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Abstract. Gurson-Tvergaard material model has been evaluated by using damage mechanics and
thermomechanics. The evolution law of Tvergaard for the void volume fraction is rigorously
derived. It follows that the modification for rate of the void volume fraction by Chu and Tvergaard
and Tvergaard and Needleman cannot be accepted since it violates the axiom of conservation of
mass. An extension of the Gurson—Tvergaard model has been derived. Using the extended model it
has been shown that under compression there are stress states by which the Gurson-Tvergaard
material model does not satisfy the Clausius-Duhem inequality.
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1. INTRODUCTION

The aim of the present work is the investigation of the Gurson-Tvergaard
material model presented in [?]. This widely used constitutive equation describes
the mechanica response of a porous material under stresg/strain loading.
Temperature effects are not included. Gurson derived his yield function by
describing the mechanical response of the matrix material with a rigid—perfectly
plastic congtitutive equation. Although Gurson prepared yield functions for
different void geometries, the model for spherical voidsisreferred to as the Gurson
model. Tvergaard made a minor change to the yield function proposed by Gurson
in order to describe the hardening of the matrix material. He then added linear
elagtic strain to the total deformation of the porous material. This means that his
model is meant for conditions in which creep effects are negligible. Void
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nucleation and growth mechanisms with elastic{plastic material behaviour are
important phenomena during ductile fracture of materials.

The aim of the present evaluation of the Gurson-Tvergaard material model is
the investigation of the foundation of this model and its formulation within the
thermomechanical framework. The latter will be done to verify whether the
model satisfies the Clausius-Duhem inequality. Damage mechanics forms also a
vital part of the analysis.

There are two widely used modifications of the origina Gurson-Tvergaard
material model. In the first one, Chu and Needleman [*] added an extra term to
the evolution equation of the void volume fraction f. According to [¥], this new
term is due to the nucleation of new voids.

The second modification is developed by Tvergaard and Needleman [*] who
introduced an extra term into the model [*]. Furthermore, in order to describe the
final failure of the material, they introduced athreshold value f.. After reaching
it, the void volume fraction f isreplaced by anew quantity f.(f).

These modified material models are also often referred to as the Gurson—
Tvergaard material model. Thus when referring to the Gurson-Tvergaard
material model one has to explain which version is meant. This study refers to
the Gurson—Tvergaard material model in its original form.

2. POROUS MATERIAL WITH LINEAR ELASTIC MATRIX

Eshelby [°] studied the elastic field in a Hookean material containing an
ellipsoidal inclusion. As a specia case, he determined the value for the comple-
mentary strain-energy density w® of a material containing a volume fraction f
of inhomogeneous spheres. For the purpose of this work the inhomogeneous
spheres are “replaced” by spherical cavities. This is done by assuming that the
values for the elastic constants for the cavities vanish. The spherical cavity
problem was approached earlier by Mackenzie[°], but the form of the result by
Eshelby fits better the needs of thiswork.

The complementary strain energy density w’(e, f) takestheform[?]

1 1 L2, 1 .
W(G,f)zi{m(]ﬁf— Af)[lG] +Z(1+ Bf)S.S] (1)

where 4 and u arethe Lamé congtants. In Eq. (1), the stresstensor ¢ is defined as
a macroscopic stress in the sense shown in Fig. 1. Stress ¢ is the stress which is
averaged over the entire cross-section of the body. This meansthat it is defined also
within the voids. The microscopic stress denoted by o is the stress between the
voids and is therefore defined only outside the voids. In damage mechanics the stress
tensor ¢ is caled the effective stress tensor. The notations s and 1 stand for the
deviatoric dress tensor and the second order identity tensor. According to
Eshelby [*], for spherical cavitiesthe constants A and B take the values
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where v isthe Poisson’sratio.

) 9 According to Malvern [], for a fully recoverable case of
O isothermal deformation with reversible heat conduction the

2 following holds:

)
Y

O RN W(e®) = py (), ©)
w/ where €° is the elagtic strain tensor, w(e®) is the strain
c energy density and w(e®) is the specific Helmholtz free

energy. Evidently, Eqg. (3) allows the following extension:
Fig. 1. A Hookean

i ial with : i
oo citich. We—¢, f)=py(e—g, f), 4

_ where the notation e®:=&—¢' isused. The notations & and
¢' stand for the strain tensor and for the inelastic strain tensor. Equation (4) also
holds for the complementary functions

py (o, f) =W (s, f), (5)

where the specific complementary Helmholtz free energy (o, f) and the
stresstensor ¢ intheinitial configuration are assumed to vanish.
From Egs. (1) and (5), we obtain

