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Abstract. The loss of (Liapunov) stability of a dynamical system can be performed in two
ways: by a divergence or by a flutter. The classical setting of the localization leads to a
nongeneric case, when this classification is impossible. By introducing dissipative terms into
the constitutive equation, the stability investigation can be performed as an investigation of
a dynamical system. That means to study the real parts of the eigenvalues of differential
operators defined by the fundamental equations of the continuum. Such an investigation was
performed in an one-dimensional case. The results show that the classical static localization
condition means a divergence instability. We also found a condition for the flutter type of the
loss of stability in the field of velocities.
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1. INTRODUCTION

Material instability problems like the localization of plastic deformation
use different stability definitions. Most of them are generalizations of
the Hill’s concept ['] or the Drucker postulate [2]. When a solid body is
considered as a dynamical system [*] and a state of the body is a solution
of it, the stability of this state means the stability of the solution. In this
case, the obvious stability definition is the one of the theories of dynamical
systems, the so-called Liapunov stability [*]. This is a kinematic definition,
quite similar to the one used by Eringen [°].

The loss of material stability is in close connection with the singular
state of the acoustic tensor [®]. Then there is a change in the nature of
the acceleration wave-speeds. One of the possibilities is that one of them
is zero, the other is the appearance of a complex conjugate pair. In the
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case of a zero wave-speed, there is a stationary discontinuity, and when the
squares of the two wave-speeds are complex conjugates, it is called a flutter
[ ®]. A similar classification is known for the ways of the stability loss
of a solution of the dynamical systems [*]. It is called divergence when
the linearized part of the differential equation representing the system has
a zero eigenvalue. When there is a pair of pure imaginary eigenvalues, it
is the flutter. Now the question is: how these two interpretations relate to
each other.

In this paper, the solid body is considered as a dynamical system. Our
aim is to investigate and classify plastic localization as a loss of stability of
it.

2. BASIC EQUATIONS OF THE LOCALIZATION PROBLEMS

Denoting the position of a material point in the reference and the current
configurations by X; and z;, the position vectors are R = X ;G,,andr =
z;g;- As usual, the Cartesian tensor notation and the implied summation of
the repeated subscripts are used. The deformation gradient F is

0zx;
Fy = a—XJJ

The equation of motion without volume force is

d*u;
Sik,k = Pdej, (1)

where S is the first Piola—Kirchhoff stress tensor, Sk k is the divergence
of it and u = R — r is the displacement. The classical setting of
the equations of material instability problems [* '] uses a simplified rate
constitutive equation in the form

Six = KixinFim, (2)

where Fjy, is the deformation gradient and Kg;ys is the fourth-order
tangent modulus tensor. By substituting (2) into the rate form of (1), the
motion of the continuum can be described by

d?v;
— = (Eixkumvim) - (3)

The coefficients Kk are considered here as piecewise constants. Now
two kinds of questions can be asked: one on the existence of strain
localization and the other on the stability of the material.

To answer the first one means to search for the condition of the existence
of a thin band in the material, in which the rate field quantities differ from
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the uniform values outside [' !']. By denoting ( )® and ( )°, the values
inside and outside the band are

(Fine)® = (Fine)® + @i, (4)

Ny are the coordinates of the vector showing the orientation of the band and
q: is the amplitude of the jump on the band. The rate of stress equilibrium
implies : .

nk((Sjx)’ = (Sik)°) = 0,
that is, with (2) and (4)

(nk (Kjxim)nm) @ = 0. (5)
There are nonzero amplitudes in (5), if and only if
det [nK(K]-K;M)nM] =1 (6)

For the second question, the stability of a state of a material should
be investigated. In dynamics, a state of a system is said to be stable if
its motion remains in an arbitrary small neighbourhood of it by applying
sufficiently small perturbations [*]. The same concept of stability is used
by [°] for continua. Thus for dynamic stability, the role of perturbations
and the role of the propagation of disturbances is essential. It means that in
stability investigations one should concentrate on the wave propagation.

