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Abstract. Two spline collocation methods for solving linear weaklgggilar Volterra integro-
differential equations are considered. A result on the sugperergence at the collocation points
is proved and optimality of several theoretical error eates is demonstrated by extensive
numerical experiments. Based on numerical results, a camgeabout the theoretical error
estimates at the collocation points is stated for the casesavered by known theorems.
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1. INTRODUCTION

Consider the linear Volterra integro-differential equation (VIDE)
t
VO =00 +a0) + [ Kesuls)ds, 10,7, T>0. @)
0

with a given initial condition
y(0) = yo, yo € R = (—00, 00). 2
It will be assumed that
p,q € C"™(0,T], K e W™ (Ar), me N={1,2,...}, ve R, v<1. (3)
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Here C™¥(0,T], m € IN,v < 1, is the set of allm times continuously
differentiable functions: : (0, 7] — IR such that the estimates

| 1 if j<1—u,
‘x(J)(tﬂSc 1+ [logt| if j=1-v,
ti=v=i if j>1-v

hold with a constant = ¢(x) for all t € (0,7] andj = 0,1,...,m. The set
WY (Ar),withm € N, v < 1, Ay = {(t,s) e R2: 0 <t < T, 0 < s <t}
consists ofn times continuously differentiable functiods : A — IR satisfying

N /9 o\’ 1 if v41i<0,
‘<a—> <8_ + 8_> K(t,s)| <c{ 1+|log(t—s)| if v+i=0, 4)
t £ Os (t — )~V if v4i>0,

with a constant = ¢(K) for all (¢,s) € Ar and all integers, j > 0 such that

t+7<m.

It is well known (see []) that under the assumptions (3) Eq. (1) has a unique
solutiony € C™+1v=1(0, 7).

Spline collocation methods for weakly singular VIDEs have been examined
by many authors (see, for examplé; {]). There are two different approaches
to solving weakly singular VIDEs with piecewise polynomial spline collocation
methods:

1. Consider Eqg. (1) as an integral equation with respegt tbhe spline collocation
method is applied to Eq. (1) for finding an approximate solution/fdirst. Then,
the approximation fogy can be constructed by integration.

2. The second reformulation is based on integrating both sides of Equdd(00t),
which gives us a linear Volterra integral equation with respegt tdhe spline
collocation method is then applied to that equation for finding an approximate
solution fory.

The most general theoretical results about the attainable orders argence
of the proposed methods (Method 1 and Method 2) are proved in pdp#rsg
result about superconvergence in the maximum norm for Method 1 isgio].

The purpose of this paper is to perform numerical experiments in orderifg v
the optimality of available theoretical results, to state a conjecture for the cases
not covered by existing theorems, and to provide data for comparison thién o
methods.

For Method 2, we prove the superconvergence at the collocation points f
sufficiently large values of, which improves an analogous theorem Yt [For
other values of, we present a conjecture about the theoretical error estimate, based
on our numerical results.
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2. TEST PROBLEMS

For numerical verification of theoretical results we consider the following
integro-differential equation

t
y'(t) = —y(t) + a(t +/}Q s, 0<t<I, (5)
0
where : )
[ —(t—s)" i v#£0
Kot s) = { —log(t—s) if v=0
and
(1) = (2 =)tV 4427V 372y if v#£0,
= st3(log t)? — (513 — ¢ 2wbm+¢+ﬁw if v=0,
1 1

'71:/(1—3:) Y2 Vdx, o :/a:Qlog:clog 1 —x)dz,
0 0

with the initial conditiony(0) = 0. The choice of the functiog, corresponds to the
exact solutiony(t) = t*>~¥ in the case # 0 andy(t) = t*logt in the cases = 0.
Equation (5) is an equation of type (1) witit) = —1, and for anyv € (—o0, 1)
the assumptions (3) hold with arbitramy.

3. GRID, SPLINE SPACE

For solving problem{(1),(2)} we use piecewise polynomial collocation
methods on graded grids. Fixe IR, »r > 1. For N € IN define a graded grid
IT%, on the interval0, '] by

SN\ T
TN:{to,tl,...,tNltj:T<%> ,jZO,,N}

Herer is a parameter describing the nonuniformity of the giig. If » = 1, we
get the uniform grid and if increases, the density of the gridpoints (near 0) also
increases.

For given integersn > 0and—1 < d < m — 1, let Sf,il)(l'[}"\,) be the spline
space of piecewise polynomial functions on the diig:

Sr(,f) {u u}[tj " =Uj; €Ty, J=1,...,N;

uwﬁﬁ ult (t), 0§k§¢j:L”wN—1}
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Herer,, denotes the set of polynomials of degree not exceediraydu\ 5 1.t5]
is the restriction ofu to the subintervalit;_;,t;]. Note that the elements
of Sﬁfl)(m\,) = {u : u‘[t, ) € T j = 1,...,N} may have jump
discontinuities at the interior 6}id]point§, et

In the following we consider spline collocation methods for two equivalent
reformulations of problem {(1),(2)}. In both cases the collocation points

tjkztj_l—i-?]k(tj—tj_l), k=1,....m, 3=1,...,N, (6)

wheren, ..., n, do not depend ori and N and satisfy0 < < ... <9, <1,
are used.

4. METHOD 1

The first reformulation is based on introducing a new unknown funetieny’.
Usingy’ = z and (2), Eq. (1) may be rewritten as a linear Volterra integral equation
of the second kind with respect to

S

() = f1(t) + p(t) /t +(s)ds + /t K(t, s)< / z(T)dT)ds, )
0 0

0

where

£1(8) = a(t) + yop(®) + 1o / K(t,s)ds, te0,T]. ®
0

We look for an approximatiom to the solutionz of Eq. (7) in S,S:{(Hyv),
m,N € IN. We determiney = v®™) ¢ S )(II5) (m > 1) by the collocation
method from the following conditions:

vj(tje) = fi(tir) —l—p(tjk)/v(s)ds—l—/K(tjk,s)<

0 0
k=1,...,m;j=1,....N.

U(T)d7> ds, (g

o,

Herev; = U‘[t- )] is the restriction ofv to [t;_1,t;], 7 = 1,...,N, and
J— J

the function f; and the set of collocation pointg;;} are given by (8) and (6),

respectively. Having determined the approximatidor » = ¢/, we can determine

also the approximatiom for y, the solution of the Cauchy problem {(1),(2)},

setting

t
u(t) = yo + /v(s)ds, tel0,7]. (10)
0
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Brunner et al. f] have proved the following convergence result for method
{(9).(10)}.