¢ 1y 1 L2, 1 .
v(s, f) = 2p{3(3/1+2ﬂ) 1+ Af)[1: 6] 3 (1+ Bf)s.s}. 6)

According to [¥], for the present set of state variables the state equations are

- p2e ), (73
g=p 2] (7b)

In Eq. (7b) the notation g stands for the internal force associated with the void
volume fraction f. Substitution of Eqg. (6) into Eq. (7a) gives

i 1

1
—g=—(@A+Af)l:6l1 + —(1+Bf)s. 8
¢ 3(3;L+2y)( )lie 2ﬂ( ) ®)

In deriving Eq. (8), the following equalities were used:
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06 06 oo
where the deviatoric stress tensor sis defined as
s:=K:o, (10a)
where
1
K: =l - §11. (10b)

Notation | stands for the fourth order identity tensor.
Using Eqg. (10a), Eq. (8) can be written as

1
© T 33@1+2u)

@+ Af)ll:c+2i(1+ Bf)K e, (11)
7

or
g—¢ =S(f):0, (12)

where §(f) is the fourth order compliance tensor for a Hookean material with
spherical voids. It is defined by

~ . 1
S(h):= 3(34 + 2u)

(L4 Af)11+—— A+ BF)K. (13)
24
The compliance tensor §(f) can be divided into two parts:
S(f):=S+ S"(f), (14)

where the compliance tensors Sand S Y(f) are defined as

si=— 1+ 114 Yk, (15)

3(31+2u) 2u

and
svfy=— AT 11, BTy (16)
3(31+2u) 2u
Substitution of Eq. (6) into Eq. (7b) yields

1 A , B
=—|——[1:6]" + —s:S|. 17
J 2[3(3“2/1)[ I } 17
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3. EFFECTIVE STRESS TENSOR

According to Chaboche[%], the constitutive equation for the damaged
Hookean material can be expressed as

6=C(f):s°, (183)
6:=C:g° (18b)

where C(f) is the fourth order constitutive tensor for a damaged Hookean
material. The above model can also be found in the paper by Lemaitre and
Chaboche ['9] although this source contains a misprint. The author has added the
variable f to the congtitutive tensor C(f).

According to ['], the effective stress tensor & is the stress calculated over the
section (of the damaged material) which effectively resists the forces. The same
interpretation for the effective stress tensor ¢ can be found in papers by
Rabotnov [*], Hult [*], and Santaoja["]. Santaoja["] made a simple uniaxial
tube/bar investigation to show the above interpretation for the effective stress
tensor o.

Thus in the material, modelled in this work, the effective stress tensor ¢
describes the stress in the matrix material between the voids. It is of course a
homogenized stress over the representative volume V'™ of the damaged
material.

The inverses of the constitutive tensors C and C(f) are denoted by C™ or
S and C*(f) or S(f), respectively. Multiplying Eq. (18a) from the Ieft by the
tensor S(f) yields

£ =95(f):o, (19)
whichisidentica to Eq. (12). Substitution of Eq. (19) into Eq. (18b) gives
6:=C:S(f):e. (20)

4. GURSON-TVERGAARD MATERIAL MODEL

In Gurson’'s congtitutive equation for modelling pressure-dependent plastic
deformation of metallic materials['], pressure dependence is due to void
nucleation and growth. Gurson evaluated a unit cube of porous material, the void
volume fraction of which was denoted by the variable f. He assumed that the
matrix material, i.e., the material between the voids, can be approximated by the
rigid—perfectly plastic material model. Gurson used the von Mises yield criterion
in determining the onset of plastic yield in the matrix material.

In his evaluation Gurson used two types of variables — macroscopic and
microscopic. He studied a small piece of porous material which he called “a unit
cube of porous material of volume V, large enough to be statistically
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representative of the properties of the aggregate”. The term unit cube is here
replaced by the term representative volume, denoted by V '®. The representative
volume of the material V'™ is large enough to be used in homogenization of
microscale effects in the macroscale material, yet small enough to provide values
for continuous field variables at a given point in a structure. In a macroscopic
material model, the real structure of the materia in the representative volume
V'™ is averaged over this volume, throughout which the macroscopic field
variables have the same values. Values of the microscopic quantities, however,
vary redlistically within V'®. In the following text the terms variable, quantity,
etc. apply to the macroscopic phenomena. Only in cases in which the author
wishes to stress the difference between macroscopic and microscopic quantities
is the term macroscopic used.