Equation (3) has a wave solution in the form

vj = g; exp(i(nx Xk — ct)), (7)

where ng shows the direction of the wave front and i = /(—1). In Eq. (7)

the wave speed c determines the stability. When ¢ > 0, Eq. (7) is stable,
when ¢? < 0, it is unstable ['°]. By substituting Eq. (7) into Eq. (3)

-—pcij exp(i(nKXK - Ct)) = (ijM)nManl exp(i(nKXK o Ct))
is obtained. Hence,
((K JKIM)TMTUK — 00251'1) @ =0.

Thus the condition of the existence of a wave solution of nonzero
amplitudes reads

det [(ijM)nMnK 41 pC26j[] = 0, (8)
that is, the stability depends on the eigenvalues of

[(Kjxima)nmn].
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When all of them are real, the material is in a stable state. When there is
at least one pair of complex or imaginary eigenvalues, there is an unstable
state. The loss of stability is connected with the appearance of nonzero
imaginary parts of the eigenvalues. Unfortunately, at localization this
appearance is a very strange one. Then the appearing imaginary eigenvalue
is zero (£0z). Thus the classical setting of the localization problem results
in a coexistent flutter and divergence. Such a situation cannot be typical,
because the flutter and divergence are the two possible distinct ways of
the loss of stability of a dynamical system ['?] and the coexistence is a
degenerate case.

In the following section, by using the basics of the theory of dynamical
systems, a possibility of decoupling them from each other is treated.

3. RATE DEPENDENT MATERIALS

Let us introduce the notations of the theory of dynamical systems
into this localization problem ['*]. For further simplification, small
displacements are assumed. In its abstract form, Eq. (3) reads

d*v

= 1), ©)
Here, v = (v, v2,v3) is a vector of the coordinates of the velocity field
satisfying the boundary conditions, and f(v) is a differential operator
defined by the left hand side of Eq. (3). Equation (9) defines an infinite
dimensional dynamical system. The stability of a state of the continuum
means the Liapunov stability of a solution v(t) of Eq. (9), that is, by
perturbing the system, the velocity field v:(¢) is sufficiently close to the
unperturbed one v(t). The stability investigation of some solution of
equations like (9) starts with a transformation into a first order equation by
introducing new variables w = [w}, w?], where wj = v;, w? =19, (j =
1,2, 3), and with the linearization at a solution (at v = 0 for the sake of
simplicity)

dw

e Dfw.

The eigenvalues of the linear operator D f show the stability properties.
Unfortunately, an equation like (9) cannot give strict results for stability,
because the set of eigenvalues consists of pairs +/a and when a > 0 there
is instability, and when a < 0 the real part of the eigenvalues is zero. For
conservative or linear systems, this implies stability but nonlinearities can
ruin it. Moreover, Eq. (9) is not structurally stable in the sense of [*], that
is, any small perturbation can cause qualitative changes of the solutions.
To achieve structural stability, as the simplest possibility for small strains,

a strain rate dependent material is used instead of Eq. (2). In a general form
[15, 16]’
2

Ojk = K}kszlm P K_—,'kzmélm, (10)
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where the coefficients K ,,,,,,,K skim are considered to be piecewise

constants. Then the equanon of motion is
pU; = KnjkiVk,in + LnjkiOk in,

where K.y = 5 (Knju + Knjue) and K75 = 3 (Lnjkt + Lnjix)-
Introducmg new variables
wjl- = vj, wf. = v;0(3:=1,2,3), (11)
the equation of motion is
0} =,
W} = 2 (KnjktWi,in + LnjktW n)-
By introducing linear differential operators

. 62 " o2
Kjxvr = Knjriie—=—%y Ljxk = Lpjrg—73—"
. e | ciir " 02,01

Jwj] = [ ( KWk + ijwk)}
the equation of motion is
d :
E-Z[w},wf] =ds [w},wf] : (12)