Theorem 1. Assumg3) and let the collocation pointé) be used. Then for all
sufficiently largeN € IN and for every choice of parameteis< n; < ... <
Nm < 1withn; > 0orn, <1, Eqgs.(9)and(10)determine unique approximations
u € S,(S)(H}”V) andv € Sf{f{(ﬂyv) to the solutiony of the Cauchy problem
{(1),(2)} and its derivative/, respectively.

The following error estimates hold fér= 0 andk = 1:
1)if m<2—v—Ek,then

[u® =y <eN™  for r>1;
2)if m =2 —v —k,then

k) _ (k) N1+ |logN|) for r=1,
1~ ¥l < e § 3o for r=1

3)if m>2—v—k, then

N—r(2—1/—k) fO?“ 1<r< ﬁ7
[u® =y W <e { N1+ [log N)'F for r= gm0, (11)
N—™ for r>520—.

Herec is a positive constant which is independeni\af

To illustrate the theoretical results, tables with numerical experiments in the

casem = 2 forv = —1, 0, 3, 5% are presented. In order to estimate the errors
|lu — ylleo @and||v” — ¢/ ||0, the points
t:i —ti_
Tjk:tj_l—‘rk]l—ojl, k=1,...,9, j=1,...,N

are used. The corresponding error estimates are denoted by
en = {max |u(rjp) —y(mje)| 1 k=1,...,9;j=1,...,N}

and
ey = {max|u/ (7)) — ¢/ (Tj)| : k=1,...,9;j=1,....,N}.

El
EN/2 N/2

The ratios of the actual errosy = = and oy = ~= are presented in the
N

columns with headings in the form(z) and ¢'(xz), wherez is a real number

corresponding to the ratios of the error estimates. In order to save,space
have presented numerical results only f§r = 4,32,256,1024 although the

computations were performed for all valuds= 27, j =1,...,10.

As we can see in Table 1, the observed errorg dlehave exactly according to
the right-hand side of the estimate (11) starting frdim= 32. We may conclude
that in the case of the test equations, the estimate (11) corresponds todihg lea
term of the erroff|u’ — v/|| 0, Which is dominating even for small values &t
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Table 1. Method 1;7; = §, 72 = 3

u:—i r=1 r=1.2 r=14 r=1.6
N EN Q(40) EN Q(40) EN Q(40) EN Q(40)
4794 41 | 6.8E-4 46 | 75E-4 4.4 | 86E-4 4.3
32| 1.3E-5 39 | 89E-6 41 |94E-6 4.2 | 11E-5 4.2
256 | 2.2E-7 39 | 14E-7 4.0 | 14E-7 40 | 1.6E-7 4.0
1024 | 1.4E-8 39 | 85E-9 4.0 | 88E9 40 | 1.0E-8 4.0
N ey d@A ey @8 [  dGBA |y G0
4] 13E2 22 |96E-3 26 |69E-3 32 |55E-3 35
32| 1.0E-3 24 | 44E4 28 | 19E-4 34 | 9.2E-5 4.0
256 | 79E-5 24 | 20E-5 28 |49E-6 34 | 14E-6 4.0
1024 | 1.4E-5 24 | 25E-6 2.8 | 43E-7 34 | 9.0E-8 4.0
v=20 r=1 r=1.333 r = 1.667 r=2.0
N EN Q(40) EN Q(40) EN Q(40) EN Q(40)
4 47E-3 35 |37E-3 40 | 39E-3 4.1 | 46E-3 4.0
32| 1.1E-4 36 |59E-5 40 |59E-5 4.0 | 6.9E-5 4.0
256 | 2.2E-6 3.7 | 9.2E-7 4.0 | 9.2E-7 40 | 1.1E-6 4.0
1024 | 1.6E-7 3.7 | 58E-8 4.0 | 5.7E-8 4.0 | 6.6E-8 4.0
Nley 0RO [ey d@5|ey B2 [ey (4.0
4] 73E-2 19 |47E-2 24 |3.0E-2 30 |26E-2 36
32| 96E-3 20 | 3.1E-3 25 | 96E-4 32 | 42E4 4.0
256 | 1.2E-3 2.0 | 19E-4 25 |3.0E5 32 | 6.6E-6 4.0
1024 | 3.0e-4 20 | 3.0E-5 25 | 3.0E-6 32 |4.1E-7 4.0
1/:% r=1 r=12 r=1.4 r=4
N EN % (28) EN Q(3.5) EN Q(4.0) EN Q(4.0)
4] 32E-3 26 |22E-3 32 |14E-3 39 | 30E-3 38
32| 15E-4 28 | 6.0E-5 32 |30E-5 36 | 295 46
256 | 70E-6 2.7 | 1.7E-6 3.3 |59E-7 3.7 | 38E-7 4.1
1024 | 9.1E-7 2.8 | 1.6E-7 3.3 | 42E-8 3.8 | 2.3E-8 4.0
N | ey 0'(1.4) | ey 0'(L5) | €y 0'(1.6) | ey 0'(4.0)
4| 50E2 13 |45E-2 14 |40E-2 15 |19E-2 26
32| 19E-2 14 | 14E-2 15 |98E-3 16 | 3.3E4 4.0
256 | 6.9E-3 14 | 40E-3 15 | 23E-3 16 |52E-6 4.0
1024 | 35E-3 14 | 1.7E-3 15 |87E-4 16 | 3.2E-7 4.0
V*% r=1 r = 1.455 r=1.909 r =20
N | en 0(2.1) | en 0(3.0) | en 0(4.0) | en 0(4.0)
4] 21E-3 17 |13E3 22 |71E-4 31 |57E-3 11
32| 3.1E-4 20 |57E5 29 |16E-5 3.6 | 14E4 4.7
256 | 3.3E-5 2.1 | 24E-6 29 | 34E-7 36 | 9.3E-7 53
1024 | 7.1E-6 2.1 | 28E-7 2.9 | 25E-8 3.7 | 43E-8 4.4
Nley od@n[ey dAN[ey J@I)[ey (40
4] 23E-2 15 |29E-2 09 |[33E-2 0.7 |57E-2 1.0
32| 33E-2 10 |30E-2 11 |26E-2 1.1 | 3.0E-3 41
256 | 29E-2 1.1 | 23E-2 1.1 |18E-2 11 |35E5 4.0
1024 | 25E-2 1.1 |18E-2 1.1 | 13E-2 11 |22E6 4.0

The observed errors of are also in good agreement with the theoretical
estimates of Theorem 1 except in the cases whéelose to the valug’j‘—y, after
which the maximal theoretical convergence rate is achieved. idfclose to the
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critical value, then the observed convergence rate is smaller than theexheted
by the error estimate (11) but converges slowly to the theoretical valugefTa
better picture of what happens near this value 6f = 1.333) in the case = %
Table 2 is presented. This table shows the dependence of the coroeergémon
the nonuniformity parametet, whenr is increasing by steps of 0.1.

