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Abstract. This paper discusses the results of computing of the displacements of cylindrical
shells under local loading. The loading, assumed to be perpendicular to the shell axis, is

distributed along the line of intersection with the elliptic cylinder. The method of series

expansion of solution was applied. The results published earlier and those obtained using the

finite element method are compared.
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1. STATEMENT OF THE PROBLEM

On a simply supported closed cylindrical shell, as shown in Fig. 1, a line load

is applied. The load is equally distributed along the cross-section of the elliptic
cylinder, whose axis intersects that of the cylindrical shell investigated. Both axes

are assumed to be perpendicular. The load is applied along the intersection line of

the two cylinders. The objective is to determinetheradial displacements of the shell.

2. METHOD OF SOLUTION

Next, we shall briefly describe the method presented in [*]. The equilibrium

equation for the cylindrical shell can be expressed in terms of radial deflections
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Let ® be the 2m-periodical fundamental solution of the operator L, i.e. the

solution of the operator equation

L(®) = 0o (£ =&, 0 — ¢'),

where

b 6 — E,;p-pP)= > õlt-E,p-p'-2nm)=

= %šoš(2—6om)cosm(<p—<p')sin£-7šš—sinz—l;r—£,
£ 20, ¥

Then the solution of the equation

Fig. 1. Loading conditions.
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where N denotes any linear operator, is the function

w(&, p) = N(D).

The solution of Eq. (2) can be expressed as a series expansion
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where

(I)mn =

(2 — õOm))*S,
Cmn

1-v
Cmn = afnn(am„ — A2)2 + ——-;———(z\’/rn)2[(l + 1/)()\7m)2 — Zebmn] — (/\7m)4,

amn = (Am)? + (7n)*, bmn = Mm2(m? —1) — (wn)*.

To solve Eq. (1) for any particular case of loading, one can construct the linear

operator N and then, according to Eq. (5), apply that operator to function Õ.

3. SOLUTION OF THE PROBLEM

According to the method described above, the first goal is to determine

the linear operator N. Let po be the intensity of the line-load. Thus, if the

load is equally distributed along the ellipse, the canonical equation of which is

(z/a)? + (y/b)? = 1, the total load P can be expressed as

P = porfo,

where

27

by = /(pšsin2t+pšcos2t)%dt
0

m = af/r, p 2 =b/r.

The components of the line-load are

X = 0,

Y(Gp) = B §cost(¢! — p)ian(€ — €O~ @),
L

PO : / / ! !

al6,p) = 2fsin(p - po)cos(y — po)õar(E - E,p -p ),
L

(5)

(6)

(7)

(8)
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where L denotes the loading contour; ¢’ and £’ are coordinates of the line element

dl; ¢y is rotation of the loading axis.

The parametric equations of the contour of integration are

. T(plcos¢+§o),

y = rp2siny,

z = r(l-pisin'y)ž, o<y<2n,

where ¢ stands for z coordinate of the loading axis.
The coordinates ¢’ and £’ can be expressed in terms of parameter 1) as follows:

p = wpo +arcsin(p2siny),
£ = foo+mcosy.

Now it is possible to express the contour integrals (8) in terms of definite integrals

X = ,
27

Y(6,;p) = f—g/fl(pz,zb)fz(pl,pz,w)õzw(é—é',w—w')dw,
21

&) = f—g/f3(P2,1/J)f2(PI,P2J/))527r(€—5',90— p')dwy,
0

where

fi(p2,%) = psiny,

falpl,p2, %) = (ptsin'y+pžcos?y — ppi sin' y)?,
falpa,) = (1-p2sin24)i.

The next step is to use the expressions for load components (11) in Eq. (1). The

linear operator N for Eq. (4) can be written in the form

2
27

N= 1—)-2)— /[Az(- =) f3(p2,¥)f2(pl, p2,¥) — La(- - ) fr(p2,¥)f2(pl, p2, ¥)dp.
0

To obtain residual deflections according to (5), one can apply that operator to

function ®. The result is

poriAd XX

2o a
TTE

w(E, p) =T z Z(wm„ Cos mp + w,,,,, sSinmey) sin
o

m=on=l

where
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w}nn —(2 — ÕOm)dšnn, w?nn —(2 — õOm)d?nn,
Cmn Cmn

27

é'l
dran = /falpl,pfaWFF"(p2P) cos mp' + F" (p2 Y) sin my'] sin T;—dw,

gw
C!

d72nn — / f2(pl)p2a "p)[_fimn(p% "nb) cos m(p, + fšnn(p2) "/J) sin m(p,] sin fi”;_dll/)
0

f{nn(P% 'šb) = fi (p2 ¢)[2amn€7r2mn2 + /\2m(amn + (1 + V)7r2n2)],

i(pa, ) = f3(p2,v)a,,.

