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Abstract. A simple model of cuprate superconductivity with an electron spectrum prepared
by doping is developed. The pair-transfer interaction couples the itinerant band with two
components (“hot” and “cold”) of the defect subsystem. Basic defect-itinerant gaps are
quenched by progressive doping. Band overlaps appear as novel sources for critical doping
concentrations. Insulator to metal transitions in the normal state are expected here. Minimal
quasiparticle excitation energies determine the pseudo- and superconducting gaps according to
the doping-dependent disposition of bands. Two pseudogapscan be present at underdoping
and two superconducting gaps can be manifested at overdoping. Various transformations
and connections between the gaps, pseudogaps, and normal state gaps agree with various
experimental findings. The superconducting density does not reflect the presence of “extrinsic”
gaps because of the interband nature of the pairing. A Uemura-type sublinear plot at
underdoping with further recession is obtained. A mixed Fermi-liquid is restored near optimal
doping where the chemical potential intersects all the bandcomponents.
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1. INTRODUCTION

Extensive experimental data on superconductivity energetic characteristics
have been collected for cuprates [1−14]. However, standardized measurements
covering self-consistently and smoothly the whole energy and doping scales are
advisable. The presence of at least one superconducting gap and one or even
two pseudogaps [4−7] raises a question about the number of superconductivity
order parameters. Indications of the appearance of two superconducting gaps
can be found. The nature of the pseudogap which survives in the normal state
has still remained debatable [15]. “Extrinsic” and “intrinsic” mechanisms have
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been proposed. In the latter case the pseudogap is caused by the fluctuating
superconductivity order (preformed pairs) atT > Tc and an immediate connec-
tion exists between the superconducting gap and the pseudogap. The extrinsic
mechanism looks for the pseudogap source in the normal state electron spectrum.
Bare gaps in it may be due to other types of orderings (in the lattice–
phonon subsystem) or doping. At present this kind of explanation seems tobe
preferable [2,11].

A cuprate superconductor can be considered as a charge-transferinsulator
perturbed by doping. In what follows the excitations in the charge channel will be
considered. The excitations in the spin-subsystem build up an essential associated
partner. Controversial statements on interrelations of cuprate gaps havebeen
made. These concern transformations of superconducting gaps into pseudogaps
on doping, the connection of superconducting and normal state gaps, and the
coexistence of various gaps in distinct doping regions.

We believe that one way to reach a more physical insight into cuprate super-
conducting properties on the excitation–energy–doping phase diagram will be the
elaboration of a simple (possibly partly postulative) model by using the general
knowledge of these systems. The following comparison of the qualitative outcome
with observations can then illuminate the background physics.

Cuprate superconductivity is widely discussed in the two-component
scenario [16,17]. Its essence consists in the statement that a “defect-polaronic”
subsystem bearing doped holes is functioning besides the itinerant valence band
electrons. The framework of the two-component scenario leaves freedom for the
precision of the nature of the electronic background and pairing channels. One can,
e.g., consider as basic ingredients a mainly oxygen band between the Cu-dominated
Hubbard components and a distribution of states created by doping [7,13,18−23] near
the top of this band. Lattice effects enter this scenario through the inhomogeneous
structure of CuO2 planes in doped cuprates (stripes, tweed patterns, granularity)
and the associated electronic phase separation [17,24−27].

Attempts to reflect the two-component scenario by a simple model have been
started in [18,19,28−30]. The present contribution is a generalization, especially
concerning the superfluid density. Our model uses a nonrigid electronic playground
of superconductivity prepared by doping. The “extrinsic” source ofthe pseudogaps
lies in the postulated bare normal state gaps between the defect and the
itinerant states. These will be quenched with progressive doping. The mutual
transformations between superconducting gaps and pseudogaps can be explained
by the change of the nature of the minimal quasiparticle excitation energy on
doping. Correspondingly the pseudogap(s) appears as a gap in the quasiparticle
spectrum. It does not follow the superconducting order parameters anddoes not
compete with them. The connection between pseudogaps and normal state gaps
is due to the mixing of the normal state spectrum with the superconducting gaps
in the quasiparticle energy expression. The fluctuation effects have notbeen taken
into account in this model (cf. [15]).
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The electron spectrum considered in the two-component scenario is nonrigid.
The appearance of a “defect” subsystem besides the itinerant one opens a novel
channel for reaching highTc’s by the interband pair transfer interaction [19,20].
The corresponding two-band superconductivity mechanism [31,32] has been known
for a long time. A number of attempts [33] have been made to use it for cuprates in
connection with the two-component scenario [18,19,26,28−30,34−39]. The interband
pairing interaction operates in a considerable volume of the momentum space and
works for pairing also as being repulsive. It also prevents the manifestation of
normal state gaps in the superfluid density (order parameters) [18,19].

