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Abstract. We propose a hierarchy of nonlinearly dispersive generalized Korteweg–de Vries (KdV) evolution equations based on a
modification of the Lagrangian density whose induced action functional the KdV equation extremizes. It is shown that two recent
nonlinear evolution equations describing wave propagation in certain generalized continua with an inherent material length scale are
members of the proposed hierarchy. Like KdV, the equations from the proposed hierarchy possess Hamiltonian structure. Unlike
KdV, however, the solutions to these equations can be compact (i.e., they vanish outside of some open interval) and, in addition,
peaked. Implicit solutions for these peaked, compact traveling waves (“peakompactons”) are presented.
Key words: Korteweg–de Vries equation, compact solitary waves, classical field theory, Lagrangian mechanics, Hamiltonian
mechanics.

1. INTRODUCTION
The Korteweg–de Vries (KdV) equation, originally derived to describe long waves over shallow water [1,2],
has emerged as a paradigm in the theory of solitons and integrable systems following the pioneering work
of Zabusky and Kruskal [3]. Beyond water waves, KdV arises in numerous other physical contexts [4,5].
Additionally, in modeling various physical phenomena beyond long waves over shallow water, many
generalizations and modifications of the KdV equation have been derived over the years, including but not
limited to the modified KdV equation [4,6], the KdV–Burgers equation [5], the cylindrical KdV equation [7],
the extended KdV equation [8], the Camassa–Holm equation [9], the K(n, m) equations [10], the K ∗ (l, p)
equations [11], the KdV–Kuramoto–Sivashinsky–Velarde equation [12], the generalized integrable KdV
equation [13, eq. (4)], KdV-based higher-order equations [14,15], hierarchical KdV equations [16–18], the
Destrade–Saccomandi equation [19, eq. (17)], the Jordan–Saccomandi equation [20, eq. (4.14)], and K(n, m)
equations with non-convex advection [21].
In the present work, we propose another hierarchy of generalized KdV equations based on modifying
the Lagrangian density whose induced action functional is extremized by the KdV equation. Furthermore,
we show that several members of this proposed hierarchy of nonlinearly dispersive evolution equations
have been recently derived to describe wave propagation in generalized continua (of the type proposed by
Rubin et al. [22]) with an inherent material length scale. Finally, peaked, compact traveling wave solutions
(“peakompactons”) of equations in the proposed hierarchy are constructed.
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2. A HIERARCHY OF NONLINEARLY DISPERSIVE GENERALIZED KDV EQUATIONS
Let φ = φ (x,t) be a field. In the present work, motivated by the form of the Lagrangian density whose
corresponding action functional is extremized by the KdV equation (see, e.g., [23, eq. (2)]), we consider the
class of Lagrangian densities given by
1
1
1
(φx )n+2 −
(φxx )m+1 ,
L (φ ; x,t) = φx φt +
2
(n + 2)(n + 1)
m+1

n, m > 0,

(1)

where subscripts denote differentiation with respect to an independent variable. For convenience, we have
taken n, m > 0 and, below, n and m typically take on integer values. However, the derivations below can be
easily modified to hold for any real n and m. The corresponding Hamiltonian density can be obtained by the
Legendre transformation (see, e.g., [24, §18]):
H =

∂L
1
1
φt − L = −
(φx )n+2 +
(φxx )m+1 .
∂ φt
(n + 2)(n + 1)
m+1

(2)

∫

The corresponding action functional dxdt L is extremized by requiring that its first variation vanish
(see, e.g., [24, §11 and §35] for the details), namely

∂L
∂
−
∂φ
∂t

(

∂L
∂ φt

)

∂
−
∂x

(

∂L
∂ φx

)

∂2
+ 2
∂x

(

∂L
∂ φxx

)
= 0.

(3)

Substituting Eq. (1) into Eq. (3), assuming φ is smooth enough so that φxt = φtx and rearranging, we obtain
the partial differential equation (PDE):

φxt + (φx )n φxx + [(φxx )m ]xx = 0.

(4)

Interpreting φ as a potential, let u(x,t) ≡ φx (x,t), then Eq. (4) becomes
ut + un ux + [(ux )m ]xx = 0,

(5)

giving the canonical form of the proposed hierarchy of generalized KdV equations as parametrized by (n, m).

2.1. Conserved quantities
One standard approach to constructing conserved quantities is to restrict to localized waveforms, specifically
such that φ → φ± “sufficiently fast” as x → ±∞, where φ± are constants. In turn, this condition implies that
u → 0 “sufficiently fast” as x → ±∞. Then, multiplying Eq. (5) by uk−1 for some integer k, integrating over
x ∈ (−∞, +∞), and performing some algebraic manipulations, leads to
dIk
+k
dt

∫ +∞
−∞

m

dx [(ux ) ]xx u

k−1

= 0,

Ik ≡

∫ +∞
−∞

dx uk .

