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Abstract. Several properties of unital left (right) 7 Q-algebras are described. The conditions when a unital semitopological algebra
is a left (right) T Q-algebra are given. It is shown that the space 9t(A) (of nontrivial continuous multiplicative linear functionals on
A) in the Gelfand topology is a compact Hausdorff space for every unital 7 Q-algebra with a nonempty set 91(A) and a commutative
complete metrizable unital algebra is a T'Q-algebra if and only if all maximal topological ideals of A are closed. Examples of

T Q-algebras are given. Open problems are presented.
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1. INTRODUCTION

1. Let K be one of the fields R of a real number or C
of complex numbers and A a topological algebra over K
with separately continuous multiplication and with the
unit element ey4 (in short, a semitopological algebra).

An element a € A is topologically left (right)
invertible in A if' ey € Aa (respectively, ey € aA), or
equivalently, there exists a net (ay),cp of elements of
A (the topological left (respectively, right) inverse for a)
such that (aja),ca (respectively, (aay)yca) converges
to e4 in A. We will denote by G/(A) (respectively, by
G'.(A)) the set of all topologically left (right) invertible
elements in A and by G!P(A) (respectively, by G*(A))
the set of all elements in G)(A) (in G}.(A)) for which there
exists a topological left (respectively right) inverse that is
bounded.

Moreover, let G'(A) = G/(A) N GL(A), G*(A) =
GI*(A) N G (A) and ®'(A) be the set of all elements
a € A for which there is a net (ay)jca of elements of
A such that?> (aya),ca and (aay ), ca converge to ey in
A. Ttis clear that &' (A) C G'(A) and G'*(A) C &'(A) for
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Here and later on every U denotes the closure of U in A.
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complete pseudoconvex algebra A (see [11], Theorem 3),
but it is not known whether &'(A) # G'(A) in general.

In addition, let G;(A) (G,(A)) denote the set of all
left (respectively, right) invertible elements in A and
G(A) =G;(A)NG,(A). Then G(A) C &'(A) CG'(A). In
particular, when G(A) = G'(A), A is called an invertive
algebra® (see [2], p. 14) and a topological invertible
element is said to be proper (see [34], p. 323) if it is non-
invertible. Properties of topologically invertible elements
have been discussed in several papers, for example,
in [2], [6], [8], [9], [11], [12], [15], [17], [19], [25], and
[31]-[34].

We shall say that a semitopological algebra A is a
left (right) T Q-algebra if G}(A) (respectively, G.(A)) is
open in A, a TQ-algebra if both sets G/(A) and G’(A)
are open in A, a TQ-algebra if &'(A) is open in A, and
a Q-algebra if the set G(A) is open in A. It is easy to
see that every invertive 7 (Q-algebra is a Q-algebra but
there exist T Q-algebras which are not Q-algebras (see
Examples (c) and (e)). Call a T Q-algebra proper if it is
not a Q-algebra.

2. Let A be a unital semitopological algebra, m(A)
the set of all closed two-sided ideals in A, which are

That is, the net (ay ), is the same in (aya),cp and (aay )y cp-
It is known (see [2], Corollary 2) that every complete unital locally m-pseudoconvex algebra is an invertive algebra, but every

commutative complete metrizable unital algebra with a discontinuous inverse is not (see [32], Proposition 4).
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maximal as left or right ideals in A. A semitopological
algebra A over K is called a Gelfand—Mazur algebra
if A/M (in the quotient topology) is topologically
isomorphic to K for each M € m(A), and a simplicial
algebra if every closed left (right) ideal of A is contained
in some closed maximal left (respectively, right) ideal of
A. The main classes of Gelfand—Mazur algebras have
been described in [1] and [4]. It is known (see* [5],
Theorem 4) that every commutative unital locally
m-pseudoconvex” Hausdorff algebra is simplicial.