2. THE MODEL

Various data exploited for the choice of the model are presented in [18,19,28−30].
A cuprate electron spectrum created and reorganized by doping is described as
follows. The itinerant (valence) band (γ) states are lying between the energies
ξ = −D andξ(max) = 0 and are normalized to1 − c. Herec is a measure of
the doped hole concentration. It must be scaled for a given case, e.g., by joining
characteristic concentrations on the phase diagram.

The defect subsystem is structurally anisotropic, and this is manifested in
different gap features over the momentum space [1−3,13,40]. The presence of two
pseudogaps [5−7] of different behaviour is impressive. The well-expressed large
pseudogap is connected with the neighbourhood of the “hot”(π, 0)-type Brillouin
zone points. The spectrum at(π

2
, π

2
)-type “cold” points seems to be weakly

gapped [40]. For these reasons the defect system will be characterized by two
subbands for the “hot” (α) and “cold” (β) regions (cf. [36]). These subbands occupy
the energy intervalsd1−αc andd2−βc, respectively, with the weight of statesc/2
(cf. [23]). At underdoping these bands lie above the valence band. Note that the
optical charge-transfer gap is reduced by doping [41]. A progressive doping brings
first theβ-band to overlap with theγ-band atcβ = d2β

−1. A common overlapping
distribution of all the bands starts atcα = d1α

−1. It is known that the infrared
manifestation of the defect band is lost at larger dopings in favour of a Drude peak
of (free) carriers [42].

The 2D (CuO2 planes) densities of states of these bands read:ργ = (1−c)D−1,
ρα = (2α)−1, ρβ = (2β)−1, andβ < α is supposed. There are three qualitatively
different arrangements of the bands and the chemical potential (µ). At c < cβ,
µ = d2 − βc remains connected with the “cold”β-band. At underdoping the
charge carriers are concentrated in this “cold” subsystem in accordance with [13].
For c > cβ, µ = (d2 − βc)[1 + 2β(1 − c)D−1]−1 intersects both (β, γ)-bands.
For the expressed dopings larger thanc0, determined byd1 − αc0 = µ, the role of
the (π, 0)-type region increases essentially (cf. [43,44]). Now the chemical potential
µ = [αd2 + βd1 − 2αβc][α + β + (1 − c)2αβD−1]−1 intersects all the three
overlapping bands.

The valence band is attributed to the hole-poor regions of the material. It
remains the source of antiferromagnetic fluctuations whereas in the defectspace
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distinct spin-structures can be built up (ferrons, polaron aggregates, etc.). This
type of background has been used to describe the underdoped cuprate magnetic
properties [37] and a bridge for explaining the presence of a magnetic pseudogap in
the spin excitation channel opens.

There are also approaches to cuprate superconductivity based on thespecial
role of the van Hove singularity peak in the CuO2 (nondoped) plane spectrum [45].
The constant densities of states used in the present work for the doped spectrum
are crude approximations. However, our joint active spectrum is to some extent
analogous to [44]. The present model takes special account of the strongly perturbed
region near the top of the itinerant band where also the Fermi level is positioned.
The main point is the defectβ-band creation. The relatively large and narrow
density of states of this band shifts to theγ-band top and the whole spectrum
resembles one supposed in “van Hove-type” scenarios. The interbandpairing
channel of the present model works effectively on this background of doping-
driven spectral overlap resonance. Presumably the defect part ofthe spectrum can
be compared with the bosonic (bipolaronic) component of the theories including
bosonization [37,38].

3. BASIC EXPRESSIONS

The cuprate pairing mechanism will be described by the coupling of itinerant
and defect subsystems through the pair-transfer [33] interaction. Superconductivity
is mutually induced in interacting components. The corresponding coupling
constantW contains Coulombic and electron-phonon (repulsive) contributions [33].
Pairs are formed from the particles of the same band.