The Liapunov stability depends on the real part of the eigenvalues A of
the linear operator L. The eigenvalue equation is

w},w?] = A [w}, wl]. @)

ot )
is substituted into the equation of motion (12)
dey o _ el 2
(@ @) = X [}, o]
is obtained with the eigenvalue ). The solution of it is
[ o 2] (1 4)

Héving all the eigenvalues and eigenvectors, a solution of the equation
of motion can be given as a linear combination of functions Eq. (14), thus
the stability requires negative real parts for all eigenvalues. From Eq. (13)

When an eigenvector

bl Vs
s wj = Awj,

1 N =
;(K,-,,wk + Ljzwg) = Aw
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then by substituting the first group of equations into the second and using
Eq. (11)
(p/\z'uj s Kjk’Uk =+ /\ij'l)k) =0 (15)

is obtained, which is a system of the second order partial differential
equations with boundary conditions. Thus the state of the material is stable,
when for all values of A, at which there exist nontrivial solutions of Eq.
(15), ReX < 0.

Note that by omitting the dissipation in Eq. (10) (Kfjk,m = 0) there
are only \? terms in Eq. (15), thus having solved the eigenvalue equation,
real or pure imaginary solutions can be obtained. In the case A? > 0, there
is instability (&), otherwise the nongeneric pure imaginary situation as
stated at the beginning of this part.

4. ONE-DIMENSIONAL PROBLEM

The application of the stability condition of the previous section needs
to have the solution of the boundary value problem Eq. (15). In a general
three axial case, it cannot be done analytically. This section deals with a
one-dimensional simplified problem to show how the dynamical system
theory of Section 3 works. In a one-dimensional case from Eq. (10)

o = Ké+ Lg,
and the equation of motion (12) is

L
Uy = —VUzg + —Vizz, (16)
p p

where subscripts denote derivatives with respect to z and ¢. Let us study the
stability of a stationary plastic state of a rod of length / loaded uniaxially.
Introducing notations (11) w; = v, w; = v, the equation of motion in the
operator form is

w 0 1 w
Wa P 9z2 p 822 w2

and the boundary conditions are w;(0) = wy(0) = w;(l) = wy(l) = 0.
Thus the eigenvalue problem (13) is

0 1 w1 iy wun
52 1) bl =2 o]
or
Wy = /\’lUl, (17)
2 2
Ko*w, L& w2=/\w2. (18)

p 822 n p Oz?
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Substituting Eq. (17) into Eq. (18)
K 62 wy L 62 wq

—d % -
P) o152 +/\p o2 A w1,
with the original notations
Kdv Lé*w ,
';w T ;@ = Nv (19)

is obtained. In the one-dimensional case, Eq. (19) is the form of Eq. (15).
The stability investigation means to study the signs of the real parts of the
possible A values, at which Eq. (19) has a nonzero v solution. Searching
for the solution in the usual form v(z, t) = C(t)e*®,

A 4+ ba’X +aa® =0 (20)

is obtained, where a = £, b = % have positive values. By using the
real solutions, coefficient « is determined by the boundary conditions,

0(0,t) = A(t) cos 0 + B(t)sin0 = 0,

“v(l,t) = A(t) cosal + B(t)sinad = 0. (21)

Then (21) can be nontrivially solved for A and B, if

b
k—l,

To study the stability of the system, one should look at the real parts of

the solutions Ax;, Ax2 of (20)
—boj + \/b*a} — daai
k ; k k- (22)

k=1,2,..

Ak12 =

In the generic case, no eigenvalue has a zero real part, which means
structural stability. Moreover, when a,b > 0, the real parts of all the
eigenvalues \;, Ak, are negative, thus the plastic state is Liapunov stable.
In the case of the so-called divergence instability or static bifurcation ['?]
one of the eigenvalues is zero. Then Eq. (20) should have zero solutions,
that is,

aaj = 0.

Divergence instability means that the loss of Liapunov stability is
connected with the loss of the uniqueness of the solution. While o # 0,
the condition of the divergence instability is
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being obviously identical to the condition of static localization.