In the proof of Theorem 1 (seé]] it is actually shown that

N
||U _ yHoo < CIIN—T(Z—V) Z lr(?—l/)—m—l’

=1

(12)

which is asymptotically equivalent to (11). In Table 3 we see that the ratiteeof
right-hand side of (12) behave similarly to the observed convergenegwaich
explains the slow convergence of the observed rate to the theoretical one

By a careful choice of the collocation parametgyst is possible (assuming a
little more regularity of functiong, ¢, and K) to improve the convergence rate.

Table 2. Method 1,7, = %,7, = 2, andv

1
2

r=1 r=1.1 r=12 r=1.3
Nlen 028 |env 0Bl [en  0B5) [ en 039
4| 32E-3 26 | 26E-3 29 | 22E-3 32 | 1.8E-3 35
32| 15E-4 28 |9.1E-5 31 | 6.0E-5 3.2 | 41E-5 34
256 | 7.0E-6 2.7 | 3.4E-6 3.0 | 1.7E-6 3.3 | 9.7E-7 35
1024 | 9.1E-7 2.8 | 3.7E-7 3.0 | 1.6E-7 3.3 | 7.7TE-8 3.6
r=14 r=15 r=1.6 r=1.7
Nlen 040)|env 040 [en  04.0) [ en  0(4.0)
4| 14E-3 39 | 13E-3 39 | 1.2E-3 39 | 1.1E-3 39
32| 30E-5 36 |23E-5 38 | 18E5 39 | 16E-5 4.0
256 | 5.9E-7 3.7 | 40E-7 3.9 | 3.0E-7 39 | 25E-7 4.0
1024 | 4.2E-8 38 | 2.7E-8 39 | 1.9E-8 4.0 | 1.6E-8 4.0
Table 3. The ratios of the right-hand side of (12) fer= %
N |lr=11|r=12|r=13|r=14|r=15|r=1.6
4 2.5 2.6 2.8 3.0 3.2 34
8 2.6 2.8 3.0 3.2 3.3 3.5
16 2.8 3.0 3.2 3.3 35 3.6
32 2.9 3.1 3.3 3.4 3.6 3.7
64 2.9 3.2 3.4 3.5 3.7 3.8
128 3.0 3.2 3.4 3.6 3.7 3.8
256 3.0 3.3 3.5 3.7 3.8 3.9
512 3.1 3.3 3.5 3.7 3.8 3.9
1024 3.1 3.3 3.6 3.7 3.9 3.9
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Table 4. Method 1;7 = §,7m2 = 2

