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Abstract. The seriesy | cxgi(t), where{gx } is a product system defined by a multiplicative
system, is studied. Some sufficient conditionsgenaximal convergence with speed of this

series are found. Also the seri®s < f,w, > gi(t) with f € Lfo.l]’ and {wy} being

a Walsh system is considered. It is proved that this seriagerges almost everywhere for
various product systems. In the last sectionXHeoundedness of this series is discussed.
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1. INTRODUCTION
Let f = {fr};2, be a system of integrable functions nb] satisfying
Ifx(t)] <1 almost everywhere (a.e.) dm, b].
Theproduct systenfg, } of { f} is then given by

go(t) =1 and gn(t) = frg1(t) fry+1(8) - 2 (t) (¢ € [a,0]),

wheren = 270 42" . 42" (ng < ng < ... < ng) is the dyadic representation
of n. If {g,} is orthogonal, theq f; } is calledorthogonal multiplicative If

b
/ Bt =0 forn=1,2...
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then itis said thaf f;. } is astrongly multiplicative systefsee []). For example, the
Rademacher system is orthogonal multiplicative and the Walsh systenie , is
its product system. If

[e.o]

D

n=0

then the systenif;} is calledweakly multiplicativesee ], p. 292). If

1
/
then {f} is called p-weakly multiplicative(1 < p < oo) (see F], p. 330).
Particularly, the systerfif;.} with

b
/ gn(t)dt’ < 00,

2m—1

Z (/ab gn(T)dT>wn(t)

n=0

dt = O(1),

o0

Z(ngn(t)dt>2 < 00

n=0

is 2-weakly multiplicative (see?]).
Clearly, every orthogonal multiplicative system, strongly multiplicative system,
and weakly multiplicative system jsweakly multiplicative.

We first consider the series

> enfr(t) (1)
k=0

and -
> ergn(t). (2)
k=0

Notice that if the serie2) converges a.e. ofa, b] for all (¢;,) € ¢2, then the same
statement is true for the serigb).

In [] it is proved that the serie€l) converges a.e. on [a,b] for all rearrange-
ments of{cy i} if (cx) € ¢? and{f;} is ap-weakly multiplicative system for a
numberp with 1 < p < co.

The serieg2) is calledp-maximally convergent a.e. da, b] if it is convergent

a.e. onfa, b] and
b
/ sup
a N

Theorem A ([1]). A series(2) is 1-maximally convergent a.e. da, b] if (cy) € ¢
and{gs} is the product system offaweakly multiplicative system far< p < oc.

On the other hand, Schipp if][proved

P
dt < 0.

n

> crgr(t)

k=0
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Theorem B ([?]). A series(2) is 2-maximally convergent a.e. da, b] if (c;,) € ¢
and{g } is the product system of a weakly multiplicative system.

In this paper we study-maximal convergence a.e. of the series

> crgr(t)
k=0

in the sense of the convergence with speed. et (\;) be a sequence such that
0 < A\ /" oo. The serieg2), which is convergent a.e. da, b}, is called
1) A-convergent (or convergent with spekda.e. onfa, b] if the limit

lim A\, Z crgr(t)
" k=n-+1

exists a.e. offu, b|;
2) A-bounded a.e. ofu, b] if

o0

> argr(t)

k=n+1

< oo a.e.ona,b|.

sup A,
n

Clearly, theh-convergence implies the-boundedness.

Definition 1. If a series(2) is \ -convergent a.e. ofu, b] and

b
/ sup AP
a n

then it is said that the serig®) is p-maximally\-convergent a.e. ofu, b|.

Definition 2. If the serieq2) is A\-bounded and3) is valid, then it is said that the
series(2) is p-maximallyA-bounded.

P
dt < o0, (3)

[e 9]

> argr(t)

k=n+1

In Section 2 we characterizemaximal-convergence a.e. of the seri@g for
p = 1 andp = 2. For this, we consider the sequence space

3= {c = (ck)]Z)\zcz < oo}

k=0
Obviously,¢3 endowed with the norm

o0

lell= ()"

k=0
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is a Banach space and the sequenges: (dx;)7>, (i = 0,1,...) form a total set
in (&%, 1| 1) (cf. [°], p. 138).
In Section 3 we consider the serigy where

1
cr =< f,wg >::/O f()wg(t)dt (f e Lﬁ)’l})

or
b
=< fooe>i= [ fOa0d (Fe )

and find some sufficient conditions fprmaximal convergence a.e. € p < o0)
of these series.
In Section 4 we characterizemaximal A\-boundedness a.e. of the series

>hco < fogk > gi(t), wheref € LY ..

