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Abstract. We establish necessary conditions for a general inclusion theorem involving a pair of doubly triangular matrices. As
corollaries we obtain inclusion results for some special classes of doubly triangular matrices.
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1. INTRODUCTION

A doubly infinite matrix A = (@n;j) is said to be doubly triangular if a,,;; = 0 for i > m and j > n. The
mnth term of the A-transform of a double sequence {s,,, } is defined by

m n
Topn = Z Z AmnijSij-
i=0 j=0

A series Y Y ¢;un, with partial sums s,,, is said to be absolutely A-summable, of order k > 1, if
Z Z(mn)killAlle—l,n—”k < oo, 1))

where, for any double sequence {u, }, and for any fourfold sequence {anij}, we define

Al U = Uy — Um+1,n — Ump+1 + Um+1,0+1,
Allamnij = Amnij — Om+1n,i,j — Omp+1,i,j T Am+1n+1,,j,
Aijamnij = Amnij — Amni+1,j — Amn,i, j+1 +am,n,i+l,j+17 (2)
AiOamnij = Amnij — Am,n,i+1,j,

AOjamm'j = Amnij — Am,n,i,j+1-

The one-dimensional version of (1) appears in [1].
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Associated with A are two matrices A and A defined by

m n
Amnij = Zzamnpva 0<i<m, 0<j<n, mn=0,1,...,
p=iv=j

and
aAmnij:Alla_m,Ln,]’i?j, Oglgma OS]S”@ manzlvza""

It is easily verified that dyooo = doooo = @oooo- In [3] it is shown that

i1 j=1
Gmij =Y, Y Alam—ta-1p.v-

u=0v=0

Thus dmnio = aAman =0.
Let x,,, denote the mnth term of the A-transform of the sequence of partial sums {s,,} of the series
Y. Y ¢un. Then

m n
Xmn = Z Zammjszj = Z Z Z Z AmnijCuv

i=0j=0u=0v=

=0
n n
Z Z Z AmnpvCuv

g
1=

8]

3

S

=

<

9]

=

<

and a direct calculation verifies that

m n

X := Allxm—l,n—l = Z Z aAmnijCija
i=1j=1

since

A — Ln—1,m,j = Am—1,n— 1ln*am,n—l,i,n:am—l,n,m,n:0~

2. MAIN RESULT

We have the following theorem
Theorem 1. Let 1 < k < s < oo, A and B be doubly triangular matrices with A satisfying
Z Z (m”)k_l | A | = O(Mk(&uvuv))a (3)
m=u+1n=v+1
where
M(&uvuv) = max{‘&uvuv‘a ’Auodu+lv,u,v|7 ‘AOVduv-‘rl,u,v’}-
Then necessary conditions for ¥.Y ¢, summable |A| to imply that Y'Y ¢y, is summable |B|; are:
() |i9uvuv| = O((uv)l/Agil/kM(duvuv));
(i) |Au013u+l,v,u,v| = 0((uV)I/S71/kM(aAuvuv))a
(111) ‘AOv];u,v—I—l,u,v’ - 0((MV)I/S71/kM(aAuvuv))7

(iv) Z Z (mn)s—l |Auvl;mnuv|s = 0((”V)S_s/kMS(duvuv))a
m=u+1n=v+1

(v) Z Z mn mnu+1 v+1| —O< Z Z (mn)k_1|dm,n,u+l,v+l|k) .

m=u+1n=v+1 m=u+1n=v+1

—
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Proof. We are given that

(mn)#l [Yiun|* < o0,

s
gk

m=1n=1

whenever o
Y Y () X < oo,
m=1n=1

where

Yinn :All))mfl,nfly
m o n

Ymn = Z Z bmnijcij-
i=0 j=0

The space of sequences satisfying (5) is a Banach space if normed by

111 = (1Xool + Xor =+ (X0 + X Y (mn) " X )

m=1n=1

“4)

&)

(6)

We shall also consider the space of sequences {¥,,,} that satisfy (4). This space is also a BK-space with

respect to the norm

(e} (oo} ‘l/s
1Y 1= (Yool +Yor |+ [¥iol + X, ¥ (mn) ™ o)

m=1n=1

)

The transformation y,,, = Z?’LOZ?:OEmnijCij maps sequences satisfying (5) into sequence spaces

satisfying (4). By the Banach—Steinhaus Theorem there exists a constant K > 0 such that

