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Abstract. Numerical integration over the unit square of functions having a weak singularity
at a vertex is considered. The cubature formula resulting from using in both directions a one-
dimensional composite quadrature formula on graded grid is studied. The dependence of the
error of the cubature rule on nonuniformity of the grid is investigated and the conditions for the
grid under which the method has the maximal possible convergence rate are found. Theoretical
results are verified by numerical examples in the case of the Gaussian quadrature.
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1. INTRODUCTION

We consider numerical evaluation of the double integral

jjf(m,y)dmdy, 1)
00

where the integrand is continuous in the unit square
G={(z,y): 0<z<1,0<y<1}
and satisfies the condition
[f@y)| <@ +y) ™" @y ed, @)
where0 < v < 2. Such a function is in general unbounded at the or{Qir).
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If the integration region is a rectangle and the integrand has a weak singularity
at its vertex, then we can get with the help of an affine transformation the integral
(2). But if the integrand has a weak singularity at a point in the rectangle or on
a side of it, then we can divide this region into two or four rectangles so that the
integrand has a singularity only at a vertex of each of the new rectangles. It is
necessary to compute such integrals, for example, when solving weakly singular
integral equations by the collocation method (see, €., [

If the integrand function has a singularity, then the convergence of standard
quadrature methods may be very pod}. [ The present paper deals with the
cubature formulas which we get using in both directions a one-dimensional
composite quadrature formula on graded gfid]] We choose the grid points so
that a high-order convergence is obtained. The use of such quadrature formulas for
the solution of one-dimensional weakly singular integral equations is studigl in [

Note that in f*7] the adaptive quadrature for functions with a point singularity
is studied. But if the type of the singularity is known, it is better to determine a
suitable grid in advance, instead of using an adaptive method.

We shall construct an appropriate cubature formula for the evaluation of the
integral (1) in the following way.

We use a one-dimensional quadrature formula

1 m
[ o(©de~ Y waley) 3)
-1 p=1

which is exact for all polynomials of degrege 0 < m — 1 < p < 2m — 1, for
instance, for the trapezoidal ruile = 2 andu = 1, for Simpson’s rulen = 3
andp = 3, for Gaussian quadrature= 2m — 1. We assume that the knots of the
formula (3) satisfy the conditions

1< <EH <. << 4)

and the weightsy, > 0,p =1,...,m. Then

D w,=2. (5)

We divide the interval0, 1) with grid points

i\T .
J}Z:<N> , t=0,1,...,N,

into N subintervals(z;_1,x;), ¢« = 1,...,N. Here the real number > 1
characterizes the nonuniformity of the grid. if= 1, then the grid points are
uniformly located. Using the transformation
1
T = x;—1+ §(§ + 1)(%, — a:i_l),
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we transfer the knots int:; 1, z;]:

Eip="=Ti—1+ = (fp—i—l)( —xi—1), p=1,...,m. (6)

Then from (3) it follows

/ J(x)dxz;(:xi—xi_l)z;pr(fip), i=1,...,N. (7)
- p=

As in general the integranfi(z, y) is unbounded in the neighbourhood of the
origin (0, 0), then by constructing the cubature formula we replace it Wit the
(small) square

Gu={(z,y):0<z<z,0<y<uz}

if (x G
fN(w,y):{ 0 : (z,y) € G,

and denote

f(x,y) if (:Evy) € G\éll-
The corresponding error

QO = / (@, y) — f(a,y)ldedy = / f (. y)dady.

G G11

We denote .
J(z) Z/fzv(x,y)dy- (8)
0

Using the formula (7), we get

11
//fa:yd:ndy—
0 0

J(x)dx + QN

O\H

1 m
5(96' — Ti-1 Z’ij(fz‘p) + QN + Ry
1 p=1

m N
— T 1 E wa — —Tj_ 1
p=1 Jj=1

I
&MZ

2

Il
-MZ
l\:>\>i

—

o

Il

_-
AR

x> wofn(Eip &) + Qn + R + S,
q=1
whereR,, andsS,, are the errors of quadrature formulas.
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So we get the cubature formula

11 N m

1
[ [ ety = 3 o= wi)ws — i) 3wl €
0 0 3,j=1 p,g=1

+QN + Ry + Sy . 9)

Here and below, if eithef;; = z;_1 or &, = x;, then we define the value of a
function at{;; or &;,,,, respectively, as the limit from the right or from the left. Thus
fN(glpaflq) =0 andi(gipygjq) = f(gipagjq) ifi>1 Orj > 1.

To estimate the error of the formula (9), we assume that the integr@nd,)
has in the squaré& continuous partial derivatives with respectt@ndy until the
ordery + 1 and satisfies the conditions

u—i—l
aut1 (10)
‘8 pu+1 f( )‘ < 02(332 + y2)—(u+/.l,+1)/2’ ('Ia y) €qG.

We present two examples of the functions which satisfy the conditions (2) and
(10). In these exampleis(z, y) is a function which has on the closed squéfe
continuous partial derivatives with respectt@andy up to the ordey: + 1.