The intraband contributions [33] are of less significance on the present level of
the model. The basic mean field Hamiltonian reads

H =
∑

σ,~k,s

ε(~k)a+

σ~ks
a

σ~ks
+

∑

~k

∆γ(~k)[a
γ~k↑

a
γ−~k↓

+ a+

γ−~k↓
a+

γ~k↑

−
∑

~k,τ

τ∆τ (~k)[a
τ~k↑

a
τ−~k↓

+ a+

τ−~k↓
a+

τ~k↑
]. (1)

Hereεσ = ξσ − µ; σ = α, β, γ; τ = α, β, and
∑

τ means the integration with the
densities of statesρα,β in the corresponding energy intervals. Usual designations
are applicable for spins (s) and electron operators. The superconductivity order
parameters are defined as

∆γ(~q) = 2
∑

~k,τ

τW (~q,~k) < a
τ~k↑

a
τ−~k↓

>,

∆τ (~q) = 2
∑

~k

W (~q,~k) < a
γ−~k↓

a
γ~k↑

> .
(2)
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The diagonalization of (1) yields the gap equation (Θ = kBT ) system

∆γ(~q) =
∑

~k,τ

τW (~q,~k)∆τ (~k)E−1
τ (~k)th

Eτ (~k)

2Θ
,

∆τ (~q) =
∑

~k

W (~q,~k)∆γ(~k)E−1
γ (~k)th

Eγ(~k)

2Θ
,

(3)

with the usual form of the quasiparticle energies

Eσ(~k) =

√

ε2σ(~k) + ∆2
σ(~k) . (4)

In what followsW will be taken as constant for simplicity. Moreover,∆α = ∆β

is set. At Tc, according to (3) the gaps∆σ tend simultaneously to zero. For
W > 0 two s-type order parameters appear with the opposite signs [33]; Eq. (1)
uses positive∆ values.

The density of paired carriers can be calculated as

ns =
1

2







∑

~k

∆2
γ(~k)

E2
γ(~k)

th2 Eγ(~k)

2Θ
+

∑

~k

τ ∆2
τ (

~k)

E2
τ (~k)

th2 Eτ (~k)

2Θ







. (5)

Performing the integrations (D, d > ∆) at zero temperature, one finds for
c < cβ

ns0 =
1

2

{

∆αρβarctan
βc

∆α
+ ∆γργarccot

d2 − βc

∆γ

}

, (6)

and forc > cβ < c0

ns0 =
1

2

{

∆αρβarccot
d2 − βc − µ

∆α
+ ∆αραarccot

d1 − αc − µ

∆α

+ ∆γργarccot
µ

∆γ

}

. (7)

It can be seen that the presence of the normal state gapd2 − βc does not prepare
a fermionic gap in the superfluid density. At the critical concentrationc = cβ,
ns remains continuous (the second term in (7) tends to zero).

4. THE GAPS

Minimal quasiparticle energies reflect the presence of gaps in the excitation
spectrum of the superconductor. This will be the case also for the pseudogaps,
which appear naturally through the chosen normal state spectrum in the present
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model. The basic source lies here in the perturbative segregation of the fermionic
subsystem by the presence and localization of the doped holes.

In the low underdoped region forc < cβ one has

Eα(min) = ∆l =
√

(d1 − αc − µ)2 + ∆2
α, (8)

Eβ(min) = ∆α, (9)

Eγ(min) = ∆s =
√

µ2 + ∆2
γ . (10)

Further, forc > cβ andc < c0, Eγ(min) will be represented by∆γ asξγ = µ
can be satisfied. Forc > c0 alsoEα(min) transforms into∆α.

In the normal state∆l and∆s survive and one interprets these as pseudogaps.
A pseudogap and the corresponding normal state gap are connected through the
contribution of∆α,γ into Eσ. At T = Tc, ∆α,γ vanish and the superconducting
quasiparticle nature of the excitation is lost. In passing to the optimal doping
the small pseudogap is smoothly transformed into the itinerant superconducting
gap. The large pseudogap regime extends untilc ≥ c0 is reached. The minimal
excitation of the defect subsystem is further determined by the superconducting
gap ∆α. The connection and mutual transformation of the pseudogap and the
corresponding superconducting gap are based on the doping-variable structure
of the spectrum, which changes the nature of the minimal excitation energy of
quasiparticles.

The opening of a pseudogap can be considered as a precursor of thesuper-
conducting gap opening, however, on the doping (not energetic) scale. It appears
as “states nonconserving” (cf. [9]).

Concerning the manifestation of various gaps involved in the model, the
valence band excitations belong to the “hot” spectrum. The “cold” spectrum
is usually considered as nongapped [1−3,40]. If one accounts for thed-wave
symmetry [40] by multiplying ∆α with the corresponding symmetry function,
the “cold” spectrum becomes empty. Note, however, that depending on the
doping level and temperature, the two-band model allows for pured-, s- or
mixed d−s-ordering symmetries [46]. Extreme dopings and low temperatures
favour thes-wave nature. In spite of that the basic gap manifestations appear
in the “hot” spectrum and the “cold” electrons act essentially in building up the
superconductivity highTc, supporting the interband pairing channel.