The other possibility of the loss of stability is that the pairs of complex
eigenvalues cross the imaginary axes. In such a case, Eq. (20) has pairs
of imaginary roots. The condition of this so-called dynamic bifurcation or
flutter instability [*?] is

In this case, the uniqueness persists at the loss of Liapunov stability, but an
oscillatory behaviour appears in the velocity field.

Summarizing this part, let us look at what happens on loading a ribbon
type body, at which the uniaxial case is a suitable approach. On the stress-
strain diagram, the tangent modulus K and consequently a of Eq. (22)
decrease (Fig. 1). At the beginning, a is large, thus all the eigenvalues
Ak1,2 are complex values with negative real parts. That means stable wave
solutions of Eq. (16). When a decreases, it reaches for some &k

_ o

T4
and then the k™ wave dies out. The last wave disappears at

b?n?

T
After that there are no waves, but the material remains stable. The stability
is lost at @ = 0. The divergence instability in this case is equivalent to
the stationary discontinuity mode [®], because the loss of stability happens
when there is no wave solution. Figure 2 shows the stability chart in the
plane of the material parameters L and K.

~

s STABJLITY

wave no wave

flutter

divergence

Fig. 1. Fig. 2.

In conclusion, in case of a wave of an infinite length, the appearance
of the wave and the flutter stability boundary are the same. This result is
similar to the one in ['7].

Reported on Fenno-Ugric Days of Mechanics in Rackeve, Hungary, on
June 18-24, 1995.
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DUNAAMILISTE SUSTEEMIDE EBASTABIILSUSE
LOKALISEERUMINE, FLATTER JA DIVERGENTNE
EBASTABIILSUS

Péter B. BEDA

Diinaamiliste siisteemide stabiilsuse kadu (Ljapunovi mdttes)

voib toimuda kahel viisil: divergentse ebastabiilsuse voi flatteri kaudu.
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Klassikaline lokaliseerumisiilesande piistitus viib erijuhule, kus selline
klassifikatsioon ei ole vdimalik. Viies olekuvdrranditesse dissipatsiooni ar-
vestavad liikmed, vib stabiilsuse uuringut kisitleda diinaamilise siisteemi
uuringuna, s.t. tuleb uurida pideva keskkonna fundamentaalvorrandite
poolt madratud diferentsiaaloperaatorite omaviirtuste reaalosi. Selline
uuring on teostatud iihemdotmelise juhu jaoks. Tulemused nditavad, et
klassikaline lokalisatsioonitingimus tihendab divergentset ebastabiilsust.
Samuti on leitud flatteri tiiiipi stabiilsuse kao tingimused kiiruste viljas.

175



	b10721022-1996-2-2 no. 2 01.04.1996
	Chapter
	EESTI TEADUSTE AKADEEMIA TOIMETISED PROCEEDINGS OF THE ESTONIAN ACADEMY OF SCIENCES
	TEHNIKATEADUSED ENGINEERING
	EDITORIAL
	LBE-MODELLING APPLIED TO REINFORCED CONCRETE T-SECTION-STEEL U-SECTION COMPOSITE BEAM
	Untitled
	Fig. 1. Principle of transforming the basic degrees of freedom
	Fig. 2. Nodal displacement u,; to form the rotation p; at the end face of the element (end face for nodes #i and bi).
	Fig. 3. Cross-section of the beam-slab flooring having integrated shuttering.
	Fig. 4. Discretization of the beam section into layered beam elements and the system of interconnecting the horizontally deforming nodes of elements for composite behaviour. Nodes t and b for element layer 3 are shown with crossed circle markers.
	Fig. 5. Unit curve for the load-slip properties of the connection springs (courtesy of Rautaruukki Oy, Finland).
	Fig. 6. Calculation scheme 1.
	Fig. 7. Calculation scheme 2.
	Fig. 8. Load-deflection response of scheme 1.
	Fig. 9. Shear flows per unit length of the connection interfaces for the maximum load F, =3lO kN, calculated assuming in option a that there is an end plate welded to the channel, and in option b there is no end plate assumed.
	Fig. 10. Load-deflection response for scheme 2. Results of the LBE-method are shown as assuming end plates for the steel channel. A slightly stiffer behaviour in the plastic range will be observed, when no end plates are assumed. |
	Fig. 11. Shear flows per unit length of the connection interfaces for the maximum load in the calculation, F,, = 350 kN. The effect of end plates (option a) is seen here more clearly than in scheme 1.
	T-RISTLÕIKEGA RAUDBETOON- JA U-RISTLÕIKEGA TERASELEMENTIDEST KOOSTATUD KOMPOSIITTALADE KIHILISTE ELEMENTIDE MODELLEERIMINE