(6)

Note that for k = 1, the integrand of the last term in Eq. (6)1 is a complete differential, which when integrated
vanishes by the specified asymptotic conditions, hence dI1 /dt = 0. For k > 1, to establish conservation laws,
the goal is to manipulate the integrand of the last term in Eq. (6)1 into a complete differential. Performing
integration by parts twice, it is readily shown that, for k = 2, the term can be manipulated into a complete
differential, hence dI2 /dt = 0. Meanwhile, for k > 2 (and m ̸= 0) it can be shown that such a manipulation
is impossible, hence no further conserved quantities of the form Ik exist.
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More generally, however, certain global conservation laws follow directly from the Hamiltonian
structure of the proposed hierarchy of equations [25]. For example, the total wave energy
]
∫ +∞
∫ +∞ [
1
1
by (2)
H≡
dx H =
dx −
un+2 +
(ux )m+1
(7)
(n + 2)(n + 1)
m+1
−∞
−∞
is conserved, i.e., dH/dt = 0. Similarly, the total wave mass
M≡

∫ +∞
−∞

dx

∂ L by (1) 1
=
∂ φt
2

∫ +∞
−∞

dx φx =

1
2

∫ +∞
−∞

dx u

(8)

is conserved, i.e., dM/dt = 0. Likewise, the total wave momentum
P≡−

∫ +∞
−∞

dx

∂ L by (1) 1
φx = −
∂ φt
2

∫ +∞
−∞

dx (φx )2 = −

1
2

∫ +∞
−∞

dx u2

(9)

is also conserved, i.e., dP/dt = 0. Notice that M = 12 I1 and P = − 21 I2 .
From Noether’s theorem (see, e.g., [26, §4]), these three physical conservation laws arise from
underlying symmetries of the governing PDEs, specifically P, H, and M are conserved due to translational
invariance in space, translation invariance in time, and the ability to add arbitrary constants to the potential
φ , respectively, as can be easily verified from Eq. (4).
However, besides the special case (n, m) = (1, 1) (KdV), we do not expect members of this hierarchy
to be “fully integrable” (i.e., to possess an infinite number of conservation laws), yet this remains an open
question. An important step in this direction would be to establish a Miura transformation [6] between the
(1, m) and (2, m) equations in the proposed hierarchy for m > 1.
2.2. Scaling properties
Above we have implicitly assumed that we are working with dimensionless quantities, hence no coefficients
involving typical physical parameters appear in the equations. Consider the scaling transformation
x 7→ x/ℓ,

t 7→ t/τ ,

u 7→ u/V,

(10)

where ℓ, τ , and V are constants, which converts Eq. (5) from its canonical form to a dimensional form:
ut + ε un ux + δ [(ux )m ]xx = 0,

ε ≡ ℓ/(τ V n ),

δ ≡ ℓm+2 /(τ V m−1 ).

(11)

Clearly, given a non-canonical form of one of the equations of the hierarchy (with advective and dispersive
coefficients ε and δ , respectively), we can always choose characteristic scales ℓ, τ , and V such that the
rescaling given in Eq. (10) transforms the PDE (11)1 into its canonical form given in Eq. (5).
3. CONNECTION TO OTHER NONLINEARLY DISPERSIVE KDV-LIKE EQUATIONS FROM
THE LITERATURE
Clearly, Eq. (5) reduces to the KdV equation [6, eq. (1)] for (n, m) = (1, 1), while it reduces to the modified
KdV equation [6, eq. (2)] for (n, m) = (2, 1). Meanwhile, for (n, m) = (1, 3), Eq. (5) takes the form of
the unidirectional weakly-nonlinear equation for acoustic waves in an inviscid, non-thermally conducting
compressible fluid with a material characteristic length coefficient that is a quadratic function of the velocity
gradient, which was recently derived by Jordan and Saccomandi [20]. And, for (n, m) = (2, 3), Eq. (5) takes
the form of the unidirectional weakly-nonlinear equation for shear waves in a hyperelastic, incompressible
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solid with material dispersion (of the type suggested by Rubin et al. [22]), which was derived by Destrade
and Saccomandi [19]. The reader is referred to Maugin’s historical review [15] for a discussion of various
other KdV-like equations that arise in the theory of wave propagation in elastic solids.
Previously, Rosenau and Hyman [10] proposed a different hierarchy of nonlinearly dispersive
generalized KdV equations, namely the K(n, m) equations:
ut + (un )x + (um )xxx = 0.

