
LÜHIUURIMUS! * КРАТКИЕ СООБЩЕНИЯ

EESTI NSV TEADUSTE AKADEEMIA TOIMETISED. 25. KÖIDE
FÜÜSIKA * MATEMAATIKA. 1976, NR. 1

ИЗВЕСТИЯ АКАДЕМИИ НАУК ЭСТОНСКОЙ ССР. ТОМ 25
ФИЗИКА * МАТЕМАТИКА. 1976, № 1

M. KÕIV R.-K. LOIDE

A NOTE ON SUPERFIELD ALGEBRAS

M. KÕIV. R.-K. LOIDE. MARKUS SUPERVALJADE ALGEBRATE KOHTA

M. КЫПВ. P.-К. ЛОНДЕ. ЗАМЕЧАНИЕ ОБ АЛГЕБРАХ СУПЕРПОЛЕЙ

Supersymmetry introduced by Wess and Zurnino [*-2 ] has recently
gained great interest [3_s ]. In the case of constant parameters this
symmetry was presented by Salam and Strathdee in the form of graded
Lie algebras studied from a purely mathematical point of view in [6 >7 ].

In this note we deal with the Wess-Zumino type of superalgebras
where the number of supergauge generators is arbitrary, and give the
general form of the structure constants. We consider an algebra where
the generators and of the Poincare group and supergauge genera-
tors S a satisfy the relations
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and g°°i=—gll = g2 2—> —g-зз, i in this note x, Я, p, v, q, a= 0,1, 2, 3
and a, p, y, 0—1,2,..., n, summation over the repeating indices is
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presumed. Proceeding from the Jacobi identities, we shall show that
are the matrix elements of the generators of some representation of

the Lorentz group and are connected with the (3-matrioes of an
invariant equation (р црр — т)ф(р) — O. The idea is to reduce the con-
ditions we get from the Jacobi identities to some well-known commutation
relations. Further we treat the structure constants B^v and 4 цаp as the
matrix elements of matrices B^ v and A yi .

Starting with the Jacobi identities it is easy to be convinced that we
must look through the identities with generators Sa , and Sp,

So.
[sa, [AI^ v

,

Afpff] ] + [AfP a
, [sa> ]+ [M^v

, [MW, S a ] ]=O.
Using the relations (1), we obtain

С |ГУ,рстДхЯ, R(xv »p a I Rpa R[xv —Q
хЯ av ap P 7 ap Pv

That gives for matrices В p v

[Bv- V
,

£p ct ] с^р°Вл. (4)
The last relations are the commutation relations of the Lorentz group.
Therefore the matrices B^v are the generators of some arbitrary represen-
tation of the Lorentz group, and the stiucture constants are its
matrix elements. The number of supergauge generators is equal to the
dimension of the B^v representation.

The second Jacobi identity
-{S„, [All», ■S ct]}-f-{Sa, [№*, {S„,S p }]=o

gives the relations
[XV _ [XV [IV, Я .

Bay Bfiy = 9.

For matrices B^ v and .4^
В^А„+А^=-сГ ЛАх. (5)

Here В is transposed and we have used the fact that Ä[i = A[l .

Now we suppose that there exists a matrix C which satisfies
= B^ v

. (6)
Then we can write (5) in the form

[В*\А*С-']=-с^А кС-
Denoting

Px= A„C-i (7)
we obtain

[B^,Px]=—сГ,Я
Ря. (8)

The last relations are the invariance conditions for the first-order wave
equation corresponding to the B^v representation. Therefore the matrices
4X are connected with the p-matrices of an invariant equation.
From the relation (7)

Лх =рхС (9)
and therefore

{Sa, sp}-= (PxC) apP\
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As regards matrix C which satisfies (6), it should be mentioned that
such a matrix always exists because it exists in the case of the spinor
representations (1/2, 0) and (0, 1/2). To show this, we write the

generators B^v in the form: B oft= :=F—■- oh
, B hl =-—e^am (k,l,m =

=1,2, 3; e123 = 4-1) where the minus sign corresponds to the representa-
tion (1/2, 0), and the plus sign to (0, 1/2) and a l

, a 2, a 3 are the Pauli
matrices. Now C must satisfy Cah C~ x ■— — ok . In the case of the usual
representation of the Pauli matrices one can take C==+a 2 . As the other
representations are obtainable from the direct products of spinor
representations, matrix C also exists. In the case of the Dirac bispinor
(1/2, 0) 0 (0, 1/2) C is the charge conjugation operator.

The matrices (3 X and C must be chosen to satisfy (3 X C = (3 X C.
Some conclusions:
1) In the case of the irreducible representation of the matrices

A x = 0 because there exists no first-order invariant equation. Therefore
in this case (Sa , Sp} =O. From (5) it is easy to see that A x 0 is
always one of the possible solutions.

2) The Wess-Zumino algebra is the only one which has four super-
gauge generators S a and {Sa , Sp) фO. The vector representation (1/2, 1/2)
has also four generators S a but due to the previously mentioned we get
(s a , sp} =O.

3) The next possible superalgebra we get after the Wess-Zumino
algebra is the algebra connected with the Kemmer-Duffin matrices
lor spin 0 (Wess-Zumino algebra is connected with the Dirac matrices

ln this case there are five supergenerators Sa ,
B^v

= [[3 м-, (3 V ] and C
is the space reflection operator which must be chosen to satisfy Äx A x .

The superfield connected with the Kemmer-Duffin matrices was recently
studied by Ainsaar [B ].

We are indebted to A. Ainsaar and R. Saar for several enlightening
discussions.
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