By using the upper bound approach, Gurson derived macroscopic yield
functions for materials having different shapes of voids. The result for spherical
voids with fully plastic flow of the matrix material is referred to as the Gurson
model. Theyield function for the Gurson model is[']

F (s, f):{JVM—Y(")} + 2fcosh[1:°J ~1- 2 (21)
(o2
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where J,, () is the von Mises operator and o is the microscopic equivalent
tensile yield stress. According to ['], the quantity oY is the uniaxia yield
strength of the matrix material. The parameter o has afixed value. In Eq. (21),
the variables ¢ and f are macroscopic, which means that they describe the
response of the representative volume V'™®; i.e., they are variables of the ideal
material where the behaviour of the voids and matrix material are homogenized
within the representative volume V™. In the appendix of his paper Gurson
showed that the normality rule holds also on the macroscopic level. Therefore the
normality rule derived in the previous pages of this work can be used with
Eqg. (21).

Some years later Tvergaard [ investigated the influence of voids on shear
band instabilities. He studied the problem numerically using two different
approaches. First, he performed a finite element analysis using a fine microscale
mesh for description of an elastic—plastic medium containing a double periodic
array of circular cylindrical voids. Second, he used a continuum model with a
macroscopic material model for evaluation of the same problem. For his
continuum model analysis, Tvergaard modified Gurson's yield function (21) by
introducing three new material parameters and assuming that the matrix material
shows strain hardening. The latter means that Tvergaard replaced the constant
o’ in Eq.(21) with a variable (describing hardening) denoted by o".
According to Tvergaard, o™ represents the equivalent tensile flow stress in the
matrix material, disregarding local stress variations. Tvergaard [?] introduced the
following yield function:
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F@mw,ﬂz{i%$%>+2Hﬁm$(11f]—a+$f5. 22)
(o2 (o)

He further added to the model elastic deformation, which he assumed to obey
Hooke's law.

Tvergaard introduced his modification in order to obtain a better fit between
the numerical results of his microscopic finite element analysis and the macro-
scopic continuum model [°]. By assuming that the constants q* =q% =q° =1,
that the variable o™ takes a constant value o, and that the elastic deformation
can be neglected as a small quantity, the Gurson—Tvergaard material model
reduces to the Gurson model.

Elastic deformation is described by Hooke' s law which can be written as

6=C:¢° (23)
where the fourth order constitutive tensor C is defined by
C:=A11+2ul". (24)
Here 4 and u are Lamé constants defined by

P vE . E
Taena-20)" YT 2aey

(25)

In Egs. (25) E isYoung's modulus. The fourth-order symmetric identity tensor
1 isdefined by

s. 1 ———
I°:= §(5ik5j| +0,0,, )i, (26)

The evolution equations for the quantity o™, for the void volume fraction
f, and for the plastic strain € are derived next. Although Eq. (21), proposed by
Gurson, contained the void volume fraction f asavariable, he did not give any
evolution equation for it. The expressions for 6™ and f have been derived by
Tvergaard [7].

4.1. Evolution equation for the quantity o™

The (classical) plasticity theory (see, e.g., Santaoja[**]) derives the expression
forc™ as follows. A uniaxial stress-strain curve is drawn for elastic—plastic
material behaviour (Fig. 2). In thiswork the matrix material is assumed to behave
accordingly. The uniaxial strain terms of the matrix material are denoted by ¢™
(total strain), ™ (elastic strain) and ¢™ (plastic strain). The uniaxial yield
stress of the matrix material is denoted by ™. The value of o™ varies with
hardening. Thenotations E™ and E™ in Fig. 2 refer to the Y oung’'s modulus
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Fig. 2. Uniaxia stress—strain curve for an elastic—plastic (matrix) material behaviour.

and the slope of the uniaxial stress-strain curve beyond the elastic region, i.e. to
the tangent modulus of the matrix material, respectively.

Figure 2 gives
do™ =E™ de™, (279)
which yields
my
de™ = dg—mp (27b)
and
do™ =E™ deg™, (28q)
which yields
my
de™e = dg—m (28b)
From Fig. 2 and Egs. (27b) and (28b) follows
de™ =deg™ - de™ = ( E:!-np _E_];“j do™, (29)
which can be written as
gm :(%_E_l’“j a™. (30)

Figure 2 requires the following comments. Young's modulus E™ and the
slope of the uniaxial stress—strain curve beyond the elastic region E™ are
expressed in the extended picture on the right-hand side of Fig. 2. The reader
may notice that the angles are tanE™ and tanE™. This is expressed in the
stress—strain curve on the left-hand side of Fig. 2. Furthermore, E™ is the
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tangent modulus but drawn as a “semi-secant modulus’ in Fig. 2. However, the
picture within the circle is infinitesimal. For infinitesimal quantities the “semi-
secant modulus’ and the “tangent modulus’ coincide. For rate equations, such as
Eq. (30), the difference vanishes completely.