v=—1 r=1 r = 1.189 r=1.378 r=1.6
N |enxy 048) |en 0(6.4) | en 0(8.0) | en 0(8.0)
4| 7.8E-4 45| 4.4E-4 6.0 | 3.4E-4 7.1 | 4.2E-4 7.5
32| 7.7E-6 4.7 | 18E-6 63| 73E-7 7.8| 84E-7 8.0
256 | 7.2E-8 4.8 | 6.8E-9 6.4 | 15E9 78| 16E-9 8.0
1024 | 3.2E-9 4.8 | 1.7E-10 6.4 | 25E-11 7.9 | 2.6E-11 8.0
N ey 024 €y 0'(2.8) | ey 0'(3.3) | €y 0'(4.0)
4| 14E-2 22| 11E2 26| 7.7E-3 31]|6.1E-3 35
32| 1.1E-3 24| 5.0E4 2.8 | 2.2E4 3.3 | 1.0E4 4.0
256 | 856E-5 24| 23E5 28| 6.2E6 33| 16E-6 4.0
1024 | 1.5E-5 2.4 | 2.9E-6 2.8 | 5.7E-7 3.3 | 1.0E-7 4.0
V= r=1 r=1.275 r = 1.550 r=2
N | ey 0(4.0) | en 0(5.9) | en 0(8.0) | en 0(8.0)
4| 44E-3 3.8 | 2.1E-3 56| 1.7E-3 7.3 | 2.7E-3 6.6
32| 7.2E-5 4.0| 1.1E-5 58| 3.7E-6 7.7 | 5.8E-6 7.9
256 | 1.1E-6 4.0 | 54E-8 59| 80E9 78| 1.1E-8 8.0
1024 | 7.1E-8 4.0| 1.6E9 59| 1.3E-10 7.8| 1.8E-10 8.0
N ey 0@ [y @Ay @9 [y @0
4| 78E-2 19|54E2 23|38E-2 28|28E2 37
32| 1.0E-2 20| 40E-3 24| 15E3 29| 46E4 4.0
256 | 1.3E-3 20| 28E-4 24 |6.2E-5 29| 72E6 4.0
1024 | 3.2E-4 20| 48E-5 24| 7.2E6 29| 45E-7 4.0
V:% r=1 r =1.533 r = 2.067 r=4
N | ey 0(2.8) | en 0(4.9) | en 0(8.0) | en 0(8.0)
4| 33E-3 26| 1.1E-3 45 | 7.7E-4 6.0 | 2.6E-3 4.5
32| 16E-4 28| 99E6 49| 20E6 75|6.7E-6 7.8
256 | 7.0E-6 2.8 | 84E-8 49| 46E9 76| 13E-8 8.0
1024 | 8.8e-7 28| 3.4E-9 49| 79E-11 7.7| 2.1E-10 8.1
Nley @8 |ey dAN]ey ROy  (40)
4| 53E2 13|39E-2 15|27E2 19| 20E2 25
32| 20E-2 14 |8.2E-3 17| 32E3 20| 36E4 4.0
256 | 7.3E-3 14| 1.7E-3 1.7|38E4 20|56E-6 4.0
1024 | 3.6E-3 14| 57E-4 17| 9.0E-5 20| 35E-7 4.0
V*% r=1 r =1.909 r = 2.818 r =20
N | ey  021) | en 0(4.3) | en 0(8.0) | en 0(8.0)
4| 22E-3 1.7 | 7.3E-4 3.1 | 45E-4 4.7 | 5.9E-3 11
32| 3.2E-4 2.0 | 1.2E-5 4.1 | 1.7E-6 7.1 | 1.6E-4 5.7
256 | 3.3E-5 21| 15E-7 43| 41E9 75| 39E-7 79
1024 | 7.3E-6 2.1 | 81E9 43| 7.2E-11 7.6 | 6.0E-9 8.0
Nley d@|ey d@N]ey A2y (40
4| 25E-2 12| 34E-2 07]|34E2 09]|46E-2 10
32| 35E-2 10| 27E-2 11)|20E-2 12| 24E-3 3.9
256 | 3.0E-2 11| 18E-2 11| 11E-2 12| 37E-5 4.0
1024 | 2.6E-2 11| 14E-2 11| 7.4E-3 12| 23E6 4.0
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Table 5. Method 1;1; = 3*6‘/5,772 = 3+6‘/§
V:—i r=1 r=1.189 r=1.378 r=1.6
N | enx 048) | en 0(6.4) | en 0(8.0) | en 0(8.0)
4| 59E-4 45| 33E4 60|24E4 75|34E4 7.1
32| 58E-6 47| 13E6 64| 47E7 80| 7.0E7 7.9
256 | 5.5E-8 4.8 | 52E-9 6.4 | 9.1E-10 8.0| 14E-9 8.0
1024 | 2.4E-9 48| 1.3E-10 6.4 | 1.4E-11 8.0 | 2.1E-11 8.0
Nley 0@H| ey 0'(2.8) | €y 0'(B3) | £y 0'(4.0)
4| 11E-2 22| 78E3 26/|57E-3 31]|47E-3 39
32| 8.4E-4 24| 3.7E-4 2.8 | 1.6E-4 3.3 | 7.3E-5 4.0
256 | 6.3E-5 2.4 | 1.7E-5 2.8 | 4.6E-6 3.3 | 1.1E-6 4.0
1024 | 1.1E-5 24| 22E6 28| 42E-7 33| 7.2E-8 4.0
v=20 r=1 r=1.275 r = 1.550 r=2
N |eny 0(4.0) | en 0(5.9) | en 0(8.0) | en 0(8.0)
4| 34E-3 38| 16E-3 56| 11E-3 7.7|19E-3 6.9
32| 56E-5 40| 84E6 58| 22E6 80| 396 80
256 | 8.8E-7 4.0 | 4.2E-8 5.9 | 4.2E-9 8.1 | 7.6E-9 8.0
1024 | 5.5E-8 4.0 | 1.2E-9 59| 6.4E-11 8.1 | 1.2E-10 8.0
N ey 020 ey 0'(2.4) | €y 0'(2.9) | )y 0'(4.0)
4|59E-2 19| 41E-2 23|28E-2 28] 20E2 37
32| 7.86-3 20| 3.0E-3 24| 12E-3 29| 34E4 40
256 | 9.8E-4 2.0 | 21E4 24| 46E5 29 |52E6 4.0
1024 | 2.4E-4 20| 36E-5 24 |54E6 29| 33E-7 4.0
y:% r=1 r=1.533 r = 2.067 r=4
N | en 0(28) | en 0(4.9) | en 0(8.0) | en 0(8.0)
4| 27E-3 2.6 | 9.4E-4 4.6 | 5.7E-4 6.2 | 1.9E-3 4.8
32| 13E-4 28| 82E6 49| 12E6 81|56E6 7.7
256 | 5.8E-6 2.8 | 6.8E-8 49| 21E9 82| 1.1E-8 8.0
1024 | 7.2E-7 28| 28E-9 49| 3.1E-11 8.2 | 1.8E-10 8.0
N ey 0@d| ey @) | €y 0'(2.0) | €y 0'(4.0)
4| 41E-2 12| 30E-2 15|21E-2 19| 15E2 3.0
32| 1.6E-2 14| 64E-3 17| 25E-3 20| 26E-4 4.0
256 | 5.7E-3 1.4 | 1.3E-3 1.7 | 3.0E-4 2.0 | 4.1E-6 4.0
1024 | 29E-3 14| 4564 17| 7.1E5 20| 26E-7 4.0
V—% r=1 r = 1.909 r = 2.818 r =20
N |leny 021) | en 0(4.3) | en 0(8.0) | en 0(8.0)
41 19E-3 18| 6.3E4 32[36E4 60]62E3 11
32| 27E-4 20| 89E6 43 |98E-7 78| 16E-4 56
256 | 29E-5 2.1 | 1.1E-7 4.3 | 1.8E-9 8.2 | 3.7E-7 7.7
1024 | 6.3E-6 2.1 | 6.2E-9 43| 26E-11 83| 599 7.9
Nley @) ey @I | €y 0'1.2) | €y 0'(4.0)
4| 25E-2 14|27E-2 09]|27E-2 09]|59-2 1.0
32| 28E-2 10| 22E-2 11|16E-2 12| 28E-3 42
256 | 24E-2 1.1 | 1.5E-2 1.1 | 8.9E-3 1.2 | 2.8E-5 4.3
1024 | 2.1E-2 1.1 | 1.1E-2 1.1 | 6.0E-3 1.2 | 1.7E-6 4.0

Theorem 2. [4] Assume thap, ¢ € C™F17(0,T], K € W™ (A7), m € N =
{1,2,...},v € R\ Z,v < 1 and that the parameters; are chosen so that
the interpolatory quadrature approximatiofblcp(s)ds R~ Z;”Zl Ajp(n;), with
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appropriate weightg A;}, is exact for all polynomials of degree. Then there
existsNy € IN such that for allN > N, the error estimate

Nore) for 1<r<mil
o plle S d NV ogN) o = 3
N—ml for r>m+1

holds wherec is a positive constant which is independenf\af

Numerical experiments in casg = i, N = 2 when the corresponding
quadrature formula is exact for all polynomials up to order 2, are pteddn
Table 4. Numerical results show that the convergence rate is much bettés in th
case (compared with Table 1) and agrees well with the estimate of Theorem 2.

Remark 1. If we use Gaussian paramete(ral 3= f, Ny = 3+f) that are

exact for polynomials of ord&m — 1 = 3, we do not get any further improvement
in the convergence rate, although the actual errors are slightly smalleiocue
smaller error coefficient. The corresponding numerical experimenfsrasented
in Table 5.

5. METHOD 2

The second reformulation of problem {(1),(2)} is based on the integratfon
both sides of (1) ovef0, t). Using this and (2), Eqg. (1) may be rewritten as a linear
Volterra integral equation with respectgo

t
o) = £at) + [ Kaltosly(o)ds,  te 0.1, (13)
0
where
t
fo(t) =yo+ [ q(s)ds, Ks(t,s) K(t,s)d (14)
J o

We look for an approximate solutiom of Eq. (13) in Sf{l)(ﬂ}”\,), m,N € IN:
this approximation: = u™) € S-1(IT%,) will be determined by the collocation
method from the following conditions:
tik
wi(tye) = foltzn) + /Kg(tjk,s)u(s)ds, k=1, m+1j=1.. .N
0
(15)
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Here, f, and K, are defined in (14)u; = u‘[t. ] (j = 1,...,N) is the
— Ly

J
restriction ofu € Sﬁ{”(l‘[}”v) to [t;_1,t;], and the collocation point$t;;} are
given byt;, = tj—1 + n(t; — tj—1), where{t;} are the nodes ofl’y and
0 <m < ... < nmy1 < 1is a fixed system of parameters which does not
depend ory andN.