1. The function

F@,y) = (mz +2y) " (1322 + 11y?) "2 h(z,y)

satisfies the conditions (2) and (10) with= o + 3 if 0 < a + 8 < 2 and~y,,
p =1,2,3, 4, are positive constants.
2. The function

Fl@,y) = (nz +72y) " (2% + 7ay>) Y2 [log (522 + 7652)] bz, )

satisfies the conditions (2) and (10) with= o+ 8 +cif 0 < a+ (0 < 2,
k is a positive integer angl,, p = 1,2,...,6, are positive constants. Hesrds an
arbitrary (small) positive constant such that- 3 + ¢ < 2.

It is well known (see, e.g.?]) that if integrandf € C**t1(G) andfn(z,y) =
f(z,y) (then@Qy = 0), then the maximal possible convergence fate + Sy =
O(N—#~1) is obtained in the case of a uniform grid £ 1). In the next section
we show that the same convergence rate can be achieved also for the integrands
satisfying the conditions (2) and (10) if we choose an appropriate graded grid.
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2. THE ESTIMATE FOR THE ERROR OF THE CUBATURE FORMULA

For the convergence rate of the cubature formula (9) the following result is
valid.

Theorem. Let the following conditions be fulfilled

1. The quadrature formulg3) is exact for all polynomials of degreg,
0<m~—-1<p<2m -1, its weightsw, > 0, p = 1,...,m, and its knots
satisfy the condition&).

2. The integrandf(z, y) is continuous and has continuous partial derivatives
with respect tar andy up to the orden: + 1 in the square= and in this square the
estimateg2) and(10) (where0 < v < 2) hold.

3. In the formula(9) grid pointsz; = (i/N)",i = 0,1,...,N,r > 1, and
knots¢;, are expressed in the for(6).

Then for the error of the cubature formu() the following estimates hald

N7T@=) g < < L

Qv + By +Sy| <c{ N#'InN if r= 4t (11)
—u—1 . +1
N—H if r> 5

Proof. We shall estimate the erro€sy, Ry, andSy separately.
Using the conditions (2) and the change of variables

x = pcos, y = osinb,

we estimate
r1 T1 Tr1 X1
vl = | [ [ faudeds| <co [ [ (a4 02) " dndy
0 0 0 0
/2212

< co/ / Q_”Hdgdé?:c;ga:%*”.
0 0

Asz; = N7", we get
|Qn| < esN ) (12)

To estimateR y and Sy, we use some ideas fromq. If © > m — 1, then in
addition to the knotsy, . . ., &, we fix in the interval—1, 1) additionaly — m + 1
Knots&, 11, ..., &u+1 SO thaté; # &; if 7+ # j and generate by the formula (6) the
corresponding knots;, € (x;—1,2;),p=m+1,...,p+1,i=1,...,N. We
define the interpolation projectdty by the formula

pA1

(PnJ)(x) = J(&p)eip(z), @€ (win,2i), i=1,...,N,
p=1
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where

ptl 5
— &g
Pip\ L) = .
p( ) ;ql_[l gip - fz’q
q#p
Then(PyJ)(z) is on every intervalz;_1, z;), i = 1,..., N, a polynomial of the

degree not exceeding

(PNJ)(élp):J<§lp)7 pzla"'aﬂ+17i:17"'7N7

and
ptl
§£—&
sup  |@ip(x)| = sup =d
Ti—1<x<T; | P ’ —1<¢<1 H gp - gq P
q#p

does not depend anand V.
Let J(z) be defined by the formula (8). Due to the exactness of the formula (7)
for the polynomials of the degreewe have

1
Ry = / [J(z) — (PyJ)(x)]da.
0

Let v(x) be an arbitrary polynomial of the degree not exceeding Then
(Pnv)(z) = v(z) and

< sup  |J(z)—v(@)|+ sup |(Pyv)(z) - (PnJ)(z)]

Ti1<x<z; Ti—1<x<z;

< (1—|—I§dp) sup ‘J(x)—v(xﬂ
p=1

T, 1 <x<x:;

If v(x) is the Taylor polynomial

then
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and therefore

x

/(x — )P JE ) (5)ds|, (13)

Ty

sup  |J(z) — (PnJ)(z)| <c  sup

Ti—1<x<T4 T, -1 <x<T;

1=1 N.

g ey

By ¢ we denote a constant whose value changes from time to time and which does
not depend on, j, andN.

If z € (0,z1), then with the help of (10) we estimate

1
ut+1
’J(““)(l‘)’ = ‘/36 (@ dy‘ gCl/($2+y2)(V+M+1)/2dy

z1

cl/y”“ldy <cx;TH.