2. p-MAXIMAL )\-CONVERGENCE

We shall prove the following theorem.

Theorem 1.1f (cx) € 3 and{gy} is the product system of a weakly multiplicative
systemthen the serie§2) is 2-maximallyA-convergent a.e. ofu, b].

To prove Theorem 1 we need the following corollary of the Banach—Staemh
theorem.

Lemma ([7], p. 361). Let D,, (n = 0,1,...) be continuous sublinear operators
from a Banach spaceX to the Frechet spacélf|,; of all functions totally
measurable offu, b]. Suppose that the following conditions hold
1.sup |Dy(z,t)| < co a.e. on[a, b] for everyz € X,
n
2. the limitlim D,,(z, t) exists a.e. offu, b] for everyz from a total set inX.
n

Then the limifim D,,(z, t) exists a.e. offu, b] for all z € X.

Proof of Theorem 1.Let {g;} be the product system of a weakly multiplicative
system. Because

2m—1
Km(t,u) =Y gi(Qwi(u) >0  (t€a,b], ue[0,1], m=0,1,...)

J=0

(see F], p. 293) and the Walsh system is orthogonal, by the Cauchy—Schwartz
inequality we get
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b b, op1om
{/a <kzzockgk(t)>2dt}l/2 - {/a </0 z::Ckwk(T)Km(t,T>dT)2dt}l/2
= {/;( 01(2 Ckwk(T))QKm(t,T)dT> (/01 Kot u)du)dt}1/2
- {/;(Z Ckwk(f))2</ab Km(t,T)dt)dT}l/Q
) | o) o0(E4)"

k=0
Thus the sequendgl,,,) of the continuous linear operators

k=0 v=0

Am 5 [a b (ck) — Z gk (t)

is pointwise bounded. Since

i | Anen) = tid [ (zg,ﬂgk V) ={ [ gwa}”

for eachk = 0,1,..., by the Banach—Steinhaus theorem we have tHat) is
pointwise convergent to a linear operator

A =Ly () =D crgr(t)

which is continuous. Consequently,

hgln{/b( i ckgk(t)>2dt}1/2 =0 foreach(cy) € /3.

k=m+1
Therefore
/ Z cegr(t ) }1/220(1){ i c}zg}l/z ((ck)e[i),
¢ k=mil k=m+1

and using the Minkowski inequality, we have
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k=n-+1
< { bm<ax)\31( Zm: ckgk(t)>2dt}1/2 + {/b)\?n< i ckgk(t)>2dt}1/2
a "M k=n-+1 a k=m+1
§{ bm<ax)\%< Z ckgk(t))Zdt}1/2+O(1){ Z ci)\i}lﬁ.
a ST J—
By Abel’s transformation in view of
m m—1 k n m
Z axug = Z (ar — ar41) ZUV — Qpt1 ZUk + am Zuk (4)
k=n+1 k=n+1 V=0 k=0 k=0
we obtain
b m
{ ’ gza&cA%(an;_lckgk(t))th}l/z
b k 9 1/2 m—1 1 1
< 0(1){/ ZnaX(ch)\ng(t» dt} m<ax)\n ()\_ -3 )
o ksm\f n<m S k+1
A enao)a) [ enaw) u)
a = v=0 a =0
k
= O(l){/b ﬂaﬁ(z c,,)\l,gl,(t))zdt}l/Q.
Then by Theorem B
{[moc2( S anw)a} =0  (eed). ©
nem = k9k = k L
which gives
sup A, i crgr(t)| < oo a.e. onfa,b] for each(cy) € £3. (6)
n k=n-+1

Therefore the linear operators

Dy, : 03 — Mgy, (ck) = An Z ckgr(t) (n=0,1,...)
k=n+1
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are continuous and the statements 1 (cf. (6)) and 2 of Lemma are fulfilled. By
Lemma, the limit

limA, Y crgr(t)

k=n+1

exists a.e. orfa, b] for every(cx) € (3. Hence the serie) is A-convergent a.e.
on [a, b] and2-maximally A-convergent by5). The proof of the theorem is now
complete.