According to Tvergaard [?], at plastic loading the increment of the effective
plastic strain &' in the matrix material with current tangent modulus E' is

gMp =(§—é} oV, (31)

Assuming that £"P varies according to the equivalent plastic work expression
6" =(1-f)o"e"Mr, (32)
the increment of o™ isgiven by

v _ EE'" ¢:&"
E-E'(1-f)o™’

(33)

The above expressions by Tvergaard raise several questions. The first oneis
related to terminology. Tvergaard calls macroscopic deformation, which is due to
(traditional) plastic flow and to void nucleation and growth, “plastic strain”, and
gives to it the superscript “p” [?]. In order to show the difference between pure
plastic flow and the plasticity of porous materials, the author hasin Egs. (32) and
(33) used notation £ and has called it the “void-plastic strain tensor”.

According to Tvergaard [7], the quantity o™ represents the equivalent tensile
flow stress in the matrix materia, disregarding local stress variations. Thus, o™ is
a “semi-macroscopic” or mesoscopic variable. It is obtained by reducing the
multiaxial stress field to a uniaxial one (e.g. by using the von Mises equivalent
stress concept) and averaging it over the matrix material within the representative
volume V™. The (real) macroscopic variables are averaged over the entire
volume of V", Figure 3 explains the difference between the terms “microscopic”,
“mesoscopic”’ (semi-macroscopic) and “macroscopic”. The capita superscript M
refers to mesoscopic.

In order to make some sense of Eq. (31), the quantities ¢™ and E' must also
be mesoscopic. The derivation of Eg.(31) is missing in[°]. As the author
believes that EQ. (30) inspired Tvergaard to write Eq. (31), the latter must
therefore be interpreted as a model. One problem is determination of the value
for the current tangent modulus E'. Since it is a semi-macroscopic variable, it
should be a kind of an integral of the microscopic Young's moduli over the
matrix material in the representative volume V™. Since no stress-strain curve
for mesoscopic material behaviour is available, researchers may use the
microscopic stress—strain relation (sketched in Fig. 2) and they may replace the
microscopic stress o™ by o™ and the microscopic strain €™ by £M. Thusin
practice the axes are mesoscopic but the stress—strain curve is a microscopic one.
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Fig. 3. (8) Values for the microscopic quantities vary within the matrix materia; they are not
defined in voids; (b) semi-macroscopic quantities are obtained by averaging the microscopic values
and by reducing the nine tensor components into one scalar-valued variable; (c) macroscopic
quantities are averaged over the entire volume of the representative volume V"%,

In the “traditional” theory of plasticity, when isotropic hardening is modelled,
two different concepts are often used []. In the following the term “microscopic”
is adopted to show that the quantities presented are microscopic ones in the sense
of this work. The next simplest (after perfect plasticity) hardening assumption —
that the yield surface maintains its shape, whileits size increaseis controlled by a
single parameter depending on the plastic deformation — is called isotropic
hardening. It remains only to specify the size-determining parameter and its
dependence on deformation. Two different schemes have been used for this,
which are different in general but reduce to the same when used appropriately
with the von Mises yield condition.

The first one is the idea of a universal plastic stress-strain curve. With this
concept it is assumed that there exists a universal plastic stress-strain curve
relating two scalar quantities — the (microscopic) effective stress o g (measuring
the size of the yield surface) and the integral of the (microscopic) effective
plastic strain increment deg?. Thus the universal plastic stress-strain curve is
defined by

og =H (jdger}}p ) (34)
When the von Misesyield condition is used, Eq. (34) takes the form
Jua(6™) = H( [d3, (™)) (35)
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Energy condition for strain hardening. The second concept is that the size of
the yield surface depends only on the (microscopic) total plastic work W™ . This
means that the (microscopic) effective stress ¢ is a single-valued function of
(microscopic) total plastic work W™ It can be written as

og =FW™), (36)

where
W™ = 6™ :de™. (37)

When the von Mises yield function is used, the following is obtained [ ]:

W™= [3(6™) ddyy (™). (39)
Equations (37) and (38) give
¢":de™ =J,,(")dl, (™), (39)
or
¢":e™=J,(6")J,,E™). (40)

In writing Eq. (32), Tvergaard may have integrated Eqg. (40) “formally” over
the representative volume V'™®. The term (1- f) on the rih?ht—hand side of
Eq. (32) originates from the fact that the quantities o™ and £ are not defined
in the voids where the macroscopic quantities ¢ and £’ have a certain value.

