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Abstract. In this paper, we establish a summability factor theorem for summability |A, §|;. This paper is an extension of the main
result of Savas, E. A study on absolute summability factors for a triangular matrix. Math. Ineq. Appl., 2009, 12(19), 141-146.
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1. INTRODUCTION

Savas [2] obtained sufficient conditions for Y a,A, to be |A|;-summable, k € N. In this paper, a theorem on
|A, 8|x-summability methods is proved. This theorem includes a known result.
Let A be a lower triangular matrix, {s, } a sequence. Then

n
An = Z ayySy.
v=0
A series Y ay is said to be summable |A |,k > 1 if

nk_1|An—An,1\k < oo, (1

el

and it is said to be summable |A, 8|¢,k > 1 and § > 0 if (see, [1])
Z n5k+k*l ‘An _An—l ‘k < oo, (2)
n=1
We may associate with A two lower triangular matrices A and A defined as follows:

n
Gy =Y Gy, nv=012..,
r=v

and
anV:ng*dnfl,Vv n:172a37""
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Also we shall define

n n i
Yn = Zanisi = Zani Z Avay
i=0 i=0 v=0
n n n
= Z lvav Z Aapj = Z dnvkvav
v=0 i=v v=0

and

n n

Yo =yn—yn-1= Z (C_lnv _C_lnfl,v)kvav = Z anvAvay. 3)
v=0 v=0

Given any sequence {x,}, the notation x, < O(1) means x, = O(1) and 1/x, = O(1). For any matrix
entry ay, Avayy = apy — dpy41.

2. MAIN RESULT

Theorem 1. Let A be a lower triangular matrix with nonnegative entries such that
1) anp=1,n=0,1,...,
() ap—1v >apy for n>v+41,
(iil) na,, < O0(1), and
(iv) Zr\i;ll avv|dn,v+1| = O(an) -
m+1

) Z nak]Avdnv\:O<v5kavv> and
n=v-+1

m+1
vi) Y n5kanv+1=0(v5’<).

n=v+1

Let t! denote the nth (C,1) mean of {na,}. If

(vii) Y vO&*ayy | Ay [FlelF = 0(1),
v=1

viii) Y v¥|ayy|' AL [l = 0(1),

v=1
(ix) Y v¥*ayy| Ay [Fley [ = O(1),
v=1

then the series Y an,A, is summable |A, 8|,k >1,0<0 < 1/k.

Proof. From (i) it follows that d, o = 0. Also (@,1A;)a; is bounded.
Using (3) we may write, for example:
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Ay A
Yl’l = Z <anv V)Vav
v=2 v
a, A \4 v—1
:Z( t/v) [Zrar—z_:rar]
v=2 r=1 r=1
n— \% A
ny Ay Annin
—ZA\,< )Zmﬁ— Zvav
v=2 r=1 v=2
nl vl nl v+1

+Zanv+l Alv) y Ly

(n+ l)a,mlnt,l,
n

n—1
. 1
+ Z Any+1Avs1 =ty +
— \%
v=2
=Thy + Tn2 + Tn3 + Tn4-

In order to prove our theorem it is sufficient, by Minkowski’s inequality, to show that

Y T <o) for r=1,2,3,4.
n=2

Using Holder’s inequality, (iii), (v), and (vii)

k
Zn6k+k Uk = Zn6k+k 1 V‘H

=2 n=

m—+1 n—1 k
=0(1) Y n® LY [Avdny || I1y]
n=2 v=1

Z Ayapy Ay ———

m+1 5 n—1 n—1 k=1
=0(1) Z okl Z |Aydny || Ay ] Z |Ayany|
n—= v=1 v=1

2

m+1 5 n—1
=0(1) Z n k(”ann)hl Z Mv‘k‘t}/’kmvdnv’
v=1

n=2

m m+1 5
DY A Y 2% (nawm) | Avauy|

v=1 n=v+1
T s
O, ¥ il
n=v-+1

ZV Kayy| Ay [* |ty *

= 0(1).
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Using Holder’s inequality, (iii), (iv), (vi), and (viii)