3. Let A be a semitopological algebra with a unit
element eq, (A) the set of all nontrivial continuous
multiplicative linear functionals on A,

o/(x)={ALeC:x—Aes € G)(A)}
(ol(x) ={AeC:x—2Lea € GL(A)})
the left (respectively, right) topological spectrum of x €
A, and
pi(x) =sup{[A|: A € o] (x)}

(respectively, p.(x) = sup{|A|: A € 6/(x)})

the left (respectively, right) topological spectral radius
of x € A. Then the topological spectrum

o'(x)={AeC:x—Aes € G(A)}

of x € A, described in [6], coincides with the set o] (x) U
o' (x) in C, and the topological spectral radius

P (x) = sup{[A| : 4 € o' (x)}

of x € A is equal to max{p;](x),pL(x)}. If M(A) is not
empty, then

{o(x): @ eM(A)} C o' (x)

for each x € A. In particular, when

{o(x): peMA)} =0'(x)

for each x € A, we say that A has the functional
topological spectrum. In this case

p'(x) =sup{lp(x)| : ¢ € o' (x)}

for each x € A.
4. Several properties of unital 7 Q-algebras are
presented in the present paper. The conditions when a

unital semitopological algebra is a T Q-algebra are given.
It is shown that the space 9t(A) in the Gelfand topology
is a compact Hausdorff space for every unital 7 Q-algebra
with a nonempty set 9(A), and a commutative complete
metrizable unital algebra is a 7' Q-algebra if and only
if all maximal topological ideals of A are closed. In
addition, examples of 7' Q-algebras are given and several
open problems are presented.

2. EXAMPLES OF TQ-ALGEBRAS

Now we give some examples of T'Q-algebras.

(a) Strongly sequential algebras. Every unital
(commutative or not) normed algebra (similarly, every
unital p-normed algebra with p € (0, 1]) is a TQ-algebra,
hence also a T Q-algebra (see [12], Proposition 2.6).

More generally, every strongly sequential algebra®
A is a TN-algebra. Indeed, let U be a neighbourhood
of zero in A such that for each x € U the sequence (x")
converges to zero and let xo € U be an arbitrary element.
Since

(Zxk) ea—x0) —ea = (ea—xp) (Zn:xl(‘)>—eA__ 0+1

k=0 k=0
(1)
and
lim x’é = QA,
n—oo
ea — U € &,(A). Hence, A is a TQ-algebra and a

T Q-algebra by Corollary 2 below.

(b) Metrizable pseudo-Banach algebras’. It is
known (see [27], Proposition 4.6) that every metrizable
pseudo-Banach locally convex algebra is a strongly
sequential algebra.  Hence, every such topological
algebra is a ¥Q-algebra and thus a 7' Q-algebra as well.

(c) The algebra (P(); 7.). Let P(t) be the algebra
of all complex polynomials in one variable and 7. for
each ¢ > 1 the locally convex topology on P(z) described
n [30]. All algebraic operations in P(z) are defined
pointwise. Then (P(t), 7.) is a commutative unital locally
convex (not normed) T Q-algebra (see [12], Example 2).

(d) The algebra P(T). Let T={A € C: |A| =1}
and P(T) be the unital algebra (with pointwise algebraic
operations) of all polynomials on T with complex
coefficients endowed with the uniform norm topology.
Then P(T) is an incomplete normed algeba which is not
a Q-algebra (see [20], p. 73, or [21], p. 50). Hence, P(T)
is a T Q-algebra which is not a Q-algebra.

4 For complete algebras see [3], Proposition 2, or [14], Corollary 7.1.14, and for locally m-convex algebras see [16], pp. 321-322.
> A semitopological algebra A is locally m-pseudoconvex if its topology is given by a family of nonhomogeneous sub-
multiplicative seminorms (see, for example, [1] or [4]). When every seminorm in this family is homogeneous, then A is a

locally m-convex algebra.

A topological algebra A is strongly sequential (see, for example, [24], p. 51) if there exists a neighbourhood U of zero in A

such that for each x € U the sequence (x") converges in A to zero. It is known (see [24], Theorem 3.10) that a locally
m-convex Fréchet algebra is strongly sequential if and only if itis a Q algebra. Examples of strongly sequential algebras can

be found in [27].