According to Eg. (38), when the von Mises yield condition is used, the
(microscopic) plastic work W™ equals the area under the universal plastic
stress—strain curve defined by the von Mises value of the (microscopic) stress
J,m(6™) and the von Mises value of the (microscopic) plastic strain increment
dJ,u (™). In the uniaxial tension/compression, the (microscopic) stress ¢
coincides with the von Mises value of the (microscopic) stress J, (™). The
same holds for the strains. This means that the uniaxial plastic stress-strain curve
can be interpreted as the universal plastic stress—strain curve. The former is then
connected to the multiaxial quantities through Eq. (39), which is widely used in
the traditional theory of plasticity (see, e.g., Santaoja[**] or Zienkiewicz [*9]).

The Odqvist parameter O isdefined as

0= thVM (&™) ot =tj[gsmp 16 [Vt (41)
0 0

It can be used as a measure of isotropic hardening [*].
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4.2. Evolution equation for porosity f

Tvergaard has stated that as the matrix material is assumed to be plastically
incompressible, the increment of the void volume fraction is given by [“]

f=(1-f)1:s". (42)

In Eq. (42), €' isthe void-plastic strain tensor. It models the plastic strain of the
matrix material and the strain due to porosity change. The notation £’ and the
name “void-plastic strain tensor” are introduced by the author of the present

paper.
Comments to the above presentation are as follows. According to Nara-

simhan [*®], the material derivative of the representative volume V'™ takes the
form

V® =(V-P)V®, (43)

In[*¥] the relationship between the divergence of the velocity vector V-7 and
the rate of deformation tensor d isobtained as

—

V.v=1:d. (44)

For small displacement gradients and small velocity gradients the rate of the
deformation tensor d and the strain rate tensor ¢ coincide

d=¢. (45)
Combining Egs. (43)—45) gives
V®=1:6V™, (46)

The volume of the matrix material within the representative volume V> can
be expressed as

Vig == )V, (47)
which leads to
VI® = (1- f)V'® - f V™, (48)

By substituting EQ. (46) into (48), we obtain

VI®—(1-f)1: V™ — V™, (49)
which gives
: VAN
f=(1—f)1.s—vfg. (50)
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The (total) macroscopic strain tensor ¢ can be assumed to be separable as
follows:

e=g*+&" + &', (51)

where £° is the elastic deformation (due to the matrix material and void), &P is
the plastic deformation (due to the matrix material), and €' is the deformation
due to void nucleation and growth. The latter two strain tensors can be added
together and therefore the following expression is valid

e =g + &', (52)

where £ isthe void-plastic strain tensor introduced above.

The plastic deformation of the matrix material does not cause any volume
changes. The elastic deformation of the matrix material can be assumed to be
very small and therefore the volume change due to elastic deformation can be
neglected as a small quantity. This means that the term V& /V ® can be
assumed to vanish, which implies that the quantity 1: £in Eq. (50) is dueto void
nucleation and growth. Thus Eq. (50) gives the following result:

f=(1-f)1:¢" (53)

Since pure plastic flow does not contain any dilatation, the strain rate measures
1: " and 1: &' coincide. Therefore Eq. (53) can be written as

f=(@1-f)1: ™. (54)

Equation (54) has the same form as Eq. (42) that was the aim of this part of the
paper.

Chu and Needleman [®] were not satisfied with Eq. (54) but replaced it by the
following:

f = f.growth + f‘nucleation ’ (55)
where the first term is related to the growth of the existing voids and the second
oneisrelated to the increase of void volume fraction due to the nucleation of new
voids. Thefirst termis

forowtn = (@— ) 1:&". (56)

Chu and Needleman [*] gave three expressions for the term ... They are
not given here, since the above derivation by the author shows no extra term
beyond the right-hand side of Eq. (54) and they cannot be added to the evolution
equation of the void volume fraction f. Those extra terms violate the axiom of
conservation of mass and therefore are to be excluded.

Tvergaard and Needleman [*] adopted Egs. (55) and (56). Furthermore, they
introduced a new modification for f by replacing it in the yield function F by
the quantity f * which isdefined as
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N { f when f < fg, -

fo+K(f—f.) when x>0.

In Eqg. (57) K is a congtant related to the ultimate value of f * at which the
macroscopic stress-carrying capacity vanishes.

As mentioned above, the evolution equation of the void volume fraction f
cannot be derived from Eq. (54), since the axiom of conservation of mass is
violated. Equation (57) models the descending part of the stress—strain relation,
i.e. strain softening. In finite element analysis, strain softening causes localization
and thus influences reliability of the computed results.