4. NUMERICAL RESULTS

In the limit process p; — 0 and po —0, the loading described above tends

to the concentrated load in the point (£, o). To compare the results with those

in [ 2], the calculations for ¢y = 0,&; = A/2,p 1 =p2 = 107° were carried out.

Tables 1 and 2 present the quantities wy = P~Er?w(py, &) as well as the relative

deviations r = |w;, — ws|/w; from the results in [l].
Another limit process occurs when only p; — 0 may approximate the line load

along the arc ¢ = const,¢; < ¢ < y. The results for p; = 1078,¢ = ¢y = 0,

¢ = & = \/2 and the comparison with the results in [!] are shown in Tables 3-5.

In all calculations, the expansion series were calculated for the indices m =

0,1,...,40andn = 1, 2,...,81. The integrals werecalculated using the Simpson-
method with 41 nodal points.

v =100

X %)
1| 10897| 2.49

3 | 19665| 2.46

5|25952| 2.44

7| 31248| 2.48

9|35806| 2.46

11 | 40497| 2.46

13| 45457| 2.39

15| 50140| 2.39

17|54059| 2.45

19| 57108| 2.45

Table 1

A=5

7 (%)
20 747| 2.48

25 1210| 2.23

33 2221| 4.63

50 5582| 2.51

100| 25952| 2.44

200| 120158| 3.00

Table 2

7y = 100,

p2 = sin(m/10)

; 5
1| 3040 [ 3.61

3| 9466| 3.10

5 | 15033| 3.17

7|20000| 3.22

9| 24444| 3.30

11 | 29105| 3.36

13 | 34052 | 3.42

15|38745| 3.47

17| 42713| 3.49

19| 45857| 3.52

Table 3
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5. COMPARATIVE ANALYSIS

In addition, we used the FEM-system ANSYS 5.0 A in our calculations. The

results obtained as well as those presented in [*] and displayed in Tables 1-3, and
5 are shown on the graphs in Figs. 2-5. On these bases, we can conclude that the
radial displacements in all three cases practically coincide.

Thus, the method of the series expansion is fully applicable if no FEM-

programs are available. On the other hand, to develop more complex methods is
not reasonable if a FEM-program can be used because it guarantees satisfactory
accuracy of the solution.

Fig. 2. Concentrated load, v = 100.

A = 5, pa = sin(7/10)

7 r
20 594| 4.96

25 931| 3.42

33| 1631 j| 5.34

50 | 3793 | 331

100| 15033| 3.17

200| 57309| 3.04

Table 4 Table 5

v = 100, A &8

p2 r(%)
sin(7r/4) 4672| 3.34

sin(7/6) 8837| 3.25

sin(7/8) | 12367| 3.42

sin(7/10) | 15033| 3.17

sin(r/12) | 17041| 2.97

sin(r/14) | 18563| 2.80

sin(r/16)| 19732| 2.57
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Fig. 3. Concentrated load, A = 5.

Fig. 4. Pressure along circular arc, A = 5, 8 = 7/10.
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NOTATIONS

T,Y, z — rectangular coordinates;
r,h, £ — radius, thickness, and length of the shell;

t = x/l, p — cylindrical coordinates;

E!',wp', o, po - coordinates of the fixed point;
Y — polar angle (used for the description of

loading contour);
a,b — semi-axis of the ellipse in the direction of the

z- and y-axis, respectively;
p 1 = a/r,p2 — b/T,")' — ’l‘/h,
X = b/r,e = h?/(12r?) — dimensionless parameters of the shell;

p — half of the central angle of the loaded arc;

w' — radial displacement in the direction of

internal normal;

w=w'/r — dimensionless displacement;
X,Y,g — components of the load;
E — modulus of elasticity;
v — Poisson’s ratio;
D = Eh3/(12(1 —v?)) — cylindrical stiffness of the shell;

dom — Kronecker’s symbol;
A = 8%/o¢2 + 8%/0p? — Laplace’s operator.

Fig. 5. Pressure along circular arc, A = 5, v = 0.01.
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LOKAALSELT KOORMATUD SILINDRILISE KOORIKU

RADIAALSIIRETEST

Toomas LEPIKULT Mati HEINLOO

On vaadeldud lokaalseltkoormatud jaotstest vabalt toetatud silindrilise kooriku

radiaalsuunalisi siirdeid. Koormus jaotub eeldatavasti piki kahe ristsuunas lõikuva

silindri 16ikejoont. On kasutatud lahendi rittaarendusmeetodit ning tulemusi on

kontrollitud 16plikeelementide paketi ANSYS 5.0 A abil tehtud arvutustega. Samuti

on tulemusi vorreldudvarem avaldatutega. Joonisteltselgub arvutuste piisavalt hea

kooskola. .
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