	LOCALIZATION AND THE FLUTTER AND DIVERGENCE INSTABILITIES OF DYNAMICAL SYSTEMS
	Fig. 2. Fig. 1.
	DÜNAAMILISTE SÜSTEEMIDE EBASTABIILSUSE LOKALISEERUMINE, FLATTER JA DIVERGENTNE EBASTABIILSUS

	A THEORY OF CONSTITUTIVE EQUATIONS BASED ON WAVEDYNAMICS
	N < O
	LAINEDUNAAMIKALE BASEERUVATE OLEKUVÕRRANDITE TEOORIA

	APPLICATION OF DIRECT INTEGRATION IN THE CASE OF EXTERNAL AND INTERNAL DAMPING
	Fig.l. Arrangement of the examined structure.
	Fig. 2. Displacement at points L/4, L/2, 3L/4 of the examined structure
	Fig. 3. Displacement of the mid-point at different velocities.
	Fig. 4. Displacement of the mid-point in the case of different y.
	Table 1 Mechanical characteristics of material and geometrical characteristics of structure * including the accessory weight of the bridge deck pavement.
	Table 2 Additional displacements due to dynamic effect
	Table 3 Number of iterations required in a given time step of the iteration process
	Table 4 Percentages of additional dynamic displacements
	e § Table 5 Effect of the moving load mass and of the internal damping j
	OTSESE INTEGREERIMISE RAKENDAMINE VALIS- JA SISESUMBUVUSE KORRAL

	THERMODYNAMIC MODELLING OF HEAT CONDUCTION
	Untitled
	Fig. 1. Temperature distribution by point-wise heating at early times.
	Untitled
	Fig. 2. Final temperature distribution by point-wise heating. Fig. 3. Temperature distribution by point-wise heating in the case of more complicated geometry.
	SOOJUSJUHTIVUSE TERMODUNAAMILINE MODELLEERIMINE

	IMPACT GRINDING AND DISINTEGRATORS
	Fig. 1. Pushing (a) and shifting (b)
	Fig. 2. Disintegrator. 1 —rotors, 2 – electric drives, 3 — material supply, 4 — elastic beds, 5 – grinding elements, 6 — output, and 7 — adaptive controller.
	Fig. 3. Collision. Compression wave (a), tentile wave (b)
	Fig. 4. Dependence of stress in quartz sand particle size of d = 1 mm on impact velocity. Target material: / — hard metal WC6 plate, 2 – steel 3 plate, 3 — quartz sand d = 1 mm particle.
	Fig. 5. Different modes of grinding. a — direct grinding, b — separative grinding, and c — selective grinding. °
	Fig. 6. Pushing of materials with different strength.
	Fig. 7. Stresses induced by collision. a — both remain intact, b — the first breaks, the second remains intact, ¢ — both break.
	Fig. 8. Compound materials with components of different strength.
	Fig. 9. Path of the particle in the rotor.
	Fig. 10. Colliding against a circular pin.
	Fig. 11. Worn circular pin.
	Fig. 12. The straight and the reflecting streams of particles
	Fig. 13. Disintegrator DSL-115 in the separative grinding system, which has one support point on the ground.
	Untitled
	LÖÖKJAHVATUSE PROBLEEMID JA DESINTEGRAATORID