7 The notion of pseudo-Banach algebras was introduced in [10], p. 56.



M. Abel and W. Zelazko: Properties of T Q-algebras

(e) Topologically simple algebras. A commutative
semitopological algebra is topologically simple if it
has no closed proper non-zero ideals. Examples of
commutative unital complete non-metrizable locally
convex topologically simple Hausdorff algebras have
been given in [13] and in [31]. It is shown in [31],
Proposition 1, that every commutative unital topological
algebra is topologically simple if and only if G;(A) =
A\ {64}. Hence, topological algebras in [13] and in [31]
described above are commutative T Q-algebras.

3. PROPERTIES OF TQ-ALGEBRAS

We shall show that unital 7' Q-algebras are very similar to
unital Q-algebras. First we prove the following

Proposition 1. Let A be a unital left (right or two-sided)
T Q-algebra. Then

A={x€A:p](x) < oo}
(respectively, A = {x € A : pl(x) < oo}

and
A={x€A:p'(x) <oo}).

Proof. Let A be a unital left T Q-algebra. Then G)(A) is a
neighbourhood of e4 in A. Therefore, there is a balanced
neighbourhood U of zero in A such that e + U C Gj(A)
and for each x € A there is an & > 0 such that Ax €¢ U
whenever |A| < &. Let u € (0,&,) be a fixed number.
Suppose that pj(x) > ﬁ Then there is a number A €

o (x) such that [A] > ﬁ
|ﬁ| < 1, then

On the other hand, since

x—Aey :—/'L(eA—%x) :—/'L(eA—F(—ﬁ)ux)

€ —Alea+U) C —AG}(A) C Gi(A).

This means that A & o/ (x).
p;(x) < ﬁ < oo for each x € A.
Proofs for other cases are similar. O

The condition shows that

Corollary 1. Let A be a left (right) T Q-algebra. Then
o (x), o/(x), and c'(x) are compact subsets in C for
each x € A.

Proof. Let A be a left TQ-algebra, x € A, and A €
C\ o} (x). Then x — Ageq € G}(A). Since the map A —
x— Aey is continuous at Ay and G/ (A) is a neighbourhood
of x — Apey, then there is a neighbourhood O(Ay) of Ay in
C such that x — ey € Gj(A) for each A € O(49). Hence
O(Ay) C C\ o/ (x). Therefore, o (x) is a closed set in C.
By Proposition 1, o} (x) is a compact subset of C.
Proofs for a right 7Q-algebra and a T Q-algebra are
similar. (]

143

Theorem 1. Let A be a unital semitopological algebra.
Then the following statements are equivalent:

(a) A is a left (right) T Q-algebra

(b) the set Gj(A) (respectively, G.L(A)) is a
neighbourhood of e4 in A,

(c) ea is an interior point of Gj(A) (respectively,
GL(A));

(d) the interior of G}(A) (respectively, the interior of
G.(A)) is not empty;

(©) S1(A) ={x€A:pj(x) <1} (respectively, S.(A) =
{x € A: pl(x) < 1}) is a neighbourhood of zero in A,

(f) there is a balanced neighbourhood of zero V in
A such that® p}(x) < gv (x) (respectively, pl(x) < gv(x))
for each x € A;

(g) the topological left spectral radius p;
(respectively, right spectral radius pl) is upper semi-
continuous;

(h) the topological left spectral radius p;
(respectively, right spectral radius pl) is continuous
at 04.

Proof. The implications (a) = (b) = (c) = (d) are trivial.
(d) = (a) There is a non-void open subset U C
G/(A). Let zo € U and put

Z={z€A:z0z€U}.

Then e € Z and, by the continuity of multiplication, there
is an open neighbourhood V of e with zoV C U. Let
y € V such that zopy € U C Gj(A). Then there is a net
(¥a)aea in A with (y320¥)aea — €. Thus y € Gj(A) and
soV C Gj(A).

Let now xo be an arbitrary element of Gj(A). Then
there is a net (x3 )y ca such that (x3xp),cp — e, and so
for some A9 we have x;, xo € V. Again, by the continuity
of multiplication, there is an open neighbourhood Vj of
xo with x3 Vo CV C Gj(A). It means that all elements
in Vj are topologically left invertible. Since the element
xo was chosen arbitrarily, the set G}(A) is open and the
implication follows.