Analogously, if{ g } is the product system of a 2-weakly multiplicative system,
then by orthogonality of the Walsh system we have

/a dt</ chwk
= {/ol(kickwk(ﬂ 1/2 / / K (t,7) )2d7-}1/2
—0

Z crgi(t

m(t T)dt> dr

_ {iCi}1/2{2§1</bgy(t)dt)2}1/2 _ O(l){icﬁ}m.
k=0 v=0 v k=0

Applying the Banach—Steinhaus theorem, we get that for every;

b o0 [e'e
[13 anwa-on{ Y- @)
@ |k=n+1 k=n-+1

By Abel’s transformatior{4) and Theorem A we obtain

b oo
gzagl{/\n Z crgx(t)| dt
a = k=n-+1
b n b o0
:O(l)/ max ch)\kgk(t) dt+/ Am Z ckgr(t)| dt
@ T k=0 @ k=m-+1
b n
—0() [ max |3~ cuhgut)| de+ OW) [ e lg=0(1) 1< g
@ T k=0

Using Lemma we get the following result.

Theorem 2. If (¢;) € (3 and {gz} is the product system of a-weakly
multiplicative systenthen the serie€2) is 1-maximally\-convergent a.e. ofa, b].
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3. p-MAXIMAL CONVERGENCE OF THE SERIES Y < f,wy, > gi(?)
AND > < f,gr > gi(t)

We shall prove the following theorem.
Theorem 3.Let1 < p, ¢ < oo be conjugate exponen([% + % =1)andletf be a

function |nL’[’O 1 If {gx} is the product system ofaweakly multiplicative system
then the series

> < fowk > gi(t) (7)

k=0
is 1-maximally convergent a.e. da, b].

Proof. On the one hand,

b
max
a N<m

> < fowp > gi(t)| dt

k=0
b
:/a max /0 Z < fywg > wi(7) K (t, 7)dr| dt
k=0
<
_/Ogiaéz<f,wk>wk /K (t,7)dt| dT.
On the other hand, fron?], p. 103, it follows that
sup Z < fywg > wi(1)| € L][Do,l]‘ (8)
™ k=0

Therefore by the Hélder inequality

b n
/a max kz_o < fywg > gi(t)| dt = O(1)

dT}l/q —0(1).

1 b q
/ Kon(t, 7)dt

The assertion now follows from Lemma.
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Since by the Holder inequality

- P 1/p
D < fowk > gi(t) dt}

b
{/ max
n<m
@ = k=0
/ E < fywg > wi (1)K, tTdT

U ) X
[ [ >
{

Z<f,wk>wk

"
m(t,T) d7‘ / m(t, 7)dT p/qd }l/p

</w

)5

Z<f7uuc>wk( )

/ }1/17’

_ 0(1){/01%%

by (8) we get

Z<f,wk>wk

p

dt}l/p _ o).

< fowp > gi(t)

b
{ max
a n<m
k=0

Now Lemma leads to the following theorem.

Theorem 4. If {gx} is the product system of a weakly multiplicative systi@n
the series(7) with f € Lo1] (I < p < o0) is p-maximally convergent a.e. on

[a,b].
Set

hn(t) := Z(l - nL—I—l) < f, gk > wi(t),

wheref € Lp and{gk} is the product system of a weakly multiplicative system.
We shall prove thak,, € L? .. Indeed, since (seé])

1
vraisup /
n 0

using the Hoélder inequality, we get

[0,1]"

n

> (1= ()

k=0

dr = 0(1),
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0
- {/01 /01 kznjzo(l 0 f_ 1>wk(t)wk(7) 21/22—01 w, (1) < f, g, > dr dt}l/p
" " P
< {/01 /01 ko(l - ni1>wk(t)wk(7') 2;01wy(7) < f.qn>| dr
X [/01 é(l— nil)wk(t) () dT}p/qd } 1/p
L 2n—1 P ,
201{0.4 kﬁl__éiy%@ ()dtzgwﬁﬂ<fgy>chy/

b
fuw) Ky (u,7)du

a

dT} i

and using the Holder inequality once again, we have

{ / ha(par} "

1){/1 /b|f(u)|pKn(u,7-)du /bKn(u,T)du]p/da}l/p

)P /p /e

D {/ |f(w)] / Ky (u, 1) deu}l {VZ;) /a o0 (0)d }1
U{A\ﬂmpm*uf

Thereforeh(t) := limh,(t) € LI[’O )
coefficients ofh for everyk = 0,1, 2, .

and < f,g, > are the Walsh—Fourier

< h,w, > =/ wy (t hmZ(l——) < fygr > wi(t)dt
0

= hmZ(l — —) < figx > /Olwk(t)wy(t)dt

1%
:hgn<1— n_+1) < figp>=<[f, 90 >

This yields the following result.
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Theorem 5.1f {gx } is a product system of a weakly multiplicative systéman the
series

o
> < figr > gr(t),
k=0
wheref € L? .., is p-maximally convergent a.e. da, b].
[a,b]

4. p-MAXIMAL A\-BOUNDEDNESS

Let {gx} be the product system of a weakly multiplicative system. From
Theorem 4 it follows that the serig§) is for every f € L[a b (1 <p< )

p-maximally convergent a.e. dn, b] (and mLp ]) to some functiory € Lf -
We will prove the following theorem.