In summary, the present model allows the appearance of two pseudogapson
low dopings. Further the spectrum involves the large pseudogap and the itinerant
superconducting gap. On overdoping the spectrum is expected to containtwo
superconducting gaps. Then the defect∆α will be manifested by an additional
spectral weight inside∆γ . The superconductivity becomes spectrally exposed to a
full extent on overdoping.

In the case where theβ-subsystem states overlap the itinerant band from the
very beginning, there will be only one defect subsystem pseudogap.
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5. ILLUSTRATIONS AND COMPARATIVE DISCUSSION

The theoretical cuprate phase diagram following from the present modelis
illustrated by Figs. 1 and 2. The following plausible set of parameters has been
used: D = 2, d1 = 0.3 [47], d2 = 0.1, α = 0.66, β = 0.33, andW = 0.28
(eV), for whichTc(max) = 125 K is reached forc = 0.57, cα = 0.45, cβ = 0.30,
andc0 = 0.57. The scaling for a typical cuprate doping is made byp = 0.28c
according to the widely accepted valuep = 0.16 corresponding toTc(max). The
gaps in Fig. 1 are given forT = 0 and the connections between them can be
followed on the doping scale. There seems to be a general agreement with the
findings for cuprates.

Fig. 1. Doping dependences of gaps: 1, the large pseudogap∆l; 2, the small pseudogap∆s;
3, the itinerant system superconducting gap∆γ ; 4, the defect system superconducting gap∆α;
5, Tc. p = 0.28c, pα = 0.13, pβ = 0.085, p0 = 0.16, p(Tc(max)) = 0.16.

Fig. 2. Doping dependences of the superconducting density (curve 1) and of the transition
temperature (curve 2). Curves 3 and 4 represent the normal state gaps. Energetic characteristics
are given in eV.
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The expected common manifestation of two underdoped state pseudogaps
has been established for the La- and Bi-cuprates [5−7]. Another class of
compounds with one charge channel pseudogap (bare nongappedβ-subsystem)
with the ∆l-type behaviour is eventually possible. Smooth transformation of
the small pseudogap into the larger superconducting gap (atpβ) has also been
observed [5,6,13]. The large pseudogap extends to slight overdoping and then
transforms into the defect system superconducting gap as found in [48]. The
pseudogap∆l is attributed to the spectral hump-feature [9,10]. On intermediate
dopings,∆l and the itinerant superconducting gap appear together. They cross
close to the optimal doping. This corresponds to the observations of [9]. Note that
in a narrow doping region the larger superconducting gap exceeds the pseudogap
∆l. The corresponding parameters of the itinerant and defect subsystemsare not
competing. Eventually, the hump is shifted to larger energies with reduced dopings
as observed in [10] and it is preserved forT > Tc on the dopings whereTc is
optimized [9].

Following the connection of the pseudogap with its “own” subsystem super-
conducting gap, it can be seen that the manifestation of a superconductinggap on a
given doping can be substituted by the appearance of the normal state gap(Fig. 2)
for T > Tc in this region. It means that at low temperatures a pseudogap may not
manifest itself on dopings where it will be found in the normal state (cf. [14]). In
general, the pseudogaps persist toT = 0. The rising temperature expands slightly
the region on the doping scale dawn where a pseudogap appears.

The manifestation of both superconducting gaps on overdoping is often
debated. However, the Fermi energy intersects the electron spectrum parts headed
by different band components at different wave vectors and the larger ∆γ can
remain masked.

The temperature dependence of the pseudogaps remains at the presentstate of
the model due to the contribution of the superconducting gaps. This leads to aslow
decrease in pseudogaps withT → Tc [19], whereas the superconducting gaps∆α,γ

reach zero atTc in a “traditional” manner [49] (cf. [48]). However, the formation
of the reorganized spectrum by doping is projected on the phase separation into
hole-rich and hole-poor regions. This process is expected to be influenced by
temperature. Correspondingly a high-temperature limit for the formation of the
bare gaps between itinerant and defect states can appear. This circumstance can
limit the existence of the pseudogap phase.