	ISOSPECTRAL VIBRATION OF QUASI-UNIFORM RODS AND STRINGS
	KVAASIUHTLASTE VARRASTE JA KEELTE ISOSPEKTRAALNE VÕNKUMINE
	INSTRUCTIONS TO AUTHORS
	Untitled

	COMMENTS ON THE INSTRUCTIONS TO AUTHORS: ILLUSTRATIONS


	Illustrations
	Untitled
	Fig. 1. Principle of transforming the basic degrees of freedom
	Fig. 2. Nodal displacement u,; to form the rotation p; at the end face of the element (end face for nodes #i and bi).
	Fig. 3. Cross-section of the beam-slab flooring having integrated shuttering.
	Fig. 4. Discretization of the beam section into layered beam elements and the system of interconnecting the horizontally deforming nodes of elements for composite behaviour. Nodes t and b for element layer 3 are shown with crossed circle markers.
	Fig. 5. Unit curve for the load-slip properties of the connection springs (courtesy of Rautaruukki Oy, Finland).
	Fig. 6. Calculation scheme 1.
	Fig. 7. Calculation scheme 2.
	Fig. 8. Load-deflection response of scheme 1.
	Fig. 9. Shear flows per unit length of the connection interfaces for the maximum load F, =3lO kN, calculated assuming in option a that there is an end plate welded to the channel, and in option b there is no end plate assumed.
	Fig. 10. Load-deflection response for scheme 2. Results of the LBE-method are shown as assuming end plates for the steel channel. A slightly stiffer behaviour in the plastic range will be observed, when no end plates are assumed. |
	Fig. 11. Shear flows per unit length of the connection interfaces for the maximum load in the calculation, F,, = 350 kN. The effect of end plates (option a) is seen here more clearly than in scheme 1.
	Fig. 2. Fig. 1.
	Fig.l. Arrangement of the examined structure.
	Fig. 2. Displacement at points L/4, L/2, 3L/4 of the examined structure
	Fig. 3. Displacement of the mid-point at different velocities.
	Fig. 4. Displacement of the mid-point in the case of different y.
	Untitled
	Fig. 1. Temperature distribution by point-wise heating at early times.
	Untitled
	Fig. 2. Final temperature distribution by point-wise heating. Fig. 3. Temperature distribution by point-wise heating in the case of more complicated geometry.
	Fig. 1. Pushing (a) and shifting (b)
	Fig. 2. Disintegrator. 1 —rotors, 2 – electric drives, 3 — material supply, 4 — elastic beds, 5 – grinding elements, 6 — output, and 7 — adaptive controller.
	Fig. 3. Collision. Compression wave (a), tentile wave (b)
	Fig. 4. Dependence of stress in quartz sand particle size of d = 1 mm on impact velocity. Target material: / — hard metal WC6 plate, 2 – steel 3 plate, 3 — quartz sand d = 1 mm particle.
	Fig. 5. Different modes of grinding. a — direct grinding, b — separative grinding, and c — selective grinding. °
	Fig. 6. Pushing of materials with different strength.
	Fig. 7. Stresses induced by collision. a — both remain intact, b — the first breaks, the second remains intact, ¢ — both break.
	Fig. 8. Compound materials with components of different strength.
	Fig. 9. Path of the particle in the rotor.
	Fig. 10. Colliding against a circular pin.
	Fig. 11. Worn circular pin.
	Fig. 12. The straight and the reflecting streams of particles
	Fig. 13. Disintegrator DSL-115 in the separative grinding system, which has one support point on the ground.

	Tables
	N < O
	Table 1 Mechanical characteristics of material and geometrical characteristics of structure * including the accessory weight of the bridge deck pavement.
	Table 2 Additional displacements due to dynamic effect
	Table 3 Number of iterations required in a given time step of the iteration process
	Table 4 Percentages of additional dynamic displacements
	e § Table 5 Effect of the moving load mass and of the internal damping j
	Untitled
	Untitled