Theorem 3. [!] Assume(3) and that the collocation pointg6), where
k=1,...,m+ 1, are used. Then for all sufficiently larg€ € IN and for every
choice of parameter§n; } (0 < n; <...< nm41 < 1) the collocation conditions

(15)define a unique approximatianc S,({l) (IT’y) toy, the solution of the Cauchy
problem{(1), (2)}. Then the following error estimates hold
1)if m <1 —v,then

[ —ylloo <ecN™ 1 for r>1,
' — Y|l <ecNT™  for r=1,
[0/ = ¢ ||co0 < ccN™™  for r>1;

2)if m=1-v,then

N~ 11+ |logN|)  for r=1,
Hu_y’OOSC{ Nl for  r>1;
[[u' = ¥'||oc < cN7™(1 4 |log N|) for r=1,
||ul - y/||e,oo <e N7 for r>1;

3)ifm >1—wv,then

| —yl] < [ NTEY for 1<r< BT
Ylloo - N—m=1  for r> 2tl
[ =9 |lee < eN-0Y) for r=1,
N—(=v) for 1<r<
I, < —= — 1—>
W=l <cc{ Nom o 1S

Here the constantsandc, are independent oV and

u = = max max ui(t) —y'(t)]), 0<e<T.
o 3 lese = mae (om0 -y

The corresponding numerical results are presented in Table 6. Thisisable
comparable to Table 4. As we can see, the agreement with theoretical esisnates
very good for all values of andv and we may conclude that in case of the test
equations, the error estimates of Theorem 3 correspond to the leadingfttdren
errors|lu — yl/s and||u’ — ¥'||~, which are dominating even for small values of
N. Moreover, it seems that the estimate for the derivative of the error,
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HU—MMSc{

N7 for 1<r< >

N—™ for r> {7,
may be valid.
Table 6. Method 2; 71 = §,7m2 = 3,13 = 2
I/—*% r=1 r=1.189 r=1.378 r=1.6
N | en 0(4.8) | en 0(6.4) | en 0(8.0) | en 0(8.0)
4 | 2.0E-4 44| 1.1E-4 5.9| 9.8E-5 81| 1.4E-4 7.4
32 | 2.0E-6 4.7| 4.6E-7 6.3| 1.8E-7 8.1| 2.9E-7 8.0
256 | 1.9E-8 4.8| 1.8E-9 6.4| 3.6E-10 8.0/ 5.6E-10 8.0
1024 | 8.3E-10 4.8| 4.4E-11 6.4| 5.6E-12 8.0| 8.7E-12 8.0
Ny @A)y 028y 0BI |y (4.0
4 | 1.7E-2 2.3] 1.2E-2 2.8| 8.8E-3 3.3| 7.2E-3 3.9
32| 1.3E-3 2.4| 5.6E-4 2.8| 2.5E-4 3.3| 1.1E4 4.0
256 | 9.4E-5 2.4| 2.6E-5 2.8| 6.9E-6 3.3| 1.8E-6 4.0
1024 | 1.7E-5 2.4| 3.3E-6 2.8| 6.3E-7 3.3| 1.1E-7 4.0
v=_0 r=1 r=1.275 r = 1.550 r=2
N | en 0(4.0) | en 0(5.9) | en 0(8.0) | en 0(8.0)
4 | 1.1E-3 3.8| 5.1E-4 5.5| 3.8E-4 75| 7.1E-4 6.3
32 | 1.8E-5 4.0| 2.7E-6 5.8| 7.4E-7 8.0| 1.6E-6 7.9
256 | 2.8E-7 40| 1.3E-8 5.9| 1.4E-9 8.0| 3.1E-9 8.0
1024 | 1.8E-8 4.0| 3.9e-10 5.9| 2.3E-11 8.0/ 4.9E-11 8.0
Nley 0ROy @Ay 29|y  0(4.0)
4 | 9.1E-2 2.0| 6.2E-2 24| 4.3E-2 29| 3.3E-2 3.9
32| 1.1E-2 2.0| 4.4E-3 24| 1.7E-3 29| 5.2E-4 4.0
256 | 1.4E-3 2.0| 3.1E4 2.4| 6.8E-5 29| 8.1E-6 4.0
1024 | 3.6E-4 2.0| 5.3E-5 2.4| 7.9E-6 29| 5.1E-7 4.0
v=3 r=1 r=1533 r = 2.067 r=4
N EN Q(28) EN Q(49) EN Q(80) EN Q(80)
4 | 6.8E-4 25| 2.4E-4 4.4| 1.8E-4 7.3| 8.4E-4 3.8
32| 3.3E-5 2.8| 2.1E-6 49| 3.3E-7 8.1| 2.3E-6 7.8
256 | 1.5E-6 2.8| 1.8E-8 49| 6.4E-10 8.0| 4.7E-9 8.0
1024 | 1.9E-7 28| 7.3E-10 4.9| 1.0E-11 8.0| 7.3E-11 8.0
Nley @8]y dJ@nN|ey 20| ey 0(4.0)
4 | 6.3E-2 1.4| 4.4E-2 1.7| 3.0E-2 2.0| 2.5E-2 3.3
32 | 2.2E-2 1.4| 8.9E-3 1.7| 3.5E-3 2.0| 4.0E4 4.0
256 | 7.9E-3 1.4| 1.8E-3 1.7| 4.1E-4 2.0| 6.2E-6 4.0
1024 | 4.0E-3 1.4| 6.2E-4 1.7| 9.8E-5 2.0| 3.9E-7 4.0
v=1s r=1 r = 1.909 r=2.818 r=20
EN 0(2.1) | en 0(4.3) | en 0(8.0) | en 0(8.0)
4 | 4.2E-4 2.3 1.2E-4 52| 1.7E-4 7.9] 3.5E-3 1.0
32 | 5.3E-5 2.0| 1.8E-6 4.3| 2.4E-7 8.6| 8.8E-5 6.6
256 | 5.8E-6 21| 2.3E-8 43| 4.3E-10 8.1| 1.6E-7 8.2
1024 | 1.3E-6 21| 1.2E-9 43| 6.8E-12 7.9| 2.4E-9 8.1
Nley @1y QD) |ey Q2] ey  0(4.0)
4 | 4.5E-2 0.9] 4.2E-2 1.1| 3.8E-2 1.2| 3.6E-2 1.0
32 | 4.0E-2 1.1| 2.9E-2 1.1 2.1E-2 1.2| 2.7E-3 3.9
256 | 3.2E-2 1.1| 2.0E-2 1.1| 1.2E-2 1.2| 4.2E-5 4.0
1024 | 2.8E-2 1.1| 1.5E-2 1.1| 8.0E-3 1.2| 2.6E-6 4.0
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In Table 7 the Gaussian parameters are used. We can see that the agjreeme
with the theoretical estimates is very good, and there is no further improvément

the convergence rate.