(b) = (e) Let G}(A) be a neighbourhood of e, in A.
Then there exists a balanced neighbourhood U of zero
such that e4 +U C Gj(A). Suppose that there is an
element u € U \ S;(A). Then p](u) > 1. Therefore
there is a number A € of(u) such that [A| > 1. Hence
u—Aey & Gj(A). On the other hand, since u € U, U is

balanced, and |%| < 1, then

u—tes=—A[ea+ (3 )ul

€ —Alea+U) C —AGH(A) C G/(A).

Therefore, U C S;(A).

neighbourhood of 64 in A.
(e) = (a) Let A be a unital topological algebra such

that S;(A) is a neighbourhood of zero in A. Suppose that

It means that S;(A) is a

8 Here and later on gy (x) = inf{A > 0:x € AV} for each x € A, that is, gy is the Minkowski functional of V..
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there is an element u € S;(A) such that e4 +2u & GJ(A).
Then 2 € of () implies p](u) > 2, which is impossible.
Hence, ey + 25;(A) C Gj(A). Consequently, A is a left
T Q-algebra.

(b) = (f) Let x € A and G/(A) be a neighbourhood
of e4. Then, there is a balanced neighbourhood V of zero
such that eq +V C Gj(A). If p is an arbitrary positive
number such that x € uV, then from x — ey = —pt(es —
ﬁx) € G)(A) it follows that i ¢ o (x). Therefore p; (x) <
u for each p > 0 such that x € uV. Hence,

P (x) <inf{A >0:u e AV} =gy (u).

(f) = (b) Suppose that there is a balanced
neighbourhood V of zero in A such that p](x) < gv(x)
foreachx € A. If x € %V is an arbitrary element, then
pl(x) < gv(x) < 5 < 1. Hence, 1 ¢ of(x). It follows
from e4 + 1V C G}(A) that G (A) is a neighbourhood of
eqinA.

(a) = (g) Let A be a left TQ-algebra. Then pj(x) < oo
for each x € A by Proposition 1. To show that the set
{x€A:pj(x) > a} is closed in A for each @ € R, it is
enough to show that {x € A : p/(x) < o} is open in A
for each & € (0,00) (because {x € A: p}(x) > a} =Aif
o < 0). For this, let o € (0,00) and xp € A be such that
p;(x0) < 0. Then there is a number B € R such that
p;(x0) < B < .

Let ®: A x K — A be a map defined by ®(x, 1) =
x — ey for each (x, 1) € AXK, and ¥:AxK — A be
a map defined by ¥(x, 1) = es — px for each (x,u) €
A x K. Since ® and ¥ are continuous maps, the
sets ®71(G}(A)) and W~!(G!(A)) are open in A x K.
Therefore from (x0,0) € ¥~!(G/(A)) it follows that
there exists a neighbourhood O(xp) of xp in A and a
neighbourhood U of zero in K such that O(xp) x U C
W-1(Gi(A)). Moreover, U defines a number M > 0
such that u~' € U whenever |u| > M. We can assume
that M > B. Let D={v e K: B < |v| < M}. Since
(x0,v) € @ 1(G!(A)) for each v € D, then for each
fixed v € D there is a neighbourhood Oy (xg) of xp
and an open neighbourhood U(v) of v in K such that
Ov(xo) x U(v) C @7 !(G!(A)). It is clear that D is a
compact subset of K. Therefore there exist n € N and
V1,..., Vs € D such that the sets U(vy),...U(V,) cover
D. Let now

0'(x0) = O(x0) N ( ﬂ Oy, (xo)).
k=1

Then O'(xo) is a neighbourhood of xg in A. If |ap| > M,
then
(x,05 ") € O(x0) xU C ¥~ 1(G}(A))

or x — opes € GY(A) for each x € O'(xp). Moreover,
if op € D, then o € U(vg) for some k € {1,...,n}.

Since (x,0) € Oy, (x0) x U(vx) C @ 1(GI(A)), then
x— opes € Gi(A) for each x € O'(xp) as well. Hence,
p; (x) < oy for each x € O'(xp). Thus

0'(x0) C {x€A:pj(x) < ao}.