(12)

However, the K(n, m) hierarchy is not Hamiltonian, thus lacking a physically desirable property that
provides underlying geometric structure to many nonlinear evolution equations [27]. A slight modification
of the K(n, m) hierarchy restores the Hamiltonian structure as shown by Cooper et al. [11], yielding the
K ∗ (l, p) hierarchy (with certain sign changes and setting α = 1/2 in [11, eq. (4)] for consistency of notation):
ut + ul−2 ux + u p uxxx + 2pu p−1 ux uxx + 12 p(p − 1)u p−2 (ux )3 = 0.

(13)

1
The corresponding Lagrangian density is LK ∗ = 21 φx φt + l(l−1)
(φx )l − 21 (φx ) p (φxx )2 , which, when compared
to Eq. (1), suggests that the present nonlinearly dispersive generalized KdV hierarchy is, in a sense, the
“most straightforward” generalization of KdV’s Hamiltonian structure. In keeping with the convention in
the literature, we denote the hierarchy of Eq. (5) as K # (n, m).

4. TRAVELING WAVE SOLUTIONS FOR THE HIERARCHY
Introducing the traveling wave ansatz u(x,t) = U(ξ ), where ξ = x − ct for some wave speed c > 0, reduces
Eq. (5) to an ordinary differential equation (ODE):
[
]′′
−cU ′ +U nU ′ + (U ′ )m = 0,

(14)

where primes denote differentiation with respect to ξ . A first integral of Eq. (14) is evident by inspection,
then rearranging the latter, multiplying by U ′ , and rewriting all terms as complete derivatives immediately
yields a second integral:
(U ′ )m+1 = C2 +C1U +

(m + 1)
(m + 1) 2
cU −
U n+2 ,
2m
(n + 1)(n + 2)m

(15)

where C1 and C2 are constants of integration. Finally, Eq. (15) can be solved implicitly:
∫

dU
[C2 +C1U +U 2 (κ

− γ U n )]1/(m+1)

= ±ξ + ξ0 ,

κ≡

(m + 1)
c,
2m

γ≡

(m + 1)
,
(n + 1)(n + 2)m

(16)

where we choose the positive root on the left-hand side of Eq. (16)1 , hence the ± sign on the right-hand
side.
A complete study of Eq. (16) for various boundary conditions is beyond the scope of the present work.
Nevertheless, for (n, m) = (1, 1) (KdV), solutions can be written explicitly using hyperbolic or elliptic special
functions [4,5]. Some solutions are also known for m = 3, and an intriguing aspect of the latter is that they
are compact, i.e., u vanishes outside of some open x-interval. Following [19,20], let us restrict to localized
waveforms such that u, u′ → 0 as |x| → ±∞, then C1 = C2 = 0. It follows that the denominator of the
integrand on the left-hand side of Eq. (16)1 vanishes at U = {0,Umax }, where Umax ≡ [(n + 1)(n + 2)c/2]1/n .
The Lipschitz condition is not satisfied at these points and different solutions can be pieced together there,
allowing for compactification of the waveform. Notice that U = 0 is always a solution of Eq. (15) for C2 = 0.
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Now, recognizing the integral on the left-hand side of Eq. (16)1 (with C1 = C2 = 0) as a hypergeometric
function [28, §16.15], we obtain
(

)
[
]
m+1
1
m−1
m−1 γ n
2 −1/(m+1)
U(κ U )
,
;1+
; U = ±ξ + ξ0 ,
2 F1
m−1
m + 1 (m + 1)n
(m + 1)n κ

(17)

where the last integration constant ξ0 is fixed by requiring that U(0) = Umax :
(

ξ0 =

)
[
]
( 2 )−1/(m+1)
1
m+1
m−1
m−1
Umax κ Umax
,
;1+
;1 .
2 F1
m−1
m + 1 (m + 1)n
(m + 1)n

(18)

As in [19,20], it is now straightforward to piece together a compact traveling wave solution such that
U = 0 for ξ ∈ (−∞, −ξ0 ] ∪ [+ξ0 , +∞), U is given implicitly by Eqs (17)–(18) for ξ ∈ (−ξ0 , +ξ0 )\{0}
and U(0) = Umax .
It can be verified that U and U ′ are continuous at ξ = {0, ±ξ0 }, while
n
n
U ′′ = U − m+1 (Umax
−U n )− m+1 (c(n + 1) −U n ) (Umax
)− m+1 κ − m+1 (n + 2)c/(2m),
m−3

m−1

2

m−1

(19)