Theorem 6. Let{gx} be the product system of a weakly multiplicative system and

let f € L[0 1" If the series

> < fowp > wi(t) (9)
k=0

is p-maximally \-bounded a.e. oD, 1], then the serie¢7) for the samef is p-
maximallyA-bounded a.e. ofu, b].

Proof. Let (s,,) be a sequence of natural numbers. Because the Walsh system is
orthogonal, by the Minkowsky inequality we obtain

p

Cp = {/banga%/\ﬁ i < fywg > gi(t) — g(t) dt}l/p
g{ bﬂa%mp[ Z < frwp > wi(r) — f(7) KSm(t,T)dT}pdt}l/p
max)\p / f(r)Ks,, (t,7)dr — g(t )pdt}l/p.

By the Holder inequality it follows that

b 1 n p
Con < { | manet | > < o> un(r) = J(7)| Kt
/ 1/
x[/ Ksm(t,’l')dT}pth} g
0

b 25m —1 p 1p

+{/ M| 30 < fows > gu(t) — ()] drf
a v=0
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Thus

1 n
C’mg{ max AP kzo<f,wk>wk(7')—f(7')

’ ( / b K., (t,T)dt) dT}l/ 8

g n<m
b R 8 1/p
+ {/ AL Z < fowy, > g, (t) — g(t) dt}
a v=0
1 - 8 1/p
—oM{ [ max X | < fowp > wi(r) - £(7)] dr}
0 nsm =0
b pi 3 1/p
H X <rwsa0-g0] a)”
a v=0

From Theorem 4 it follows that there exists a subsequérgg of natural
numbers such that

b
lim / AP

Therefore we have

P
dt = 0.

25m ]

Z < fywy, > gu(t) _g(t)
v=0

p

1 1/
dT} g + O(1).

Cm = O(l){ max \P

0 n<m

S < fowp > wil(r) - £(7)

k=0

The proof is complete.
Using Theorem 3, we can prove the following theorem.

Theorem 7. Let {gx} be the product system of @weakly multiplicative system
and letf € Lfo 1 Wherezl? + % = 1. If the serieg9) is p-maximally\-bounded a.e.
on [0,1] for f, then the serie$7) is 1-maximallyA-bounded a.e. ofu, b] for the
samef.

Proof. Let (s,,,) be a sequence of natural numbers. As in the proof of Theorem 6,
we obtain

b
D, = max \,,
a n<m

S° < fwn > gi(t) — glt)] dt

k=0

b

1 . n
< [ max\, /0 (kzzo < fyw > wi(T) — f(T))Ksm(t, T)dT| dt

a n<m

1

< max A\, Z<f,wk>wk(7')_f(7') dr
k=0

b
/ K, (t,7)dt

o n<m

25m _1

b
+/ M| 32 < fowy > gu(t) - g0)

v=0

dt.
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By Theorem 3, the seridg) is 1-maximally \-convergent a.e. oja, b]. Therefore
the serieq7) converges inL[la p) @s well. So, there exists a sequence of natural
numberss,,, such that

b
lim / A,

Therefore by the Hélder inequality we have

25m ]

> < fowy > gu(t) — g(t)| dt = 0.
v=0

p

1 dT}l/p

D,, < { max AP
0 n<m

A

and the proof is complete by the hypotheses of theorem.

Z<fvwk>wk(7)_f(7)
k=0

b q 1/
/Ksm(t,r)dt dT} q—I—O(l)
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Multiplikatiivsete slsteemidega maaratud
funktsionaalridade koonduvus ja \-tOkestatus

Natalia Saealle ja Heino Turnpu

Artiklis on kasitletud rida)  cxgr(t), kus susteen{gi} on mingi multipli-
katiivse siisteemi korrutissiisteem, ja leitud piisavaid tingimusi sellg@-eak-
simaalse kiirusega koonduvuse jaoks. On vaadeldud k&drida f, wy > gr(t),
kus f € Lfm] ja {wy} on Walshi susteem, ning tdestatud, et see rida koondub
peaaegu koikjal erinevate korrutisstisteemide korral. T66 viimases nsagitud
selle rea\-tdkestatust peaaegu kdikjal.
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