4.3. Evolution equation for the void-plastic strain tensor &

Derivation of the evolution equation by Tvergaard [?], with notations of the
author, is as follows. When the yield function F is known, the normality rule
provides the expression for the void-plastic strain rate tensor ¢

v _ ;5 OF(e.c" )
oo

The value for the plasticity multiplier 2 is obtained from the consistency
condition

(58)

F=0. (59)
Tvergaard has written the following [?]
v 1|3 s 3's .
Sp =W|:EG—M + a1:| |:§O-_M + a1:|.6, (60)
where
142 21.
a:fq_qsinh &'M“ ’ (61)
2 20
and

t 2 T
-
(E-E)(1-1) o o

2.
—3cMa(l- f){qlcosh[qzifj - q3f}.

(62)

Since the expressions of the author have strongly different appearances
compared with the corresponding expressions by Tvegaard [], we proceed as
follows.
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Yield function of Tvergaard is[?]

F(s,0™, f):{JVM—AS")} +2fq1cosh[q221fj ~ @+ gPfR). (63)
O O

Applying the normality rule of plasticity with the associated flow rule (see,
e.g. [*]), Eq. (63) provides the following rate equation:

° M ° 1.2 21.
épvz/laF(o,a ’f):ﬂ,{ 3s N fgq sinh(q l.cj 1} 64)

06 (cM)? o 20™

By deriving Eqg. (64), the following equalities were used:

() 3 s 0ie) .06 4. _1 (65)
06 2 Iy (o) ' 06 06

The consistency condition reads

_F s aFMc';Mff':o. (66)
oo oo of

F(o,o", f)

5.EXTENSION TO THE GURSON-TVERGAARD MATERIAL
MODEL

This chapter introduces an extension to the Gurson-Tvergaard material
model. The new constitutive equation is formulated using the basic laws, axioms
and definitions of thermomechanics, and the results provided by damage
mechanics. The main difference between the present model and that by Gurson—
Tvergaard lies in the description of elastic deformation and hardening.

The extended constitutive equation models the elastic deformation by taking
into consideration the stiffness reduction of the material due to voids, whereas
the original Gurson—Tvergaard formulation simply uses the Hooke's law. The
difference between these two descriptions may appear to be negligible, since the
elastic deformation plays a minor role in the total deformation of the body. It is
true that elastic deformation is small by comparison with plastic deformation and
therefore the additive deformation due to damage is negligible. The idea of
introducing the “correct elastic stiffness’ is that it enables one to introduce the
methods of damage mechanics and thereby gives the necessary information to
construct the yield function F.

The difference in the description of hardening is that the extended model
replaces the hardening evolution equation (33) by Tvergaard with a damage
mechanics description, where a similar effect is obtained by taking into account
that the effective stress o, as described in Fig. 1, takes a higher value with
growing porosity f.
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5.1. Material model expressed by two functions

The independent state variables of the extension to the Gurson-Tvergaard
material mode! are the strain tensor €, the void-plastic strain tensor £, and the
void volume fraction f. This meansthat by following the concept of the original
model, the thermal effects are neglected. The extended Gurson-Tvergaard
material model assumes that the state is expressed by the difference ¢ —&P'. The
state is expressed by the specific complementary Helmholtz free energy
having the form of Eq. (6):

c 1y 1 L2, 1 .
z,u(c,f)—2p{3(3/1+2ﬂ)(1+Af)[1.6] + 2ﬂ(1+Bf)s.s] (67)

Theyield function F isassumed to have the form

2
F(G, g;se, f):{Lﬁ))} +2f qlcosh(&]

Jm(C: & 2J,,(C: €%
(f)a'e’ “1:(C: &) "
3¢2 AN G| 9L (Co &)
— L+ f )+3<1—f>JVM(C: Se)smh[zij(C: se)J J

In Eq. (68) the notation &° =& -z’ isintroduced. The notation (-) stands for
the Macaulay brackets. They are adopted in Eq. (68) to guarantee that the value
of the void volume fraction f remains between 0 and 1.

Using Egs. (7a), (7b), (8), and (17), we obtain

- A CR !