(P P e = V‘Hlk
2= Z no T, = Z n®te Zdn,v—i-l(A)Lv)itv
n=2 n=2 v=1

k
v+1
< Zn5k+k 1 [Z“”V“‘Ak |i’t |

m+1 Skike1 [n—1 | k
=0(1) Y n® Y AL [ty ]|an,v41]
n=2 v=1

v=1

m+1 5 (n—1 n—1 k-1
1) Z okt Z ALy [F[tyFlavy] ' dny41] Z |avy!|any+1]
n=2 v=1

m+1

Znak (nanm)* 12 vy ARy [ty [€|nv-+1]
=1

Z layy|'F|AA | ‘tv|k Z n® ”ann)k_ldn,vﬂ

n=v-+1

Z|avv,] KAy Ky [ Z %Gy 1

n=v+1
L
1) Z vO¥layy | AL [Fy
v=1
—o(1).

Using Holder’s inequality, (iii), (iv), (vi), and (ix)

k

Z n5k+k 1|T ’k Z n5k+k

n=2

i n v+llv+1 1

m+1 Skk—] [n—1 . k
=0(1) Y n® Y favy Ay ||any- [ty ]
n=2 v=1

m+1 s (n—1 n—1 k=1
1) Z n®lH Z Mv+1’k’avv\|fé|k|&n,v+l| Z |avy [[dn,y+1]
n=2 Lv=1 v=1

m+1

= 00)'E a1 T i Flasel il
n=2 v=1
ZMV+1| ’avv||tv|k Z n® anv+1

n=v+1

ZV “ayy| Ay 1] |fv‘k

= 0(1).
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Finally, using (iii) and (v)

m k

m
n5k+k71 |Tn4’k _ Z n5k+k71
=1 n=1

(n+ l)a,mlnt,i
n

n

nSk(”ann)k_lann | |k|tr11 ’k

1
S
M=

3
Il
—_

”6kann’7tn|k|tr1 ’k

(g E

=0(1)

3
Il
—_

=0(1). O
Setting 8 = 0 in the theorem yields the following corollary:

Corollary 1 ([2]). Let A be a triangle satisfying conditions (i)—(iv) of Theorem 1 and let t} denote the nth
(C,1) mean of {nay}. If

™ Y aw|l [y = 0(1),
v=1

i) Y lav " H A [F Iy [ = O(1),
v=1

vii) Y avy | A1 [fl|F = 0(1),
v=I1

then the series Y a,A, is summable |A|;, k € N.

Remark. I must note that in the theorem of Savas [2], the following condition should be added.

i) ¥ av|Av [fly [ = 0(1).
v=1

3. CONCLUSION

Let ) a, denote a series with partial sums s,. For an infinite matrix 7', the nth term of the 7T-transform of
{sn} is denoted by
tn =Y lnySy.
v=0

Let 6% denote the nth terms of the transform of a Cesdro matrix (C,a) of a sequence {s,}. In 1957
Fleet [1] gave the following definition. A series Y a,, with partial sums s, is said to be absolutely (C, )
summable of order k > 1, written Y a,, is summable |C, o], if

Y i [o% | — 68| < oo, “)
n=1

Recently, Savas [2] obtained an absolute summability factor theorem for lower triangular matrices. A
summability factor theorem for summability |A, d| has not been studied so far. The present paper fills up a
gap in the existing literature.
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Kolmnurksete maatriksmenetluste iildistatud absoluutse summeeruvuse teguritest
Ekrem Savag

Olgu A kolmnurkne maatriks k > 1 ja 0 > 0. Artiklis on defineeritud maatriksmenetlusega A k-jarku
tildistatud absoluutse summeeruvuse ehk |A, § |-summeeruvuse mdiste ja leitud piisavad tingimused selleks,
et rida £A,a, oleks |A, §|r-summeeruv, st et arvud A, oleksid menetluse A k-jirku iildistatud absoluutse

summeeruvuse teguriteks. Saadud tulemus iildistab autori varasemat tulemust (vt Savas, E. Math. Ineq.
Appl., 2009, 12(19), 141-146).