It means that p; is upper semi-continuous.
(g) = (h) Trivial because p;(64) = 0.
(h) = (d) By condition (g) it is clear that U =
{x € A: pj(x) < 1} is a neighbourhood of zero in A.
Suppose that ey +U ¢ GJ(A). Then there is an element
up € U such that e4 +uo ¢ Gj(A). Then —1 € o} (x),
but this is impossible because p](ug) < 1 . Therefore,
ea+U C GJ(A). Consequently, e, is an interior point of
Gi(A).
: The proof for a right T Q-algebra A is similar. g

Corollary 2. Let A be a unital semitopological algebra.
Then the following statements are equivalent:

(a) A is a TQ-algebra;

(b) the set G'(A) is a neighbourhood of ey in A,

(¢) ea is an interior point of G' (A);

(d) the interior of G'(A) is not empty;

(e) S'(A) = {x € A: p'(x) < 1} is a neighbourhood
of zero in A;

(f) there is a balanced neighbourhood of zero 'V in A
such that p'(x) < gy (a) for each x € A;

(g) the topological spectral radius p' is upper semi-
continuous;

(h) the topological spectral radius p' is continuous
at 04.

Theorem 2. Let A be a unital mbarrelled semitopo-
logical algebra®with a nonempty set MM(A). If
(HDA={x€A:p'(x) <oo}
and
2)o'(x) ={@(x): ¢ € M(A)} for eachx € A,
then A is a T Q-algebra.

Proof. Let A be a unital semitopological m-barrelled
algebra with nonempty 9t(A), x € A, and let

O1={AeC:|A|<1}

and
A= ) o~ '(0n).

PEM(A)
Then A; is a closed, idempotent, convex, and balanced
setin A. Let

6= sup |o(x)|.

PEM(A)
Then 6 € R by condition (1). If @(x) = 0 for each
@ € M(A), then Ax € A; for each A e R. If 0 >
0, then Ax € A; whenever || < % Hence, A; is an
absorbing set. Thus, A; is a neighbourhood of zero
in A, because A is m-barrelled. Since A; C §'(A) by
assumption (2), then S'(A) is also a neighbourhood of
zero in A. Consequently, A is a unital 7 Q-algebra by
Corollary 2. (]

9 That is, a semitopological algebra in which every closed, idempotent, convex, balanced, and absorbing subset is a

neighbourhood of zero.



M. Abel and W. Zelazko: Properties of T Q-algebras

It is known (see [6], Corollaries 9 and 10) that
every element in a commutative unital simplicial Gel-
fand—Mazur algebra (in particular, in a commutative
unital locally m-pseudoconvex Hausdorff algebra) has a
functional spectrum. Therefore, we have

Corollary 3. Let A be a commutative unital simplicial
m-barrelled Gelfand-Mazur algebra such that 9M(A)
is nonempty (in particular, a commutative unital
m-barrelled locally m-pseudoconvex Hausdorff algebra).
If

A={x€A:p'(x) < oo},

then A is a T Q-algebra.

To describe the properties of the set 9t(A) for a left
(right) T'Q-algebra A, we need the following result.

Lemma 1. (a) Let A be a unital semitopological algebra
and let x € A. If M(A) is nonempty, then ¢(x) # 0 for
each @ € M(A) if x € G/(A) UGL(A) and for each'®
® € M*(A) ifx € G/(A)UG,(A).

(b) Let A be a commutative unital simplicial
Gelfand—Mazur algebra and x € A. If ¢(x) # 0 for each
© € M(A), then x € G'(A).

Proof. (a) Let A be a topological algebra and x €
G)(A)UGL(A). Then x € G(A) or x € G/(A). Therefore
there is a net (x; ), ca in A such that (x3x))cp converges
to e4 in A or there is a net (yy)uem in A such that
(xyu)uem converges to e4 in A. Hence (@(x;)@(x))rcn
and (@(x)@(yu))uem converge in K to 1 for each ¢ €
M(A). Consequently, in both cases ¢(x) # 0 for each
Q€ M(A).