1

o _ 1+Af)1:6l + —(1+Bf)s, (69

e e 3@z AN Liel r o (A+B) (69)
oy, f) 1 A 2 B

= == 1: — Ss:Ss|. 70

9=r—% 2 3(3;L+2ﬂ)[ ol + 2u } (79

State equation (69) exploits the fact that for the present material model the
inelastic strain tensor &' isthe void-plastic strain tensor " .
Following [?], the normality rule takes the form

© OF (o, g; &% )

=21 : (71a)
oo
where
. o . e
fo,F(@ e, 1) (71b)

. a9
and A isthe plastic multiplier. Substitution of Eq. (68) into (71a) gives
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Derivation of Eq. (72) took into account the equalities
ddywm() 3 s a(lzc)_l_a_c

= , —=1:1=1 (73

oo 2 J,u (o) oo 6l

Using Eqg. (18b), Eq. (72) can be written as

R 1.2 24.

grog] 3  Tdd sinh[ql'ng. (74)
[Dm@1°  Ju(e) 2J (o)
Thefirst invariant of the void-plastic strain rate takes the form
o 142 2.

167 - 3199 sinh[ ql".’.], (75)

Jou (o) 2J, (o)

where we have taken into account that 1:s=0 and 1:1=3.
Substituting Eq. (68) into (71b) gives

o . .e o 12 21.
f:ﬂ,w:/w(l—f)(wqf‘ sinh[ 4l ] (76)
og Jm (o) 2J (o)
Comparison of Egs. (75) and (76) gives
f=(1- f><';—>1:spV. (77)

Evolution equation (77) is similar to Eq. (42). Furthermore, it extends the
meaning of Eq. (42) by guaranteeing that the value of the void volume fraction
f cannot exceed unity or take negative values. The effective stress tensor ¢ is
obtained from Eq. (20).

The thermomechanical theory of plasticity adopts consistency condition for
determination of the value of the plasticity multiplier 4. Itis

F=0. (78)
Applying consistency condition (78) to yield function (68) reveals

Ii(c,g;se,f):G—F:6+a—Fg +8—F:ée+a—Ff:O, (79)
oo g€ of

where the chain ruleis used.
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5.2. Clausius-Duhem inequality

According to Santaoja [?], the Clausius-Duhem inequality takes the following
form:

¢:&"+gf>0. (80)
Using Eq. (74), we obtain

° . 12 21.
PITLONY ) AL faa” sinh( a’lie ] 16, (81)
[ (0)] Jom (o) 23, (o)

where the , fact that s:6=6:6 is taken into account. Since the plasticity
multiplier 4 is always non-negative, the expression between the square brackets
has to be non-negative. The first term of Eqg. (81) is always non-negative. Since
the quantities (f,q', g%, J () are non-negative, the second term of Eq. (81)
is also non-negative. Thus the first term of Clausius-Duhem inequality (81) is
always non-negative.

Equation (17) shows that the force g is aways non-negative. As Eq. (76)
indicates, rate f takes anegative value when 1:¢ isnegative. Thisimplies that
there are states when the term g f takes a negative value, and therefore the
Clausius-Duhem inequality (80) is not satisfied. The following section discusses
how to prevent this problem.

6. COMPARISON OF THE GURSON-TVERGAARD MATERIAL
MODEL WITH THE EXTENDED ONE

The value of the plasticity multiplier 4 in Eq. (63) is obtained by applying
the consistency condition. For the Gurson-Tvergaard material model it is given
by Eq. (66). The evolution equation for the hardening quantity o™ is given by
Eq. (33). The corresponding expressions for the extended material model are
given by Egs. (74), (78), and (80).

Comparison of Egs. (64) and (74) shows that the “fundamental parts’ of the
expressions for the void-plastic strain rate tensor P differ only in the
description of “hardening’. The hardening quantity o™ in Eq. (64) isreplacedin
the extended model by J,,(s). According to Tvergaard[?], o“ is the
equivalent (in the sense of von Mises) to tensile flow stress in the matrix
material, disregarding local stress variations. Based on damage mechanics, the
effective stress o gives the value of the stress in the matrix material
(disregarding local stress variations). Thisimplies that

o™ =3, (). (82)
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Naturally, the values of these two quantities are obtained by totally different
equations, as Egs. (33) and (20) show. Also the plasticity multipliers 4 for

these two models are different asis seen from Egs. (66) and (79).

Evolution equations for the void volume fraction f are given by Egs. (54)
and (77). Comparison of Egs. (54) and (77) shows that for positive f they
coincide. However, the extended material model does not allow unrealistic values
for the void volume fraction f to forceit to take values between 0 and 1.

7. DISCUSSION AND CONCLUSIONS

The idea of the present work was to evaluate the foundations of the Gurson—
Tvergaard materiadl model and to derive the congitutive equation by using
thermomechanics and damage mechanics. Based on the evaluation, some criticism
was expressed and an extension to the Gurson-Tvergaard material model was
derived. In the following, the criticism and the basic concepts of the extended
Gurson-Tvergaard material model are outlined.