−
′′
′′
which suggests there are several possibilities for U
√ . The term U m+1 dominates the behavior of′′U as
′′
′′
+
U → 0 (ξ → ±ξ0 ) with U → 0 for m < 3, U → c/6 for m = 3 (see also [20, eq. (4.18)]) and |U | → ∞
n − U n )− m−1
m+1 dominates the behavior of U ′′ as U → U −
for m > 3. Similarly, the term (Umax
max (ξ → 0) and,
′′
−
since the compact solutions derived hold only for m > 1 and n > 0, |U | → ∞ as U → Umax (ξ → 0).
The presence of an infinite second derivative at ξ = 0 means that the compact waveforms constructed are
peaked like the (non-compact) peakon solutions of the Camassa–Holm equation [9], hence we refer to the
family of solutions given by Eqs (17)–(18) by the portmanteau peakompactons. The possibility of an infinite
second derivative as ξ → {0, ±ξ0 } implies that we have constructed pseudo-classical solutions of Eq. (5),
i.e., piecewise solutions that satisfy Eq. (5) in a classical sense away from ξ = {0, ±ξ0 }, and, moreover,
lead to well-defined limits for the nonlinearly dispersive terms m(m − 1)(U ′ )m−1 (U ′′ )2 and m(U ′ )m−1U ′′′ as
ξ → {0, ±ξ0 } (see, e.g., the illuminating discussion in [29,30]).
The peakompacton solution (17)–(18) is illustrated in Fig. 1 for various values of (n, m). Note that
Umax is independent of m, hence the form of the nonlinear dispersion has no effect on the peak height.
However, both n and m affect the length of the finite support since ξ0 is a function of both. Similarly, c is
featured in both the expression for Umax and ξ0 , thus the wave speed affects both the width and height of the
peakompactons.
m−3

Fig. 1. Illustration of the K # (n, m) hierarchy’s peakompacton solutions given by Eqs (17)–(18) for c = 0.75 and (a) n = 1, 2, 3
(blue, red, green) and m = 3, (b) n = 1 and m = 3, 4, 5 (blue, red, green).
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5. CONCLUSION
In the present work, we proposed a hierarchy of nonlinearly dispersive generalized Korteweg–de Vries
(KdV) evolution equations based on a modification of the Lagrangian density whose induced action
functional is extremized by the KdV equation. Conservation laws, scaling properties, and peaked, compact
traveling wave solutions for this class of PDEs were discussed. It is important to emphasize that the proposed
K # (n, m) hierarchy of nonlinearly dispersive KdV-like PDEs possesses compact traveling wave solutions,
like the K(n, m) hierarchy. However, unlike the K(n, m) hierarchy, the K # (n, m) equations also possess
Hamiltonian structure. Indeed, the K ∗ (l, p) hierarchy restored the Hamiltonian structure to the K(n, m)
equations; however, to the best of our knowledge, none of the equations from the K ∗ (l, p) hierarchy has
been derived from physical principles, i.e., these equations remain phenomenological. On the other hand,
at least two of the equations from the proposed K # (n, m) hierarchy (with m > 1) have been independently
derived to describe wave propagation in generalized continua.
In the present work, our goal was to present the K # (n, m) class of nonlinear evolution equations and some
of their elementary properties. The mathematical analysis of these PDEs remains to be done. A number
of questions were noted in the text above: e.g., Miura transformations between members of the class,
integrability of the hierarchy and/or individual members of it, existence of other (exotic) exact solutions,
collision properties of the known solitary waves, etc. However, it would be of specific interest to understand
whether Eq. (5) with m even (e.g., 2) has a physical interpretation, since (so far) only Eq. (5) with m odd
(specifically, 1 and 3) has been derived in physical contexts.
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Mittelineaarselt dispersiivsete üldistatud Kortewegi-de Vriesi
evolutsioonivõrrandite hierarhiast
Ivan C. Christov
On esitatud mittelineaarselt dispersiivsete üldistatud Kortewegi-de Vriesi (KdV) evolutsioonivõrrandite
hierarhia, mille tuletamisel on lähtutud modifitseeritud Lagrange’i tihedusfunktsionaalist. Sarnaselt KdV
võrrandile on vaadeldavasse hierarhiasse kuuluvatel võrranditel Hamiltoni struktuuri omadused. Erinevalt
KdV võrrandist võivad aga vaadeldavate võrrandite lahendid olla kompaktsed (st võrduda nulliga väljaspool
mingit piirkonda) ja lisaks piigikujulised. Artiklis on sellist piigikujulist levivat lainet (piikkompakton)
kirjeldavad lahendid esitatud ilmutamata kujul.