Table 7. Method 2;1; = 5_1}?5,772 =1m= 5+1?5
V:—% r=1 r=1.189 r=1.378 r=1.6
N | en 0(4.8) | en 0(6.4) | en 0(8.0) | en 0(8.0)
4 | 2.2E-4 47| 1.2E-4 6.3| 1.0E-4 7.7) 1.5E-4 7.1
32 | 2.0E-6 4.7| A 7E-7 6.4| 2.1E-7 8.0| 3.2E-7 7.9
256 | 1.9E-8 48| 1.8E-9 6.4| 40E-10 8.0/ 6.3E-10 8.0
1024 | 8.4E-10 4.8| 4.4E-11 6.4| 6.3E-12 8.0| 9.8E-12 8.0
Nley 0@H|ey 28|y 0B |y 0(4.0)
4 | 1.5E-2 2.3| 1.1E-2 2.7| 7.8E-3 3.2| 6.4E-3 3.9
32| 1.1E-3 2.4| 5.0E-4 2.8| 2.2E-4 3.3| 1.0E-4 4.0
256 | 8.4E-5 2.4| 2.3E-5 2.8| 6.1E-6 3.3| 1.6E-6 4.0
1024 | 1.5E-5 2.4| 2.9E-6 2.8| 5.6E-7 3.3| 9.9E-8 4.0
V= r=1 r=1.275 r = 1.550 r=2
N | en 0(4.0) | en 0(5.9) | en 0(8.0) | en 0(8.0)
4| 1.1E-3 4.0| 5.2E-4 5.8| 4.2E-4 7.7 7.9E-4 6.6
32| 1.7E-5 4.0| 2.6E-6 5.9| 8.3E-7 8.0| 1.8E-6 7.9
256 | 2.7E-7 40| 1.3E-8 5.9| 1.6E-9 8.0| 3.5E-9 8.0
1024 | 1.7E-8 40| 3.8E-10 5.9| 2.5E-11 8.0| 5.5E-11 8.0
Nley 0ROy @A 29|y  0(4.0)
4 | 8.0E-2 2.0| 5.5E-2 2.4| 3.8E-2 29| 2.9E-2 3.9
32 | 1.0E-2 2.0| 3.9E-3 2.4| 1.5E-3 2.9| 4.6E-4 4.0
256 | 1.3E-3 2.0| 2.8E-4 2.4| 6.0E-5 29| 7.2E-6 4.0
1024 | 3.2E-4 2.0| 4.7E-5 2.4| 7.0E-6 2.9| 4.5E-7 4.0
1/:% r=1 r=1.533 r = 2.067 r=4
N | en 0(2.8) | en 0(4.9) | en 0(8.0) | en 0(8.0)
4 | 6.8E-4 2.8| 2.2E-14 49| 1.8E-4 7.4| 8.7E-4 4.2
32 | 3.0E-5 2.8| 1.9E-6 4.9| 3.7E-7 8.0| 2.6E-6 7.6
256 | 1.3E-6 2.8| 1.6E-8 49| 7.2E-10 8.0| 5.2E-9 8.0
1024 | 1.6E-7 2.8| 6.4E-10 49| 1.1E-11 8.0| 8.2E-11 8.0
Nley 0@d|ey ANy 0ROy  0(4.0)
4 | 5.5E-2 1.4| 3.8E-2 1.7| 2.7E-2 2.0| 2.2E-2 3.2
32 | 2.0E-2 1.4| 7.8E-3 1.7| 3.1E-3 2.0| 3.5E-4 4.0
256 | 7.0E-3 1.4| 1.6E-3 1.7| 3.6E-4 2.0| 5.5E-6 4.0
1024 | 3.5E-3 1.4| 5.5E-4 1.7| 8.7E-5 2.0| 3.4E-7 4.0
V:% r=1 r =1.909 r = 2.818 r =20
N | en 0(2.1) | en 0(4.3) | en 0(8.0) | en 0(8.0)
4 | 5.2E-4 2.2| 1.2E-4 47| 1.3E-4 8.8| 2.9E-3 1.0
32 | 4.8E-5 2.2| 1.5E-6 4.3| 2.6E-7 8.2| 6.8E-5 6.5
256 | 4.8E-6 2.1| 1.9E-8 4.3| 49E-10 8.0| 1.7E-7 7.9
1024 | 1.0E-6 2.1| 1.0E-9 4.3| 7.6E-12 8.0| 2.7E-9 8.0
Nley QAL [ey Q)] ey Q2 |ey  0(4.0)
4 | 3.8E-2 0.9| 3.7E-2 1.0| 3.3E-2 1.2| 3.8E-2 1.0
32 | 3.5E-2 1.1| 2.6E-2 1.1| 1.9E-2 1.2| 2.5E-3 3.8
256 | 2.8E-2 1.1| 1.7E-2 1.1| 1.0E-2 1.2| 3.7E-5 4.0
1024 | 2.5E-2 1.1| 1.3E-2 1.1| 7.0E-3 1.2| 2.3E-6 4.0
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However, if we use collocation parameters that are exact for polynonfials o
orderm+1, itis possible to get superconvergence at the collocation points. Brunne
et al. P] have proved the following result (see Theorem 2.3%}) for nonlinear
Volterra integral equation.

Theorem 4. (adapted to the linear cadegt the following conditions be fulfilled
(V1) The kerneK (¢, s) ism/+p/+1times(m’, p/ € Z, m’ > 1, 0 < ' < m'—1)
continuously differentiable with respecttos for t € [0, 7], s € [0,1),

and satisfiegd) withi + 7 <m’ + ' + 1, v/ € (-0, 1).

(V2) f € C™HHH1Y (0, 7).

(V3) The collocation point$6) are generated by the knotg, j = 1,...,m/ ofa
quadrature formulafo1 PE)dE = D wip(mi), 0 < < ... <y <1,
which is exact for all polynomials of degre€ + 1/, 0 < p/ <m/ — 1.