Let now x € G;(A) UG,(A). Then x € G;(A) or
X € G,(A). Therefore, there is an element y € A such that
yx = ey orxy =e,. Hence ¢(y)¢(x) =1or ¢(x)p(y) =1
for each ¢ € M¥(A). Consequently, in both cases ¢(x) #
0 for each ¢ € M*(A).

(b) See the proof of Proposition 8 in [6]. ]

Proposition 2. Let A be a unital left (right) T Q-algebra.
If M(A) is not empty, then M(A) is an equicontinuous
subset of the topological dual space A* of A.

Proof. Let A be a left TQ-algebra. Then Gj(A) is a
neighbourhood of e4 in A. Now there is a balanced
neighbourhood U of zero in A such that eq +U C G)(A).
If!! 9(A) ¢ U°, then there are @y € M(A) and ag €
U such that |@y(ag)| > 1. Let A9 = @o(ap)~'. Then
|A0| < 1. Therefore e4 — Apag € e4 +U C G)(A). On the
other hand, it follows by Lemma 1(a) that e4 — Agag &
Gj(A). Hence, M(A) C U°. Therefore M(A) is an
equicontinuous subset of A* by Proposition 6 in [23],
p- 200.

The proof for a right 7 Q-algebra is similar. ]
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Corollary 4. Let A be a unital left (right) T Q-algebra.
If9IM(A) is not empty, then MM (A) is a compact Hausdorff
space in the Gelfand topology.

Proof. M(A) is an equicontinuous subset of A* by Pro-
position 2. Therefore M(A) is a relatively compact
subset in the Gelfand topology by the Alaoglu—Bourbaki
theorem. Since 9MT(A) is closed (because A is a unital
algebra'?), then 9t(A) is compact in the Gelfand
topology. (]

Theorem 3. Let A be a commutative unital simplicial
Gelfand-Mazur algebra (in particular, a commutative
unital locally m-pseudoconvex Hausdorff algebra). If
IM(A) is equicontinuous, then A is a left (right)
T Q-algebra.

Proof. Let A be a commutative unital simplicial Gelfand—
Mazur algebra such that 9t(A) is equicontinuous. Then

U={a€A:|p(a)| <1foreach ¢ € M(A)}
= N ¢ (o)

PEM(A)

is a neighbourhood of zero in A (see [29], p. 83,
result 4.1). Therefore V = %U is also a neighbourhood
of zero in A. To show that e4 +V C Gj(A), let x €
ea+V. Then |@(x—e4)| < 5 for each ¢ € M(A). Hence
¢(x) # 0 for each ¢ € M(A). Therefore, x € G)(A) by
Lemma 1(b) and e, is an interior point of Gj(A). We
conclude that A is a left T Q-algebra by Theorem 1. [l

The following result shows that every non-invertive
left (right) T Q-algebra has dense maximal ideals.

Proposition 3. (a) Let A be a unital semitopological
algebra and i;(A) (i,(A)) be the set of all closed left
(respectively, right) ideals in A. Then

Gi(A)=A\ |J I and G,(A)=A\ |J I
I€ij(A) I€i (A)

(b) A unital left (right) TQ-algebra is a left
(respectively, right) Q-algebra if and only if every
maximal left (respectively, right) ideal of A is closed.

Proof. (a) Let a € Gj(A). Then there is a net (ay)ca
in A such that (aja),ca converges to e4. If a belongs to
some closed left ideal I of A, then aya € I foreach A € A.
Hence e4 € I, but it is not possible. Consequently,

acA\ |J I (2)

I€i)(A)

10 Here and later on we denote by 9t¥(A) the set of all non-trivial (not necessarily continuous) multiplicative linear functionals

onA.

1 Here U° = {y € A* : |y(a)| < 1 for each a € U} is the polar of U.

12 See, for example, [28], Theorem 11.9.
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Let now a € A satisfy condition (2). If a ¢ G/(A), then
a ¢ Gi(A) (because G;(A) C Gj(A)) and Aa is a left
ideal in A. Let I denote the closure of Aa in A. Then
I # A (because a ¢ Gj(A)). Hence, I € ij(A) and a € I.
By assumption it is not possible. Hence, a € G}(A).

The proof for closed right ideals is similar.