Y]l < KlIX]. ®)
For fixed u,v, the sequence {c;;} is defined by cuv = cuyiv+1 = 1,Cus1y = Cupt1 = —1,¢ij = 0,
otherwise, gives
0, m<u, n<vy,
0, m<u, n<y,
aAmnuva m=u, n=y,
an — N
Aoldmnw, m=u+1, n=v,
Aoylmpy m=u, n=v+1,
Auvdmnuv; m > u? n > v
and
0, m<u, n<v,
0, m<u, n<v,
bmnuw m=iu, n=y,
Yo = ~
AuObmnuv; m=u-+ 17 n=y,
Aovbnuy, m=u, n=v+1,
Apbunyy, m>u, n>v.
From (6) and (7) it follows that
k=14 k k—1 k
(11| :{ () " + (@ +1)v)" | Au0@u+1 vl
k—1 k - S k—1 A k 1/k
+ (u(v+ 1)) |A0vau,v+l,u,v| + Z Z (mn) |Auvamnuv‘ } )

m=u+1n=v+1
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and
1Y = {(MV)S_I |ZA7MVMV|S + ((u+ 1)V)s_l |AMOBu+1,V,u,V|S

'7 R (oo} (o] _ n ! ‘l/s
+ (”(V+ 1))5 1|A0vbu,v+1,u,v"v + Z Z (mn)q ! |Auvbmnuv‘s} . (10)
m=u+1n=v+1

Substituting (9) and (10) into (8), along with (3), gives
(uv)s_l ‘Buvuv‘s + ((Lt + 1)V)S_] ’Au05u+l,v,u,v|s + (I/t(V + 1))5_1 |A0vl;u,v+l,u,v|s
+ XX o) Al < K@)

m=u-+1n=v+1
+ ((u + I)V)k71 |Au0du+l,v7u,v’k + (”(V+ 1>)k71 ’AiOaAu,v-‘rl,u,v‘k
+ Y X ) Al }
m=u+1n=v+1
= K*{O(1) () M* (Gypu) 1%

The above inequality implies that each term of the left-hand side is O({(uv)*~ ' M* (@) }*/%).
Using the first term, one obtains

(”V)Sil ‘i’uvu\)‘s = 0({(“V)kile(éuvu\/)}s/k)v
or
‘Euvuv,s = 0((”V)S7S/kis+1MS (Guvu))-
Thus
Buvs] = O((u) /"~ *M (@),

which is condition (i).
In a similar manner one obtains conditions (ii)—(iv).
Using the sequence defined by ¢, 11,11 = 1, and ¢;; = 0 otherwise yields

0, m<u+1, n<y,
Xm=1410, m<u, n<v+1,
Ampu+iv+l, m>u+l, n>v+1
and
0, m<u+1, n<y,
Y =40, m<u, n<v+1,
mautlvtl, m>u+1, n>v+1.

S

The corresponding norms are
XI={ ¥ X ' amnurrseil}
m=u+1n=v+1

and
/s

> > ~ 1
I={ ¥ X ) bupasral'}

m=u+1n=v+1

Applying (8), one obtains
s/k

Y X o o <KL Y Y 0 amanan )

m=u+1n=v+1 m=u+1n=v+1

which is equivalent to (v).
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Corollary 1. Let 1 <k < oo, A and B be two doubly triangular matrices, A satisfying (3). Then necessary
conditions for ¥.Y ¢, summable |A|y to imply that ¥.Y ¢y, is summable |B|;. are

(1) |guvuv| = O(M(duvuv))>
(11) |Au0bu+l,v7u,v’ = O(M(&uvuv))a
(111) |A0vl;u,v+l,u,v| — O(M(duvuv))a

@ Y Y )N Awbune* = 0w M (Gu)), and

m=u+1n=v+1
™ Z Z mn bimnu+t V+1| - 0({ Z Z (mn)k_l |am,n,u+l,v+l |k}>
m=u+1n=v+1 m=u+1n=v+1
Proof. To prove Corollary 1, simply set s = k in Theorem 1. O

We shall call a doubly infinite matrix a product matrix if it can be written as the termwise product of two
singly infinite matrices F' and G; i.e., dyunij = fmignj for each i, j,m,n.