Figure 2 represents the behaviour of the superconducting density (T = 0)
together with the normal state gaps andTc. There are no signs of bare “extrinsic”
fermionic gaps in a continuous trend ofns and an argument [15] against the
“extrinsic” source of the pseudogap fails. This is the result of the interband nature
of the pairing. The normal state gaps and pseudogaps and their large ratios to
Tc rise dramatically with the diminishing of doping, whereby the superconducting
gaps and density decrease.

The behaviour of the superconducting density with the expressed maximum
near the optimal doping follows the trends shown byTc and superconducting
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Fig. 3.Transition temperature vs. the superconducting density (the Uemura plot).

gaps. The strength of the pairing and the phase coherence develop andvanish
simultaneously. This corresponds to recent experimental findings [50−54].

In Fig. 3 the calculated Uemura-type [55] plot is shown. On underdoping there
is a sublinear segment connectingTc andns with the further recession and turning
back to zero.

The dynamics of the band overlap in the present model introduces a novel
source for special critical dopings. These correspond to the doping concentrations
where the band components begin to overlap. The metallization of the cold defect-
liquid is reached atcβ . On smaller dopings the formation of doped hole ferrons
and a percolation type superconductivity are supposed [56]. The defect band acts
as a bath of uncompensated spins. One can explain [37] the presence of a magnetic
pseudogap [57,58] in the spin excitation channel on this basis.

The hot defect subsystem metallizes atc0 near the optimal doping. Here all
the three bands of the model overlap and are intersected by the chemical potential.
This means that a common mixed Fermi liquid is formed. The difference between
the defect and the itinerant carriers disappears. The large pseudogap gets lost
when passing this border, where alsons becomes maximal. Here one expects
an insulator to metal transition in the normal phase. When this concentration
is being achieved, the Fermi surface becomes more and more electron-like with
peripheral hole pockets. Experiments on the normal phase [59] show that a quantum
metal to insulator transition appears at a distinctck in the same region wherec0

lies. For smaller dopings the hot quasiparticles become insulating where the cold
quasiparticles remain metallic. Various experimental findings add to the existence
of a critical doping concentration in cuprates [20,60,61], where the properties of the
electron liquid are essentially changed. Supposing thatck = c0, these findings
become qualitatively explained. Such ack is of basic importance in a quantum
critical point scenario [60].

Some further essential properties of cuprates can be relatively simply explained
by two-band models. The two observed electronic relaxation channels [48] and
coherence lengths are a natural property of two-band superconductors [62].
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The transition temperature and effective mass isotope effects can also be
explained by two-band schemes [63,64]. In general, one observes a weak transition
temperature effect for its optimal values and vice versa. This behaviour iscaused by
a contribution of a repulsive electron–phonon interaction in the whole pair-transfer
scattering. This contribution of some percent in magnitude can cause the observed
Tc-shifts. The pseudogap isotope effect [65] seems to be more complicated, being
connected with the changes of both components in the quasiparticle energy.

The present simple model with plausibility elements seems to be able to
reproduce qualitatively the behaviour of energetic characteristics of cuprate super-
conductors. There remains plenty of freedom to fill it in with better substantiated
suppositions and quantitative aspects.
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Kahekomponendiline stsenaarium,
kupraatide seotud pilud ja ülijuhtivustihedus

Nikolai Kristoffel ja Pavel Rubin

On esitatud lihtne mudel kupraatide ülijuhtivuse kirjeldamiseks. On kasutatud
dopeerimisega kujundatud elektronspektrit. Paariülekande tüüpi interaktsioon toi-
mib valentstsooni ja defektsüsteemi komponentide (“kuum” ja “külm”) vahel.
Lähtepilud põhiaine ja defektsüsteemi vahel sulguvad dopeerimise kasvuga.
Tsoonide kattumine osutub uudseks kriitiliste dopeerimiskontsentratsioonide alli-
kaks. Kvaasiosakeste minimaalsed energiad määratlevad ülijuhtivus- ja pseudo-
pilud vastavalt tsoonide dopeerimisest sõltuvale asendile. Seosed pilude, pseudo-
pilude ja normaalseisundi pilude vahel faasidiagrammil on kooskõlas mitme-
tahuliste uurimistulemustega. Ülijuhtivustihedus ei peegelda “väliste” lähtepilude
olemasolu paardumise tsoonidevahelise iseloomu tõttu. On saadud sublineaarne
Uemura-tüüpi sõltuvus aladopeeritud piirkonnas. Fermivedelikuline käitumine
taastub optimaalsel dopeeringul, kus keemiline potentsiaal lõikub kolme kattuva
tsooniga.
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