(b) Let A be a unital left TQ-algebra. If A is a left
(-algebra, then every maximal left ideal in A is closed.
Vice versa, if every maximal left ideal of A is closed, then

Ga)=a\ J M=a\ [J M=G4),
MGM[(A) MEml(A)

where M;(A) is the set of all maximal left ideals in A and
my(A) is the subset of closed ideals in M;(A). Hence A is
a left Q-algebra.

The proof for right TQ algebra is similar. |

Proposition 4. Let A be a unital semitopological Haus-
dorff algebra and B a unital dense subalgebra of A with
the same unit element. Then

G)(B) = Gj(A)NB (respectively G.(B) =G.(A)NB).

Proof. It is clear that G}(B) C Gj(A)NB. To prove
the opposite inclusion, let Op be a neighbourhood of
zero in B and let b € Gj(A) NB. Then there are a
neighhbourhood Oy4 of zero in A such that O = O4 N B
and a neighbourhood Uy of zero in A such that
Usb+ Uy C Oy. Moreover, there is a net (a;),ecp in A
such that (ay b), ca converges in A to e4. Therefore, there
is an index Ay € A such that ayb —es € Uy whenever
A = Ap. Fix now an index A; € A such that A; > Ag.
Then a,llb —ey € Uy. Since B is dense in A, then there
exists a net (bg)qces in B which converges in A to ay, .
Hence, there is an index o € 27 such that by, — ay, €Uy
whenever o > 0. Taking this into account,

bagb—ey = (ba 7all)b+(allb7€,q) € Upb+Uy C Oy

whenever & > . Hence, (bgb)qe.s converges to ey in
B. It means that b € G)(B).

The proof for right topological invertible elements is
similar. ([l

Corollary 5. Let A be a unital left T Q-algebra (right
T Q-algebra and T Q-algebra) and B a dense subalgebra
of A with the same unit element, then B is a left
T Q-algebra (respectively, right TQ-algebra and
T Q-algebra).

Proposition 5. Let A be a unital left T Q-algebra (right
T Q-algebra and T Q-algebra) and I a closed two-sided
ideal in A, then the quotient algebra A/l is a left
T Q-algebra (right T Q-algebra and T Q-algebra).

13 Here and later on an ideal means a two-sided ideal.

Proof. Let a € G}(A). Then there is a net (a;);eca in A
such that (aja))ca convergesinAtoes. Letm:A— A/l
be the canonical map and 7, the quotient topology on
A/I defined by 7. Since 7 is a continuous map, then
(m(ay)m(a))pen converges in A/I to ey = m(ea). It
means that 7(G}(A)) C Gj(A/I). Since G(A) is open in
A, eq € Gj(A), and 7 is an open map, then 7(Gj(A)) is a
neighbourhood of e4; in A/I. Hence the interior part of
G} (A/I) is not empty. Therefore A/I (in the topology 7r)
is a left T Q-algebra by Theorem 1.

The proof for right topological invertible elements is
similar. ]

4. TOPOLOGICAL IDEALS

Let A be a unital semitopological algebra. We introduce
the concept of a topological ideal and use it to
characterize commutative complete metrizable unital
T Q-algebras.

We say that a left (right) ideal / in A is a fopological
left (respectively, right) ideal if I does not contain left
(respectively, right) topologically invertible elements.
We call a ropological ideal an ideal which is a left
topological ideal and a right topological ideal. Moreover,
we call such ideal maximal if these are not contained in
a larger topological ideal.

Proposition 6. Every topological ideal in a semitopo-
logical unital algebra is contained in a maximal topo-
logical ideal.

Proof. If (Iy) is a chain of left topological ideals (i.e.

for two indices a # B we have either Iy C Ig or Ig C

Iy), then |JI, is also a left topological ideal and the
conclusion follows from the Kuratowski—Zorn lemma.

The proofs for right and two-sided ideals are similar.

O

Proposition 7. All left (right) ideals in a unital semi-
topological algebra are topological if and only if
Gi(A) = Gi(A) (respectively, G.(A) = G,(A)).