A doubly infinite weighted mean matrix P has nonzero entries p;; /Pun, Where pqp is positive and all of
the other p;; are nonnegative, and P, := Y[ 27:0 pij- If P is a product matrix, then the nonzero entries are
Piqj/PnQOn, where pg >0, p; >0 fori>0, g0 >0, g; >0for j>0and P, :=Y"(pi, On:= Yi04)-

Corollary 2. Let 1 <k < oo, P be a product weighted mean matrix, B be a doubly triangular matrix with P

satisfying
- - k—1 PmnPu—10v-1 Puqv
mn)*1|A ( )‘ - ( ) (11)
m:Zquln:Zwl( ) “ B Pm lQnQn 1 PuQv

Then necessary conditions for .Y ¢, summable |P|;. to imply that Y'Y ¢,y is summable |B|; are:

(1) !lsww\:0<( y)1/s= 1//<Pu61v>

PLIQV
i) 1At ] = ( 1/5 ]/kpuqv>
(11) | ()b +1,vu, | o ( P Qv
D) 1Aouby et us| = ( Y= 1/kPu¢]v>
T e (R
. Pudv \*
(iv) (1)~ | Ay By | _0( = Y/k( )),and
mzu-i—ln;‘rl PuQV
(V) Z Z mn mnu+1v+1’ _0( )

m=u+1n=v+1

Proof. From [3]

u—1lv—1

puvuv Z ZAllpu 1yv—1,,j- (12)

i=0 j=0

Note that

Allpu—Lv—l,i,j = Pu—1y—1,i,j — Puy—1,i,j = Pu—1,,,j +puvij

__p4j  P4; _ Pl4j , Pidj
Pigv1 PO Pi1Qy PO,
Piq jPugy

SR s VR o A 13
Pu—IPuQv—le ( )
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Therefore
u—1lv—1
. PiqjPuqv Puqy
o _ Py (14)
Puvur l;() j;() PLt—lPuQv—l Qv PuQv P
From (12) and (13),
u v—1 u v—1
A PiqjPu+1qv Pu+19y
p 1y, , = A]lp,—lz = :
vy ;’)J;() B ;);)PMPL!‘FIQ\)*]QV P10y
Using (2) and (14),

Pu+19v _ Pu+19v —0
Pu+1Qv PL¢+1QV

AuOﬁu+1,v,u,v = ﬁu+1,v,u,v - ﬁu+1,v,u+1,v =

Similarly, Aoy puv+1,uy = 0. Thus

. Puq
M(puvuv) - PuQv ;
ulv

and conditions (i)—(v) take the form represented. ]

Corollary 3. Let B be a doubly triangular matrix, P a product weighted mean matrix satisfying (11). Then
necessary conditions for Y. Y. ¢y, summable |P|y to imply that ¥} ¢y, is summable |B|y are

(1) |Buvuv| = O(i:g‘;),
i3 p Pudv
(i) |Au0bus1va, :0( )
| 10 u-‘rlvuv’ P.0,
7 Puqv
(iii) |Aovbuyiiuy] = 0( )
| OvPu,v+1 v‘ PMQV
oo 1) R . r
(IV) Z Z (mn)k_l|Auvbuvuv|k:0<(p %) ),Clnd
m=u+1n=v+1 PuQv
(V) Z Z (mn)k_l |Bm,n,u+1,v+l ’k = 0(1).
m=u+1n=v+1
Proof. In Corollary 2 set s = k. -

The results of this paper for single summability are available in [2].

3. CONCLUSION

Let Y a, denote a series with partial sums s,. For an infinite matrix A, the nth term of the A-transform of
{s,} is denoted by

=Y twsSy.
v=0

Recently, Savas [2] established a general absolute inclusion theorem involving a pair of triangles. But
the necessary conditions for a general inclusion theorem involving a pair of doubly triangular matrices has
not been studied so far. The present paper has filled in a gap in the existing literature.
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Kahekordsete ridade maatriksmenetluste absoluutse sisalduvuse tarvilikud tingimused
Ekrem Savas ja B. E. Rhoades

Olgu A kahekordsete ridade kolmnurkne maatriksmenetlus ja k > 1. Artiklis on defineeritud maatriks-
menetlusega A k-jiarku absoluutse summeeruvuse ehk |A|i-summeeruvuse mdiste ja tdestatud teoreem,
mis annab tarvilikud tingimused selleks, et kahekordse rea |A|;-summeeruvusest jarelduks selle rea
|B|s-summeeruvus, kus B on samuti mingi kahekordsete ridade kolmnurkne maatriksmenetlus ning s > k.
Seejuures s = k korral saadakse nimetatud teoreemist efektiivsemad tarvilikud tingimused. Erijuhuna on
vaadeldud veel juhtumit, kus A on kahekordsete ridade Rieszi kaalutud keskmiste menetlus. Antud artikli
tulemused iildistavad E. Savase varasemaid tulemusi (vt Appl. Math. Comp., 2004, 15, 523-531).