Gurson ['] derived yield function F for materials having different types of
voids in an elastic—perfectly plastic matrix material. Gurson used the upper
bound theorem in the derivation of yield functions F. Today a special case,
where the voids are spherical and the matrix material is fully plastic, is referred
to as the Gurson model.

Tvergaard [°] modified the Gurson model by including in the model elastic
deformation and hardening of the matrix material. He also added three material
parameters into the constitutive equation. These material parameters are denoted by
q', g%, and q°. The modd proposed by Tvergaard has three internal variables:
the void-plastic strain tensor £, the void volume fraction (porosity) f, and the
equivalent tensile flow stress in the matrix material oM. By the void-plastic strain
tensor £ is meant a strain that combines the strain due to plastic yield of the
matrix material and void nucleation and growth. Tvergaard called &' the plastic
strain and denoted it by €. The evolution equations given by Tvergaard for the
void volume fraction f and the void plastic strain tensor £ are acceptable. On
the other hand, the evolution equation for the equivalent tensile flow stress in the
matrix material o™ arouse discussion. Tvergaard replaced the constant ¥ with
the variable o™. Since the role of the constant " in the Gurson model was to
make some quantities dimensionless, the replacement of the constant ¢ by a
hardening variable o™ does not have any physical justification. Furthermore, the
upper bound approach used by Gurson is not valid for the strain hardening case.
Also the introduction of the three materia parameters g*,q?, and g° needs
physical explanation.

Chu and Needleman [*] and Tvergaard and Needleman [‘] added extraterms to
thevoid volumefraction f. These extraterms violate the axiom of conservation of
mass and therefore have to be excluded.
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The terminology related to the Gurson-Tvergaard material model has not
been established. When referring to the Gurson—Tvergaard material model some
writers mean the model introduced by Gurson [] and modified by Tvergaard [?].
However, other writers include in the Gurson-Tvergaard model aso the
modifications by Chu and Needleman [*] and Tvergaard and Needleman [¥], or
one of them.

The present work tried to formulate the Gurson-Tvergaard material model by
using thermomechanics and damage mechanics. The object of the analysis was
the constitutive equation by Gurson['] and Tvergaard []. The obtained new
material model is here called the extended Gurson—Tvergaard material model.

The yield function F proposed by Gurson [*] and modified by Tvergaard [?]
was adopted almost in its original form into the extended Gurson-Tvergaard
material model. Two mgjor changes, however, were made. First, an “extra’ term
to theyield function F was added to fulfil the requirements set by the evolution
equation for the void volume fraction f. The extended model neglected (as did
Tvergaard) the influence of the elastic response of the matrix on the evolution
equation for the void volume fraction f. This was done, because the elastic
response of the matrix has a minimal influence on the evolution of the void
volume fraction f. Second, the quantity ¢, introduced by Tvergaard, was
replaced by the von Mises value of the effective stress J,\, (¢). Theintroduction
of the effective stress tensor ¢ fits well the thermodynamical approach and does
not require any special evolution equation, since damage mechanics gives an
expression for it. According to Tvergaard [?], o™ is the equivalent (in the sense
of von Mises) tensile flow stress in the matrix material, disregarding local stress
variations. Based on damage mechanics, the effective stress ¢ gives the
value of the stress in the matrix material (disregarding local stress yariations).
This implies that o™ =J,m (o). Also, the plasticity multiplier 2 makes a
difference between the Gurson-Tvergaard material model and the extended
Gurson-Tvergaard material model.

Thermomechanical evaluation alows to prove that the materia modd fulfils
the requirements set by thermomechanics. The key role is the satisfaction of the
Clausius-Duhem inequality. The standard procedure of this consideration is to
combine the basic laws and axioms of thermomechanics and to interpret the
resulting expression as the Clausius-Duhem inequality. Section 5.2 showed that
when the hydrostatic part of the stress is tension, the extended Gurson-Tvergaard
materia model always satisfies the Clausius-Duhem inequality. In compression,
however, there are states which are not allowed. This means that if this constitutive
equation is used, eg. in finite element code, the program must aso perform
verification of the satisfaction of the Clausius-Duhem inequality.

As a conclusion, the author wants to underline that the above criticism was
based on pure scientific analysis. Despite its many weaknesses, the Gurson—
Tvergaard material model might be suitable for engineering purposes. This
follows from the fact that anything better simply does not exist.
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Gursoni—Tvergaardi mudeli hindamine, kasutades
purunemise mehaanikat ja termodinaamikat

Kari Santaoja

Artiklis on tuletatud materjali kaitumist kirjeldava Gursoni—Tvergaardi
mudeli uus kuju, mis rahuldab alati Clausiuse-Duhemi vorratust.

269