Proof. Let a € Gj(A). If all left ideals in A are topo-
logical, then none of the left ideals of A can contain
a. Hence, a € G;(A). Therefore Gj(A) = G;(A). Con-
versely, if Gj(A) = G;(A), then every left ideal of A is
topological.

The proof for right ideals is similar. (]

Atzmon in [13] constructed a complete locally
convex commutative unital algebra in which all non-zero
elements are topologically invertible and which is not a
field. In this example the only maximal topological ideal
is the zero ideal, while there are many dense maximal
non-topological ideals.

Proposition 8. Let A be a unital semitopological
algebra, and M a closed maximal topological ideal'? in
A. Then all non-zero elements in the quotient algebra
A/M are topologically invertible.
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Proof. 1f J' is a closed topological ideal in A/M, then
its inverse image J under the quotient map is a (proper)
closed ideal in A, and so it is a topological ideal. Since
M C J, we have J = M, or J' is a zero ideal in A/M.
Thus all non-zero ideals in A/M are dense and so all
non-zero elements in A/M are topologically invertible.
The conclusion follows. |

Proposition 9. Let A be a unital left (right) T Q-algebra.
Then all maximal topological left (respectively, right)
ideals of A are closed.

Proof. Let M be a maximal topological left ideal in A.
Then M C A\ Gj(A). Since A is a left TQ-algebra, then
A\ Gj(A) is a closed subset in A. Therefore claM C
A\ Gj(A). Hence, cluM NGj(A) = 0. It means that
clyM is a topological left ideal as well, which implies
M = cl4M. Hence, all maximal topological left ideals in
A are closed.

The proof for right ideals is similar. (]

We shall prove now a topological version of the
following result given in [7].

Theorem A. Let A be a commutative complete metriz-
able unital algebra. Then A has all maximal ideals
closed if and only if it is a Q-algebra.

Our result reads as follows.

Proposition 10. Letr A be a commutative complete
metrizable unital algebra. Then A has all maximal
topological ideals closed if and only if it is a T Q-algebra.

Proof. If A is a T Q-algebra, then all maximal topological
ideals are closed in A by Proposition 9. If now A is not a
T Q-algebra, then, by Theorem 1, we can find a sequence
(x;) of elements of A which tends to e4 and consists
of elements which are not topologically invertible. By
Lemma 2 in [33], we can find a subsequence (a;) C (x;)
such that all products u; = asasyy...,s = 1,2,... are
convergent and

li{n Uy =eq. (3)

Put I; = u,A. Since a product xy is in G'(A) if and only
if both x and y are in G®) (A) (see [6], Lemma 3), all
I are topological ideals in A and consequently I = JI
is also such an ideal. Since for every x in A and every
natural s the element u,x is in I, relation (3) implies that
I is dense in A. By Proposition 6, A has a dense maximal
topological ideal and the conclusion follows. ]

Remark 1. The result of Proposition 10 can be void
(equal to the Theorem A) since we know no example of
a T Q-algebra of type F that is not a Q-algebra. However,
in [35] it is conjectured that the algebra constructed
in [30] and similar algebras (called Williamson type
algebras), which are By-algebras, have all non-zero
elements topologically invertible, and so they are
T Q-algebras of type F. Thus there is some hope that
the result will be non-void.
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Remark 2. Some results of the present paper have been
recently independently obtained by also other authors
(see [18], [22], and [26]).

5. OPEN PROBLEMS
We have several open problems connected with
T Q-algebras.

Problem 1. Does there exist a proper T Q-algebra of
type F?

Problem 2. Does there exist an infinite dimensional
F-algebra with all non-zero elements topologically
invertible?

Problem 3. Does there exist a semitopological (or a
topological) algebra with G' (A) # ®'(A)?

Problem 4. Is the complexification of a real unital
left (right) TQ-algebra a left (respectively, right)
T Q-algebra?
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T Q-algebrate omadusi

Mati Abel ja Wiestaw Zelazko

On vaadeldud iihe- ja kahepoolsete 7' Q-algebrate ning iihe- ja kahepoolsete topoloogiliste ideaalide pShiomadusi. On
esitatud niiteid 7 Q-algebratest ja sdnastatud mdned senini lahendamata probleemid.