1

IN

Butif x € (z1,1), then

1

ot — (v
‘J(“H)(az)‘ - ‘/8 erf T,y dy‘ Scl/($2+y2) ( +l+1)/2dy

0
1

< cl/:n_”_“_ldy—l—cl/y_”_”_ldy <ecxTVTH.
0 x

Using in (13) these estimates and the inequaljty;, > 2"x;,7 = 2,..., N, we get

sup }J("L‘) - (PNJ>($)‘ < C(:L"L' - mi*l)“—i_lx‘il}i‘uv L= 1> s 7N>

(2
Ti—1<x<x:;

and therefore

|Ry| = ‘Z/ — (PyJ)(x )]dm‘

CZ({L‘Z — l’ifl)u—ﬂ ;l/i‘u .
i=1

IN

As

,L'r—l

T
x2:<ﬁ> and O<m,—xz1<7“NT,
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we get

=

’RN‘ <cN™T ZZT
=1

and thus
NG i r(2-v)<p+1,
‘RN‘ <c¢{ N InN if r2—-v)=p+1, (14)
N+ if r2—-v)>p+1.

Now we begin to estimate the error

N m N
1 1
SN=Z§(£U¢—$¢71)Z [ (&ip) — Zﬁ i -1 qufN (Sip»&ja) |
i=1 p=1 g=1 =1
If we denote

SN] fzp / In( ip: Y )dy — 7( —Tj- 1) qufN €7«P7€J(])

Tj—

then
N 1 m N
Z 5 xi—l) Z Wy Z SN] gzp (15)
=1 p=1 7j=1
As
pt1
(PNfN gzpy ZfN 5@1975]‘1)9%(1( )
q=1
is in the intervaly € (z;_1,%;), j = 1,..., N, a polynomial with respect tg of

degree not exceedingand(Py fn)(&ip: £jg) = N (Eip, &jq), We have

Zj

Ssl6in) = [ [1(6m0) = (Pufipo) ]y

Tj—1

As fn(z,y) =0, (z,y) € Gi1, we getSni(&ip) = 0,p = 1,...,m. If either
i > 0orj > 1, then estimating as above gives
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‘SNj(fip)‘

IN

(xj—wxj—1)  sup | fn(&py) — (PNIN) (Eipr )|

Tj—1<Y<z;

IN

y i1
/(?J - 5)“wf(fipv y)dy

c(xj —xj_1) sup
Tj—1<Y<z;
z;

< ceplwy —aja)P P (2 1+JC ) e,

Due to (15) and (5) we get

N i 1 m
|3 G i) D S
p=1

j=1

5] =

.
NHM
()

1

+2_ 5@ —zi-1) > prNi(éjp)} ‘
p=1

(]

=1

IA
o)
=5

[Z(% —xi1)(z; — :L‘j,l)’”' ( i+ x ) (v+pt1)/2
=1

7

||
N

@
|
—

_|_ (v+p+1)/2

M

(x Ty — Xj— 1)z — @i 1)u+2( L 1+93z 1)

<.
Il
—

u+3 —v—p—1
T, .

<

M

i Ti— 1
=2

The last inequality is a consequence from the estimates+ +5_, > 27 , and
xj—xj—1 < x; — a1 if 7 <4 Asin estimatingRy, we get here

N-@=v) if r2—-v)<p+1,
S| <e{ N #IlN if r@-v)=p+1,
N-#1 it r2—-v)>p+1.

Together with (12) and (14), the estimates (11) follow.

3. NUMERICAL EXAMPLES

We consider the computation of the integral

11

//1/ 5 dmdy—1504558921379898
(z +2

0 0
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Table 1. The errors of the cubature formula

r=3 r=>5 r=7
N EN ON EN ON EN ON
4 24E-2 3.2E-3 45E-3

8 30E-3 80 13E4 255 16E4 286
16 38E4 80 44E6 288 35E6 454
32 47E5 80 14E7 304 64E8 546
64 59E6 80 46E9 312 11E9 593
128 73E7 80 15E-10 316 18E-11 617
256 9.2E-8 80 46E12 318 28E-13 63.0
512 12E8 80 14E13 320 44E-15 625

The integrand satisfies the conditions (2) and (10) with= 1 for an arbitrary
integery, > 0. We compute the integral by the cubature formula (9) corresponding
to Gaussian quadrature with 3 knots. Then= 3 andu = 5. The errors

en = |@n + Ry + S| and their ratiooy = en/o/en for different values of

r are presented in Table 1. It follows from the estimates (11) that fer3, »r = 5
andr = 7 the ratiospy should be approximately 8, 32, and 64. Compuied
agrees well with the theoretical convergence rate.
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Kahemo6o6tmeline kvadratuurvalem tihes punktis
iIsedrasusega funktsioonide jaoks

Enn Tamme

On vaadeldud integraalide arvutamist ruudukujulises piirkonnas funktsiooni-
dest, millel ruudu Uhes tipus on nork isedrasus, ja uuritud kubatuurvalemit, mille
saab, kui kasutada kummaski suunas liitkvadratuurvalemit ebaihtlasel vorgul. On
selgitatud kubatuurvalemi vea s6ltuvus voérgu ebathtlusest ja naidatud, millise
vorgu korral on saavutatav suurim vimalik koonduvuskiirus. Teoreetilisi tulemusi
on kontrollitud numbrilistes néidetes Gaussi liitkvadratuurvalemi korral.
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