(V4) The scaling parameter = r(m/, v/, u’) > 1 is subject to the restrictions

I ! 11—/
1—-v 2—v
!/ / !/
1
T>L,T mprl if W+1<1-v <m,
1—-v 2—v (16)
/ !/
1
’I’ZM,T>1 if 1—v =m,
2—v
/ !/
1
> il e if 1—v >m.
2—v
Then the approximate solutiane Sq(ﬂ_,l)(l'[}”\,) of the equation
t
/K (s)ds+ f(t), 0<t<T,
0
satisfies the error estimate
N*1 if V<0,
max [utye) —y(typ) <eN™™ ¢ N7'(1+1logN) if v/ =0, (17)
=1 N N (1-+) if V>0,

wherec is a positive constant which is independenf\af

For superconvergence at the collocation points for sufficiently laryesafr,
in case of Volterra integro-differential equations (1), we obtain the folgwesult
from Theorem 4.

Theorem 5. Let the following conditions be fulfilled
)p € C™20,T],q € C™0,T), K € W'?(Ar),m € N,
—oo < v < 1.
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2) The collocation point$6), wherek = 1,...,m + 1, are generated by the grid
pointst; = T'(j/N)", j = 0,..., N, and by the knotg);, j = 1,...,m + 1,
of a quadrature approximatio[fo1 o(s)ds ~ 221:11 Agd(ng), 0 < < ...
< nm+1 < 1, with appropriate weightg A, }, which is exact for all polynomials
of degreen + 1.

3) The scaling parameter = r(m, v) > 1 satisfies the inequality > g%ryl

Then with the notation of Theoreif8), the error estimate

t) —y(ta)| < eN—™=2 18
pop,max N\u(gk) y(tjk)| <c (18)

holds wherec is a positive constant which is independenf\af

Proof. We consider the linear Volterra integral equation (13)

t

y(t) = Folt) + / Ks(t, s)y(s)ds, t€0,T),
0

where
fa(t) =yo + /q(s)ds, Ks(t,s) = p(s) + /K(T, s)dr.
0 s

It is easy to check that ip € C™2[0,T], K € W™2¥(Ar), thenK, €
wmt2v=1(Ar) and ifg € C™T17(0, T), thenfy € C™+2v =10, T).

In our notation, the assumptions (V1)—(V3) of Theorem 4 are satisfied if
m' =m+1, vV =v—1<0,andy’ = 0. It remains to check the restrictions on
the scaling parameter= r(m, v) > 1. Assume that = r(m, ) > 1 satisfies the
inequalityr > % We shall show that then it also satisfies the conditions (16).

We see that the first cage- v/ < i/ + 1 (i.e. 2 — v < 1) never holds.

Forthe secondcas€ +1 <1—-v <m/,ie.1 <2—-v <m+1,ie.
0 <1 — v < m we must show that

S m m+1
T =
1—v 2—-v’

which is satisfied, and

m' +p +1  m+2
2—v  3—-v

(19)

r>

For the last equality we find the difference

m+1 m+2  m+rv-—1
2—-v 3-v (2-v)(2-v)
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which is greater thaf, becausen > 1—v,i.e.m+v—1 > 0, and the denominator
is positive as well. It means that the condition (19) is also satisfied.

fl1—v =m',i.e.2—v=m+1,thenr > m/;_“l:frl = 153/;,'1 = 1 and other
restrictionr > 1 gives us the condition > 1, which is satisfied, since in our case
r>mEl

2—v .,

If 1— v/ > m’, then2 — v/ > m’ + 1 and we get that > “H+ —
follows from the condition- > 1.

We have shown that the restrictions (16) are satisfied. Siheerv — 1 < 0,
we get from (17) the error estimate (18). O

Numerical results about superconvergence are presented in Tallles Bhe
errors at the collocation points are denoted by

On = {max |u(tjy) —y(tj) : k=1,....m+1;j=1,... N}

In Table 8 we can see that for sufficiently large values @f > g%}) the numerical
results are in good accordance with the theoretical error estimate oférhé&orThe
notationp(?) in this table indicates that the theoretical convergence rate is unknown
for the corresponding values ofandwv.

Table 8. Method 2,7 = 1,10 = 3,13 = 3

v=—1 r=1 r=1.189 r=1.378 r=1.6
N | on o(?) | on o?) | On  0(16.0) | on  0(16.0)
41| 23E5 9.1 | 1.1E-5 12.6| 1.3E-5 149 | 2.1E-5 13.2
32| 28E-8 94 | 41E-9 14.2| 3.4E-9 158 | 5.7E-9 15.8
256 | 3.3E-11 9.5 | 1.4E-12 14.3| 8.5E-13 15.9 | 1.4E-12 16.0
1024 | 3.7E-13 9.5 | 6.9E-15 14.4| 3.1E-15 16.8 | 4.4E-15 194
V= r=1 r=1.275 r = 1.550 r=2
N [ dn o(?) | On o?) | o~n  0(16.0) | dn  0(16.0)
41 99E-5 6.4 | 34E-5 11.3| 29E-5 153 | 7.1E-5 12.2
32| 24E-7 7.7 | 1.8E-8 13.0/ 7.0E-9 16.1 | 1.6E-8 16.5
256 | 49E-10 8.0 | 7.0E-12 13.7| 1.7E-12 16.0 | 3.8E-12 16.1
1024 | 7.8E-12 8.0 | 3.7E-14 13.8| 6.7E-15 15.9 | 1.5E-14 16.0
V:% r=1 r=1.533 r = 2.067 r=4
N | on o(?) | on o?) | On  0(16.0) | o0n  0(16.0)
4| 12E-4 54 | 3.1E-5 11.8/ 5.1E-5 13.2 | 3.7E-4 5.8
32| 6.0E-7 6.0 | 1.5E-8 13.1| 1.2E-8 16.0 | 1.6E-7 15.0
256 | 29E-9 5.9 | 6.2E-12 13.6| 3.1E-12 16.0 | 4.1E-11 15.9
1024 | 8.6E-11 5.8 | 3.3E-14 13.7| 1.1E-14 16.5 | 1.6E-13 16.3
y—% r=1 r = 1.909 r = 2.818 r =20
N | don o(?) | on o(?) | on 0(16.0) | o0y 0(16.0)
4| 33E-4 27 |54E-5 69| 70E5 94 |19E-3 1.0
32| 5.6E-6 4.3 | 3.0E-8 13.1| 1.7E-8 16.4 | 3.3E-5 8.0
256 | 6.7E-8 4.5 | 1.2E-11 14.0| 4.0E-12 16.0 | 9.9E-9 16.7
1024 | 3.3E-9 4.5 | 5.6E-14 14.4| 5.5E-14 45 | 3.9E-11 15.6
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By analysing the numerical results corresponding to smaller valuegrok
%) we can deduce the following conjecture:

Conjecture 1. Let the conditiond and2 of Theoren® be fulfilled. Thenwith the
notation of Theorers, the error estimate

N—T(B=v) for 1<r< ’g‘ff,
cmaxu(tyy) =yt S eq N1+ logN)  for v =552
Shpmdh N—m=2 for r>mE2

holds wherec is a positive constantvhich is independent af .

