГO/2, 6 = 2,
(i -{—Mi (i н-уз) ) /з, б=з,

(1 Ч-Afi (3+2У2) ) /4, 6=4,

(l + 13,6Af0/5, 6=5.
c) Let p=2, 3, ..., 6>o, be fixed. For |x \ Iwe have

' ' fi=l v=l

Setting лз= (£/(/г+l) )\ we obtain
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. 1 -'*>) ,& f. ,_ l)v
/ вцЛЛ/JLV*

I_ гм ip(n) p1 \ V

and
G |rU rM/P; П,.П)-=Р+М,2 Ž| ( 6>1

V
/P )| ( <

H=l v=l

Mi ( —py
n=o

With this example we shall conclude our applications. In this way it
is possible to treat some other methods of summation (e. g. method of
Riemann-Lebesgue etc.), but not in such a complete form as presented
above.
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Л. KIVINUKK

KONSTANTIDE HINNANGUID SISALDAVAD SUMMEERUVUSMEETODITE
VORDLUSTEOREEMID

Artikkel käsitleb lähendamist Banachi ruumis Fourier’ arenduste summeeruvusmeeto-
ditega. On eeldatud, et Banachi ruumis leidub projektorite jada, mille puhul kehtivad
Bernšteini (B) ja multiplikaatorite tüüpi (M) võrratused. On tõestatud summeeruvus-
meetodite koonduvuskiiruste võrdlusteoreem, mis sisaldab ka vastavate konstantide
hinnanguid.

А. КИВИНУKK

ТЕОРЕМЫ СРАВНЕНИЯ МЕТОДОВ СУММИРОВАНИЯ
С ОЦЕНКОЙ ПОСТОЯННЫХ

Рассматриваются приближения в банаховом пространстве методами суммирования раз-
ложений Фурье. Предполагается, что в пространстве существует такая последователь-
ность проекторов, при которой имеют место неравенства Бернштейна (В) и неравенства
типа мультипликаторов (М). Доказывается теорема сравнения порядка приближения
методами суммирования с оценкой постоянных.
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