(20)

To confirm the error estimate (20), Table 9 is presented, where the tivabre

convergence rate corresponding to Conjecture 1 is typed in bold-face.

As we can see in Table 9, the observed errors are in good agreemethevith

estimate (20). Similarly to Table 1,ifis close to the valu(%fj—y2 = 1.6, after which
the maximal convergence rate is achieved, the observed convergémeesmaller
than the predicted one, but approaches slowly to the predicted theovetigal

In Table 10 we have used the Gaussian parameters.

As we can see, the

numerical experiments in this case are in good agreement with the error estimate
(20) and do not give any further improvement in the convergencelrathis table
the theoretical convergence rates that do not follow from Theorem &gain typed

in bold-face.
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Table 9. Method 2;7; = 1,72 = 3,13 = 3, andv =

r=1

r=1.1

r=12

r=13

on  0(5.7)

N 0(6.7)

on  0(8.0

N 0(9.5

32
256
1024

12E-4 54
6.0E-7 6.0
29E-9 5.9
8.6E-11 5.8

8.7E-5 6.4
24E-7 7.2
7.1E-10 6.9
1.5E-11 6.8

6.1E-5 7.7
1.0E-7 85
1.7E-10 8.2
2.6E-12 8.1

43E-5 9.1
4.6E-8 10.0
5.1E-11 9.6
5.6E-13 9.5

r=14

r=15

r=1.6

r=1.7

on 0113

on _ 0(139

on _ 0(16.0

on _ 0(16.0

32
256
1024

3.6E-5 91
2.6E-8 114
1.8E-11 11.3
1.4E-13 11.3

3.2E-5 10.9
1.7E-8 12.7
7.7E-12 13.1
4 5E-14 13.2

3.1E-5 128
1.3E-8 13.9
4.3E-12 145
2.0E-14 14.7

3.3E-5 13.9
1.1E-8 14.8
3.1E-12 15.3
1.3E-14 15.6

r=1.8

r=1.9

r=2.0

r=2.1

on _ 0(16.09

on _ 0(16.0

on _ 0(16.9

Sy o(16.0)

32
256
1024

34E-5 148
1.0E-8 15.3
2.7E-12 15.8
1.0E-14 16.0

3.9E-5 145
1.1E-8 15.7
2.6E-12 15.9
1.0E-14 16.2

4.6E-5 13.7
1.1E-8 15.9
2.8E-12 16.0
1.1E-14 16.2

54E-5 13.0
1.3E-8 16.0
3.2E-12 16.0
1.2E-14 16.6



Table 10.Method 2;n; = 51&

0

M2 = %,7732

54+15
10

r=1

r=1.189

r=1.378

r=1.6

on  0(9.5

(SN Q(14@

on _ 0(16.0)

5y 0(16.0)

7.3E-6 9.2
8.7E-9 95
1.0E-11 9.5
1.1E-13 9.5

3.1E-6 142
1.0E-9 145
3.4E-13 14.6
4.1E-15 5.7

47E-6 143
1.2E-9 158
3.1E-13 15.8
4.8E-15 4.7

7.8E-6 12.6
2.2E9 157
5.6E-13 15.9
59E-15 6.5

r=1

r=1.275

7 = 1.550

r=2

on _ 0(8.0

51\/ Q(143

on _ 0(16.0)

Sy 0(16.0)

3.6E-5 7.1
79E-8 7.8
1.6E-10 8.0
2.5E-12 8.0

1.2E-5 12.6
46E-9 14.0
1.6E-12 14.2
8.1E-15 14.2

19E-5 124
5.6E-9 15.6
1.4E-12 16.0
5.5E-15 15.8

43E-5 9.8
15E-8 15.2
3.9E-12 15.9
1.5E-14 16.0

r=1

r = 1.533

r = 2.067

r=4

on  0(5.7)

51\/' 9(143

on _ 0(16.0)

5y 0(16.0)

3.8E-5 5.8
19E-7 58
9.7E-10 5.7
3.0E-11 5.7

6.9E-6 14.0
20E-9 1438
6.7E-13 14.4
3.3E-15 14.3

1.6E-5 129
3.7E-9 164
8.7E-13 16.1
5.3E-15 10.8

1.2E-4 59
5.1E-8 154
1.2E-11 16.2
5.1E-14 15.0

r=1

r = 1.909

r = 2.818

r=20

on _ 0(43

on _ 0(16.0

on _ 0(16.0)

Sy 0(16.0)

15E-4 35
21E-6 44
23E-8 45

1.1E-9 45

24E-5 157
45E-9 17.0
9.9E-13 15.8
48E-14 2.2

9.1E-5 10.0
2.1E-8 16.3
4.6E-12 16.6
6.4E-14 5.1

25E-3 1.0
40E-5 8.8
1.2E-8 15.6
4.6E-11 16.6

6. COMPARISON OF METHODS 1 AND 2

Theoretical estimates and numerical experiments show that, in terms of uniform
convergence, Method 2, with arbitrary collocation parameters, for ctingpu
approximate solution, as well as an approximation for the derivative oblbbéan,
is equivalent to Method 1 if the conditions of Theorem 2 are satisfied.

An advantage of Method 2 is that if we use a special choice of collocation
parameters, it is possible to obtain faster convergence (supercengejgat the
collocation points.

Considering that in the case of Method 2 witke Sﬁ;l)(HN), the complexity
of implementation and computation time are comparable to those of Method 1 with

v E Sr(n_l)(HN) (u e Sﬁ?}rl(HN)), Method 1 seems to be preferable to Method 2
if the assumptions of Theorem 2 hold.
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Teoreetiliste veahinnangute optimaalsus lineaarse

ndrgalt singulaarse Volterra integro-diferentsiaalvorrandi

lahendamisel splain-kollokatsioonimeetoditega

Inga Parts

On vaadeldud kahte splain-kollokatsioonimeetodit Volterra integro-diferen

siaalvdrrandi lahendamiseks, toodud &ra vastavad koonduvustedrge soori-

tatud hulgaliselt numbrilisi eksperimente teoreetiliste hinnangute optimaalsuse
kontrollimiseks. Teoreetiliste tulemuste puudumise korral on numbriliste ekspe-

rimentide baasil pistitatud hiipotees meetodi koonduvuskiiruse kohta.
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